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ON SOME PROPERTIES OF AGGREGATION-BASED
EXTENSIONS OF FUZZY MEASURES
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ABSTRACT. In this paper, we analyse properties of aggregation-based exten-
sions of fuzzy measures depending on properties of aggregation functions which
they are based on. We mainly focus on properties possessed by the well-known
Lovasz and Owen extensions. Moreover, we characterize aggregation functions
suitable for extension of particular subclasses of fuzzy measures.

1. Introduction

The key problem of multicriteria decision making theory is how to assign
a single value to each score vector achieved in set N = {1,...,n} of criteria.
In case of Boolean vectors, a function m: {0,1}" — [0, 1] is needed. Considering
one-to-one correspondence between the sets {0,1}" and 2%V and adding require-
ments of m(0) = 0, m(1) = 1 and nondecreasingness of m, one can regard the
required utility function m as a fuzzy measure defined on 2V. Switching from
{0,1} to [0, 1]-scale vectors, a nondecreasing utility function F': [0,1]" — [0, 1]
fulfilling F(0) =0, F(1) = 1 can be regarded as an aggregation function which
is an extension of the fuzzy measure m corresponding to the restriction of F' to
{0,1}™ i.e., m = F | {0,1}"

There are two well-known extensions of a fuzzy measure defined on {0,1}"
yielding an aggregation function defined on [0, 1]"—the Lov4sz extension [3]
and the O wen extension [7]. Both can be expressed by means of M&bius trans-
form and some auxiliary aggregation function. Generalization of this approach
was recently used by Kolesarova et al. [4], where the construction method of
extension of a fuzzy measure based on an aggregation function and Md&bius trans-
form was proposed and the characterization of all aggregation functions suitable
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for this construction was given. Spizzichino has shown that taking a copula in
role of basic aggregation function such an extension has a simple probabilistic
meaning (see [§]).

The aim of this paper is to study the link between properties of an underlying
aggregation function and properties of the extension of fuzzy measure based on
this aggregation function. We start with investigation of properties possessed
by extensions for each fuzzy measure and then we focus on properties of exten-
sions for some subclasses of fuzzy measures. Next, we find a characterization
of aggregation functions suitable for aggregation-based extensions of particular
subclasses of fuzzy measures.

The paper is organized as follows. In Section 2, we recall some basic notions
and definitions needed throughout the paper. In Sections 3 and 4, our main
results are confined. Finally, some concluding remarks are provided.

2. Preliminaries

In this section we recall some definitions and results which will be used in the
sequel. We also fix the notation, mostly according to [2], [9], wherein more in-
formation concerning the theory of aggregation functions and the fuzzy measure
theory can be found.

Let ne Nand N = {1,...,n}.

DEFINITION 2.1. A set function m: 2V — [0,1] is said to be a fuzzy measure
iff m(0@) = 0, m(N) = 1 and it is nondecreasing, i.e., m(C) < m(D) whenever
C C D. The class of all fuzzy measures on 2" will be denoted by M-

DEFINITION 2.2. Let E, F C N. A fuzzy measure m is:

additive, if m(E U F) = m(FE) + m(F) whenever E N F = (;
e submodular, if m(EUF)+m(ENF) <m(E)+ m(F);

e supermodular, ift m(EUF)+m(ENF) >m(E)+ m(F);

o symmetric, if m(E) = m(F) whenever |E| = |F|;

e k-additive, if it holds

k+1
D (ke Yoo omJ4|]=0
i=1 IC{1,...,k+1} jel

|I|=i

for any system (A,—)fill of pairwise disjoint subsets of N.
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DEFINITION 2.3. Let m € M. The set function M,,: 2NV 5 R defined by

Mu(1) =) (=1)! "N lm(K)

KCI
for I C N is said to be Mdébius transform corresponding to a fuzzy measure m.

DEFINITION 2.4. A function A: [0,1]" — [0,1] is said to be an aggregation
function if and only if it is nondecreasing in each variable and A(0,...,0) = 0,
A(1,...,1) = 1. The class of all n-ary aggregation functions will be denoted by
A(TL)'
DEFINITION 2.5. An aggregation function A : [0,1]™ — [0, 1] is:
e internal, if for each x € [0,1]™ it holds Min(x) < A(x) < Max(x);
e translation invariant, if A(xy +c¢,...,xn +¢) = c+ A(z1,...,2,) for all
¢ €]0,1] and (z1,...,2,) € [0,1]" such that (x1 +¢,...,z, +¢) € [0,1]™;
e idempotent, if A(z,...,x) = x for each x € [0, 1];
e positively homogeneous, if A(cx) = cA(x) for each x € [0,1]" and ¢ > 0
such that ex € [0, 1]™;
e comonotone additive, if A(x+X) = A(x)+ A(X) for all comonotone vectors
x,X € [0, 1]" such that x +X € [0, 1] (vectors x, X are comonotone, if and
only if (z; — z;)(Z; —%;) > 0 for all i,j € {1,...,n});
e conjunctive, if for each x € [0, 1]™ it holds Min(x) > A(x);
e k-additive, if

k+1
D (=Rt o A x| |=0
i=1 IC{1,...,k+1} jerI

|I|=i
for all (k+1)-tuples of vectors x1, ..., xg41 € [0,1]" with Y1 %, € [0, 1]".

For K C N, define the vector 15 by (1x); = 1 if i € K and (1x); = 0
otherwise, which establishes a one-to-one correspondence between the sets 2V
and {0, 1}"™

DEFINITION 2.6. A function F': [0,1]" — [0,1] is said to be an extension
of a fuzzy measure m: 2 — [0, 1] if and only if

F(lg)=m(K) forall K CN.

