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Dedicated to the memory of Professor Pierre Liardet

ABSTRACT. The aim of this paper is to study the connection between differ-
ent properties related to S-expansions. In particular, the relation between two
conditions, both ensuring purely discrete spectrum of the odometer, is analyzed.
The first one is the so-called Hypothesis B for the G-odometers and the second
one is denoted by (QM) and it has been introduced in the framework of tilings
associated to Pisot S-numerations.

Communicated by Werner Georg Nowak

1. Introduction

In the early 1990’s Pierre Liardet visited Graz several times and there with
Peter Grabner and the third author started an intensive cooperation on dynamic
properties of digital expansions. Their main results from that period where pub-
lished in [8]. In this work, the basic theory of odometers was developed. In the
subsequent years, these aspects of arithmetic dynamics were extended by vari-
ous authors. Several PhD students of Pierre worked in this field, in particular
we want to mention Guy Barat who received his PhD in Marseilles 1995 and his
habilitation at Graz University of Technology 2006.

A special focus lies on arithmetic conditions which guarantee purely discrete
spectrum of the odometer. In [10], and before in [8], the authors posed the ques-
tion whether Hypothesis B, introduced in [8], and the finiteness property (F),
introduced in [7], are equivalent. Hypothesis B is a condition on the carries
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of the digits in the expansion of positive integers in a base system defined by a
linear recurrence.

Let (Gk)r>0 be an increasing sequence of positive integers, with initial value
Gy = 1. Then every positive integer can be expanded as

n= Zsk(n)Gk )
k=0

where ex(n) € {0,...,[Gr1+1/Gr] — 1} and [z] denotes the smallest integer not
less than z € R. This expansion (called G-expansion) is uniquely determined
and finite, provided that for every K,

K—1

> er(n)Gr < Gi. (1)

k=0
For short we write €, for the k-th digit of the G-expansion; G = (G)r>0 is called
numeration system and the digits €, can be computed by the greedy algorithm.

We denote by K¢ the subset of sequences that satisfy (1) and we call its

elements G-admissible. More precisely,

ICG:{EO€1€2 et V) >0, €Go+--- +€jGj<Gj+1}.

In order to extend the addition-by-one map 7 defined on N to K¢ the following
subset of K¢ is introduced:

J
K0 :{xEICG $3M,, Vi > My, Y G <Gj+11}. (2)
k=0

Put z(j) = ZZ;:O exGy, and set

(@) = (co(@(d) +1) ... &5 (2() +1))es1(@)esraa) . (3)

for every x € K2 and j > M,. This definition does not depend on the choice
of j > M,. We extend the definition of 7 to sequences z in K¢\ K& by 7(x) =
0 = (0°°); in this way, the transformation 7 is defined on K¢ and it is called
G-odometer.

As in [8], we consider sequences (G )r>0 associated to real numbers § > 1,
defined by

k
Gr =) a;Grj+1, (4)
j=1
where ajas - -+ is the quasi-greedy p-expansion of 1, i.e., the smallest sequence

(w.r.t. the lexicographical order) containing infinitely many non-zero digits and
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satisfying 1 = Zjoil a;jB~7. By [8], the G-odometer (K¢, ) is continuous if and
only if ajas - - - is purely periodic. Note that, when ajas - - - has period length d,
we have

d
Gr=)Y a;Grj+Gia forallk>d
j=1

For purely periodic ajag - - -, it was shown in [8] also that (g, 7) is uniquely
ergodic, an explicit formula for the unique invariant measure p defined on Kg
is provided. For more general G-expansions, unique ergodicity follows from the
work of Barat and Grabner [3]. The following condition is used to prove that
K¢ has purely discrete spectrum.

HyPoOTHESIS B. There exists an integer b > 0 such that for all k and
k—1 00
N =Y e&(N)Gi+Y_ ¢(N)Gj,
i=0 j=k-+b
the addition of G, to N, where m > k + b, does not change the first k digits in
the greedy representation, i.e.,

e
—

N+Gm =Y &(N)Gi+>_ ¢;(N+Gp)G;.

%

Il
o

i=k

The finiteness property (F) is defined in the framework of [-expansions.
Let 8 > 1 be a fixed real number. A S-expansion of a real number x € [0, 1)

is a representation of the form
[o@]

r = Zeiﬁ_ia

i=1

where ¢; € {0,1,...,[B] — 1} and [z]| denotes the smallest integer not less
than x. Beta-expansions were introduced by Rényi [14] and generalize standard
representations in an integral base. These expansions can be obtained via the
iteration of the so-called S-transformation Tz defined by

Tp: [0,1) = [0,1), x> Bz —[Bz],
where |z ] is the largest integer not exceeding x. Taking, at each iteration of T},
€ = LﬁTg_l(x)J, we obtain the following greedy expansion of x

[ee]

T = E exB37F = 0.e1€9¢e5 . ..

k=1

177



MARIA RITA IACO—WOLFGANG STEINER—ROBERT F. TICHY

To obtain the quasi-greedy (B-expansions, one can use the transformation
Ts: (0,1 = (0,1], =+ Bz —[Bz] +1,

which differs from T3 only at the points of discontinuity. Then the quasi-greedy
B-expansion of 1 is given by a; = [BTé_l(l)] — 1. Let

Vs = {TF(1): k> 0}.

If Vj is finite, then [ is called a Parry number. As for G-adic expansions, not
all strings of digits in {0, 1,...,[3] — 1} are admissible. Parry [13] observed that
a sequence €1€s - - - is admissible if and only if

€j€541 - < ajag--- for all 7> 1. (5)

A sequence is the f-expansion of some x € [0, 1) if and only if it is admissible.

A significant question in this setting is for which S is the expansion in base 3
of x finite, i.e., it is important to provide a description of the set

Fin(8) = {z €[0,1): 3k > 0, T} (x) = 0}.
Note that many authors rather consider z € [0, 00) in the definition of Fin(f3),
with the condition that Tg(ﬁ_“x) =0 for z € [0, ™). A number /3 is said to have

the finiteness property if
Fin(8) = Z[8~ '] n[0,1) (F)

holds. This property was introduced by Frougny and Solomyak [7], and they
proved [7, Lemma 1] that if (F) holds, then g is a Pisot number. An algebraic
integer 8 > 1 is called a Pisot number if all its Galois conjugates have modulus
less than 1. However, there exist Pisot numbers that do not fullfill (F), such as
all numbers with non purely periodic quasi-greedy (-expansion of 1. In [7], it is
also shown that if a1 > as > a3 > ---, then

Z.[8711N[0,1) C Fin(B) , (PF)

where Z, = 7Z N [0,00). This condition is usually referred to as the positive
finiteness condition (PF), and it is equivalent to say that | J,,~, 8"Fin(f) is closed
under addition. Akiyama [2, Theorem 1] proved that if 3 > 1 is a real number
satisfying (PF), then S satisfies (F) or a3 > as > ---. This result will be used
in the proof of Lemma 4.

In the present paper we show that Property (F) does not imply Hypothesis B.
We show that we also need the so-called quotient mapping condition

rank((V[g - V,8>Z) = deg(ﬁ) - 1, (QM)
where (Vz—Vj3)z denotes the Z-module spanned by differences of elements of V.
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This condition was introduced by Siegel and Thuswaldner [15] in the framework
of tilings associated to Pisot substitutions, and for S-expansions in the present
form in [12]. Moreover, if we allow sequences ajas - -+ that are not purely peri-
odic, then Hypothesis B does not imply (F) but only (PF).

THEOREM 1. Let 3 > 1. Hypothesis B holds for the sequence (Gy)i>0 associated
to B if and only if conditions (PF) and (QM) hold.

Since (V)z = Z[f], condition (QM) holds when #Vjz = deg(f3), i.e., when G
satisfies a linear recurrence with the minimal polynomial of 5 as characteristic
polynomial. A class of non-trivial examples of bases satisfying (QM) was given
in [15, 12] by 82 =t3? — B+ 1, t > 2; in this case, we have #V3 = deg(53) + 1.
The following theorem gives a characterization of (QM) for 8 > 1 satisfying

#Vs = deg(B) + 1.

THEOREM 2. Let 3> 1 be such that
#Vy =deg(B) +1, with Tg=D™ (1) =T(1), 0<k < deg(P),

1.e.,
ajag - - =ay---ap ((Ik+1 te adeg(ﬂ)-‘rl)oo'

Then (8 satisfies (QM) if and only if deg(B) — k is even.

In particular, when (3 is a simple Parry number with #Vz = deg(f) + 1,
we have £ = 0 and thus (QM) holds if and only if deg(f) is odd, e.g.,
for B3 = 38% — 28 +2 or B2 = 3B%2 — B+ 1. Of course, it would be interest-
ing to know what happens if we drop the condition #V3 = n = deg(3) + 1 and
if there still exist numbers 8 for which (QM) holds.

We conclude with a theorem showing that the odometer has purely discrete
spectrum when S is a Pisot number satisfying (QM), even when (PF) does not
hold. Its proof is based on recent results by Barge [5].

THEOREM 3. Let 8 be a Pisot number satisfying (QM). Then the odometer
(Ka,7a) associated to 8 has purely discrete spectrum (with respect to the unique
invariant measure).

We do not know whether (QM) is a necessary condition for purely discrete
spectrum.
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2. Quotient mapping condition

We first explain the relation of the condition (QM) above to the quotient
mapping condition defined in [15] for substitutions. Let o be a primitive sub-
stitution on a finite alphabet A and M, = (|a(j)|i)i7j€14 its incidence matrix,
where |o(7)]; denotes the number of occurrences of the letter ¢ in o(j).

Let v = (v1,v2,...,v,) be a left eigenvector of M, to the dominant eigenvalue

B > 1, with v; € Q(5), and Ly = (v;i—vj:i,j€ Ay

be the Z-module generated by the differences of coordinates of v. Note that
v and L, are only defined up to a constant factor, which plays no role in the
following. The substitution o satisfies the quotient mapping condition if

rank(L,) = deg(5) — 1.

This definition is equivalent to Definition 3.13 in [15].

Let now 5 > 1 be a Parry number, with #V3 =n, and a1 - - - ag(ap41 - - an)®
its quasi-greedy [-expansion of 1. Then the [S-substitution og is defined on
A={1,2,...,n} by

og: i—=11---1(i+1) ifl<i<mn,
—_—

a; times
n—11---1(k+1).

a, times
Then (1,Tp(1),.. .,Tg_l(l)) is a left eigenvector of o, and L,, = (Vg — Vs)z,
thus (QM) holds if and only if the -substitution satisfies the quotient mapping
condition of [15].

For an algebraic number g with r real and s complex conjugates 31, ..., 5,

Br-l-l’ R B’r-l—s’ set

Ieo : Q(B) = R" x C*, z+ (x(l),...,x(’"),x(’""‘l), .. ,x(H'S)),

where 2 — 2() is the Galois embedding Q(8) — R or C that maps 3 to (),

PROPOSITION 1. A primitive substitution o satisfies the quotient mapping con-
dition if and only if there exists ¢ € Q(B) such that, for the scalar product,
Joo(C)  0oo(v;) =1 for all i € A.

Proof. If the quotient mapping condition holds, then there exists ¢ € Q(f)
such that 0o (¢) - oo (z) = 0 for all x € L. This implies that

000 (€) - 000 (Vi) = 0oo(€) - 0ss(v;) for all 4,5 € A, with ¢ = dsc(c) - doo(v;) € Q.
Then we have do0(¢/q) - doo(v;) = 1 for all i € A.

180



LINEAR RECURSIVE ODOMETERS AND BETA-EXPANSIONS

For the other direction, suppose that do(¢) - doo(v;) = 1 for all i € A, thus
doo(€) - 0o (z) = 0 for all x € L,. Then L, has rank at most deg(f) — 1. Since
(v; : i € A)z has full rank deg(/3), the rank of L, is also at least deg(8) —1. O

Note that do(¢) 000 (v;) =1 for all i € A means that the vector (1,1,...,1)€Z"
lies in the subspace spanned by the left eigenvectors of M, to the eigenvalues
that are Galois conjugates of j3.

We can now prove the characterization of (QM) for g with #Vj = deg(8)+1.

Proof of Theorem 2. If #Vg = n = deg(3)+1, then the eigenvalues of M,
are the conjugates of § and —1. Note that 1 cannot be an eigenvalue of M,
because the characteristic polynomial of M, is

(xn —az"t —agr T — = an) — (xk — bt —aprh T - = ak) . (6)
The right eigenspace to the eigenvalue —1 is spanned by w = *(wq, wa, ..., wy,)
with (~1)f it k<i<n,

e { (—1)i (1= (-1 %) if 1<i<k.

Indeed, we have

w; +w;p1 =0 for 1<i<k and k<i<mn, and wyg+ wirr + w, =0.
By Proposition 1, (QM) is equivalent to the vector 1 = (1,1,...,1) lying in the
subspace spanned by the left eigenvectors corresponding to the conjugates of 5.
This means that 1 is orthogonal to w, i.e., that n — k is even. O

3. Equivalence of Hypothesis B and (PF) & (QM)

In this section, let (Gx)r>0 be a sequence associated to f > 1, as defined
in (4). If 8 is a Parry number, then we can write

_ k t
Gr = (1,1,...,1) M% *(1,0,...,0). (7)

LEMMA 1. Property (QM) holds if and only if (Gi)r>0 satisfies a recurrence
with the minimal polynomial of B as characteristic polynomial.

Proof. If (QM) holds, then, by (7) and Proposition 1, G}, satisfies a recurrence
with the minimal polynomial of 8 as characteristic polynomial.

If (QM) does not hold, then 1 = (1,1,...,1) does not lie in the subspace
spanned by the eigenvectors corresponding to the conjugates of 3. Let 1 =b+c¢
be the decomposition in a vector b lying in this subspace and c lying in the
complementary invariant subspace. By the structure of M,,, we obtain that
chth(l,O, ...,0) # 0 for some k£ > 0, thus G; does not satisfy a recurrence
with the minimal polynomial of 8 as characteristic polynomial. ([l

181



MARIA RITA IACO—WOLFGANG STEINER—ROBERT F. TICHY

LEMMA 2. Hypothesis B implies (PF), in particular 3 is a Pisot number.

Proof. The proof is done by contradiction. Assume that (PF) does not hold.
Then there is some y € Z, [~ N [0,1) with y ¢ Fin(8). We can choose y
minimal in the sense that z = y — 37" € Z,[371] N Fin(B) for some n > 0.
Let ¢ = E§:1 2377 be the (finite) S-expansion of z, y = 77 y;877 the
(infinite) [-expansion of y. Suppose that Hypothesis B holds for some b > 0.
Choose h > £+b such that y, # 0, and set N}, = Z§:1 zjGr—j, N, = N +Gj_,
for k > ¢. We show that y; = ex—;(N}) for all 1 < j < h and sufficiently large F,
contradicting Hypothesis B since
N = ej(Nk)Gj and €k—h(Nk+Gk—n) =Y #Ozék_h(Nk).
j=k—t

To find the G-expansion of N/, recall that G; = ¢ 37+ 0O(a?) for some constant
c>0and 0 < a < fB; see, e.g., [6, 11]. We have thus N} = cy ¥ +O(a*) +0O(1),
and i
N = yiGroj = cTh(y) B + O(a") + 0(1)

j=1
forall1<i<k.As0< Té(y) < 1 for all i > 0, we obtain that

7
0< N, — Zijk_j < Gg_;
j=1
for all 1 <4 < h, provided that k is sufficiently large. This proves that vy, ..., yp
are the digits of the greedy G-expansion of N/, i.e., y; = €;—;(N},) for 1 < j < h.
Finally, by [2, Theorem 1] and [7, Lemma 1], the condition (PF) implies that
[ is a Pisot number. O

REMARK 1. Condition (PF) does not imply Hypothesis B. Moreover, even (F)
would not be sufficient. As an example let 5 be the smallest Pisot number,

3 = B+ 1. Then we have ajas - -- = (10000)>°, and G satisfies the linear recur-
rence G = Gr_1 + Gi_5. Its associated characteristic polynomial is
2% —x*—1, which is reducible in the product (23 —z—1)(2?—x+1). We know that
(F) holds by [1]. However, Hypothesis B does not hold because of the following
relation among the elements of the recurrence.

0 ifk= 1 mod 3,
Gits=Grr1+ G+ (-1 ifk=-1,0 mod 6,
1 ifk= 2,3 mod©6.
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This property, easily provable by induction, shows that Hypothesis B does not
hold, since if we sum up N = G,, and G,,+1, then in the second case considered
above the first digit will change. More generally, we have the following lemma.

LEMMA 3. Hypothesis B implies (QM).

Proof. We know from Lemma 2 that § is a Pisot number; let Z?:o pift be
its minimal polynomial. Since G, = ¢ 8¥ + O(a*), with ¢ > 0 and 0 < a < 3,
we have

d
fe =Y piGryi = O(a).
i=0
If (QM) does not hold, then Lemma 1 implies that fr # 0 for infinitely many k.
Assume that fi > 0, the case fi, < 0 being symmetric. Hypothesis B implies that
the G-expansion of } ;4. ,.~0PiGr+i has no small terms, more precisely it
ends with at least k=, ., -, p:>0 Pib zeros. It also implies that the G-expansion
of Zl<i<d:pi<0 |pi|Gr+i + fr has small terms equal to fj for sufficiently large k.
This contradicts that

Yoo piGrn = > pilGrri+ fie O

1<i<d: p; >0 1<i<d: p; <0

LEMMA 4. The properties (PF) and (QM) imply Hypothesis B.

Proof. By (QM) and Lemma 1, arithmetic operations, that is addition and
carries, on the strings of digits defining G-expansions can be performed in the
same way as for S-expansions. As (PF) implies that 3 is a Pisot number, there
exists by [7, Proposition 2] some L such that, for each z € Z[37!]N[0,1—-3"")
with Té(w) =0, £ > n, we have

Té"’L(x +57") =0.

This implies that addition of G, to N = 3272, 1 €;(N)G;, m > k+ L, does not
change the first k digits in the G-expansion. Let furthermore I’ be the longest
run of 0’s in the quasi-greedy ([-expansion of 1. Then addition of M < Gy_p1/
to N =32, 1 6(N)Gjor N+Gp =372, ¢j(N + Gp)Gj is performed by
concatenating the corresponding G-expansions. Therefore, Hypothesis B holds
withb=L+ L' O

Lemmas 2, 3 and 4 prove Theorem 1.
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4. Purely discrete spectrum

The set Kg of S-admissible sequences is

k
Ks= {(ej)j>0 €{0,1,...,[8] -1} Zf’;; €[0,1) for all k> 1}
iz

and is equal to K¢. Similarly to 0 in Section 2, we define §/_ for § = 3; € R as

6/00 : Q(ﬂ) - RT_I X (CS7 T ($(2), Ce 7-%'(T)7.Z'(T+1), . .7(1;(1"-1-5)),
and
0+ Z[B] = Ky = R™™! x C* x Im Z[B]/B"Z[B], @ > (0l (), b (x))

with the natural projection ¢ from Z[f3] to the inverse limit @Z[ﬁ]/ﬁ"Z[ﬁ].
Setting

ps: Kg =K, ()20 = > 05 (;87),
=0

the Rauzy fractal or central tile is defined by
Rp = ¢p(Kp)
see, e.g., [12]). Note that ¢ is defined differently in [12]; the relation to our
B

inverse limit definition is described in [9].

Proof of Theorem 3. For each z € K¢ with 7¢(x) # (0,0, ...), we have
pp(1a(x)) —pp(x) =4 (B* — a1 —apf¥ 2 — - —ap) = 65(T5(1))
for some k > 0, thus
ps(ra(x)) — ps(@) € 55(Va) C 05(1) + 05(Lp),
with Lg = (V3—Vj3)z. By [12, Theorem 4], (QM) and the weak finiteness property
Ve eZ[BIN[0,1) Jye0,1—xz), ke N: Th(x+y)=Tiy)=0 (W)

imply that Rg is a fundamental domain of Z'/dj(Lg). Moreover, the unique
invariant measure p of (K¢, 7¢) is given by u = X o g, where X is the Haar
measure on K’B, and g is injective up to a set of p-measure zero.

By [5], every Pisot number § satisfies (W). Therefore, 7 is measurably con-
jugate to the translation by dj;(1) on the compact group Z’/d5(Lg) and has thus
purely discrete spectrum. O
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In [10], the spectrum of cartesian products of odometers is investigated.
In particular, linear recurrences G, ..., G*® of the multi-nacci type

GL=d"Gpq+-+ad'Gl,

of orders dy, ..., d, with pairwise coprime positive integers a’ (i = 1,...,s) are
considered. It is shown that under a certain assumption on the independence
of the dominating characteristic roots f31,. .., s of the recurrences G',...,G*

the cartesian product of the corresponding odometers is uniquely ergodic.
The correct independence condition is 3; & Q(8;) (for all i # j), whereas in [10]
a wrong condition is stated. Note that in general such result does not hold.

When the third author gave a seminar talk in Luminy (2013), Pierre Liardet
was in the audience and gave interesting comments on the structure of the spec-
trum of cartesian products of odometers. This was the last time when the third
author could meet Pierre. His death is a great loss for mathematics as well as
for his family and all his friends. For a detailed obituary, see [4].

ACKNOWLEDGEMENT. The first and third author are supported by the
Austrian Science Fund (FWF): Project F5510, which is a part of the Special
Research Program “Quasi-Monte Carlo Methods: Theory and Applications”.
Furthermore they have received support by the Doctoral School
“Discrete Mathematics” at TU Graz. The second author is supported by the
project DynA3S (ANR-13-BS02-0003) of the Agence Nationale de la Recherche.

REFERENCES

[1] AKIYAMA, S.: Cubic Pisot units with finite beta expansions, in: Algebraic Number The-
ory and Diophantine Analysis (Franz Halter-Koch ed. et al.), Proceedings of the interna-
tional conference, Graz, Austria, August 30-September 5, 1998, de Gruyter, Berlin, 2000,
pp. 11-26.

[2] AKIYAMA, S.: Positive finiteness of number systems, in: Number Theory. Tradition and
Modernization (Zhang, Wenpeng ed. et al.), Papers from the 3rd China-Japan Seminar
on Number Theory, Xian, China, February 1216, 2004. Dev. Math. Vol. 15, Springer, New
York, NY 2006. pp. 1-10.

[3] BARAT, G.—GRABNER, P.: Combinatorial and probabilistic properties of systems
of numeration, Ergodic Theory Dynam. Systems 36 (2016), 422-457.

[4] BARAT, B.—GRABNER, P. J—HELLEKALEK, P.: Pierre Liardet (1943-201/)
in memoriam, EMS Newsletter, 2015.

[5] BARGE, M.: The Pisot conjecture for B-substitutions, arXiv:1505.04408, 2015.

(6] BERTRAND-MATHIS, A.: Développement en base 0; répartition modulo un de la suite
(20™),>0; langages codés et 0-shift, Bull. Soc. Math. France 114 (1986), no. 3, 271-323.

(7] FROUGNY, F.—SOLOMYAK, B.: Finite beta-ezpansions, Ergodic Theory Dynam. Sys-
tems 12 (1992), 713-723.

185



(8]
[9]

(10]

MARIA RITA IACO—WOLFGANG STEINER—ROBERT F. TICHY

GRABNER, P.—LIARDET, P.—TICHY, R.: Odometers and systems of numeration,
Acta Arith. 70 (1995), 103-123.

HEJDA, T.—STEINER, W.: Beta-expansions of rational numbers in quadratic Pisot
bases, arXiv:1411.2419, 2014.

HOFER, M.—IAC(\)7 M. R.—TICHY, R.: Ergodic properties of B-adic Halton sequences,
Ergodic Theory Dynam. Systems 35 (2015), no. 3, 895-909.

[11] ITO, S.—TAKAHASHI, Y.: Markov subshifts and realization of B-expansions, J. Math.
Soc. Japan 26 (1974), 33-55.

[12] MINERVINO, M.—STEINER, W.: Tilings for Pisot beta numeration, Indag. Math.
(N.S.) 25 (2014), no. 4, 745-773.

[13] PARRY, W.: On the S-expansions of real numbers, Acta Math. Acad. Sci. Hungar. 11
(1960), 401-416.

[14] RE/]NYI7 A.: Representations for real numbers and their ergodic properties, Acta Math.
Acad. Sci. Hungar 8 (1957), 477-493.

[15] SIEGEL, A.—THUSWALDNER, J. M.: Topological properties of Rauzy fractals, Mém.
Soc. Math. Fr. (N.S.) 118 (2009), 140 pages.

Received April 14, 2016 Maria Rita Iaco

Accepted April 26, 2016 IRIF, CNRS UMR 8243

186

Université Paris Diderot — Paris 7
Case 7014, 75205 Paris Cedex 13
FRANCE

E-mail: maria-rita.iaco@liafa.univ-paris-diderot.fr

Wolfgang Steiner

IRIF, CNRS UMR 8243
Université Paris Diderot — Paris 7
Case 7014, 75205 Paris Cedex 13
FRANCE

E-mail: steiner@liafa.univ-paris-diderot.fr

Robert F. Tichy

Graz University of Technology

Institute for Analysis and Number Theory
Steyrergasse 30, 8010 Graz

AUSTRIA

E-mail: tichyQtugraz.at



	1. Introduction
	2. Quotient mapping condition
	3. Equivalence of Hypothesis B and (PF) & (QM)
	4. Purely discrete spectrum
	REFERENCES