The following construction method for extension of the given fuzzy measure
based on aggregation function was proposed in [4].
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Let m € M(,) be a fuzzy measure, A € A(,) be an aggregation function.
Define F,, a: [0,1]" — R by

Foa(my,...,2n) =Y My(I)A(xr), (1)
ICN
where (x7); = x; whenever i € I and (x;); = 1 otherwise.
In particular, taking the aggregation function Min defined by

Min(z1,...,2,) = min{zy,..., 2, }
in role of A, we obtain the Lovdsz extension of m:

Cr(21,...,20) :Z M, (I) min z;.

iel
ICN

Note that the Lovész extension is nothing but the discrete Choquet integral.
Similarly, taking the product aggregation function Il(zy,...,7,) = [[;c; 7
in role of A, we obtain the Owen extension of m:

Om (@1, xn) =Y My (D) [ 2.

ICN i€l

Both well-known extensions of fuzzy measure m are aggregation functions.
However, it is not true in general, i.e., for an aggregation function A € A(,) and
a fuzzy measure m € M, the function F,,, 4 defined by () need not to be
nor an aggregation function neither an extension of m. An aggregation function
A will be called suitable for aggregation-based extension for a fuzzy measure
m € My if and only if F,, 4 defined by () is an aggregation function extending
m. The following characterization of all aggregation functions A € Ay, suitable
for all m € M, was given in [4].

THEOREM 2.1. Let A € Ap,). Fin 4 is an aggregation function extending m for
every m € My if and only if A is an aggregation function with zero annihilator
and for each [a,b] C [0,1]™ such that {0,1} N {a1,...,an,b1,...,by} # 0 the

A-volume V([a, b]) is non-negative.
Recall that the A-volume of the n-box [a, b] is defined by
Va(la,b]) = (=1)*9A(e),

where the sum is taken over all vertices ¢ of [a,b] and a(c) is the number of
indices k such that ¢, = ay.

Clearly, due to Theorem [2.1] each copula C'is a suitable aggregation function
for every m € M. Moreover, it was shown in [4] that for n = 2, A is a suitable
aggregation function for every m € My if and only if A(z,y) = Q(f(x), g(x))
for some 2-quasi-copula @ and f, g nondecreasing endomorphisms of [0, 1] satis-

fying f(0) = g(0) = 0 and f(1) = g(1) = 1.
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3. Properties of aggregation-based extensions

In this section we study properties of extensions F, 4 defined by (Il) depend-
ing on properties of A. We look for aggregation functions A yielding F,,, 4 with
particular properties possessed by the Lovasz and Owen extensions. The Lovasz
extension is an aggregation function which is comonotone additive, idempotent,
translation invariant, positively homogeneous, internal, linear w.r.t. the fuzzy
measure. Moreover, if m is symmetric, then so is C},. Finally, m is submod-
ular if and only if C,, is convex. Next, we know that the Owen extension is
an aggregation function which is n-additive and linear w.r.t. the fuzzy mea-
sure. For k < n the Owen extension is k-additive if and only if m is k-additive
(see [3]).

In the following proposition we claim that the property of being linear with re-
spect to the fuzzy measure is fulfilled by F},, 4 based on an arbitrary aggregation
function A.

PROPOSITION 3.1. Let A € A,y. Fin 4 is linear w.r.t. the fuzzy measure, i.e.,
Jor every my,ma € M,y and A1, A2 € R such that Aymy + Xama € M, it holds

F/\1m1+>\2m2,A = A1}7’7”)’7,1,14 + A2}7’7”)’11,14'
Proof. Let I C N. For the Mobius transform of the set I we get

M>\1m1+)\2m2 (I) = Z (71)|I\K|()‘1m1 + AZmZ)(K)

=2 Y () () 4 Ag 3 (1) K Iy (K)

= MMy, (I) + Ao M, (I).

Therefore,

F)\1m1+>\2m27A(X) = Z M)\l'frll-l‘)\zmz (I)A(XI)

=M1 > My, (DA(X1) + X2 Y My, (I)A(x)

= MFm, a(X) + Ao Fpy a(%).
O

PROPOSITION 3.2. Let A € A(,y. If Fiya for all m € M, has one of the
following properties: idempotency, positive homogeneity, k-additivity, translation
invariance, conjunctivity, internality; then so has A.
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Proof.
Fm,A(xlv R xn) = Z Mm(I)A(XI)
ICN
- ¥ ) Y a4
ECN IDE
=Y m(B) Y A (—D)NE + A,
ECN IDE
For m = m, defined by m.(E) =1 if E = N and m.(F) = 0 otherwise, we have
Fp.. .4 = A and the claim follows. O

Note that by the same reasoning I}, 4 cannot have any property for all m €
My, not possessed by A.

PROPOSITION 3.3. Let A € A(,) be an aggregation function suitable for aggrega-
tion-based extension for all m € M ,). Then the following statements are equiv-
alent:

(i) Fn,a is idempotent for all m € M.
(ii) A = Min.
Proof. Let x = (z,...,z).
(i) = (ii). According to the Proposition B:2] A is idempotent. We get

Fooa(x) = Z Z A(x7y) ‘I\El + A(x)

ECN IDE
= 3 m(B) Y A (—D)NE 4
ECN IDE
Next,
S Al (1)1 = ViR, xe],
where 128

()i = 0, ifieFE,;
EJi = z, otherwise.

Due to [4, Thm. 4], Va[Xg,xg] > 0. Hence, F, a(x) = x for all z € [0, 1] if and
only if

S A1) =0 forall ECN.

IDE

Let EC N, [N\ E| = 1. Then
A(xg) — A(x) =0,
A(xg) = A(x) = z.
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Let EC N, |N\ FE|=2, N\ E={a,b}. Then
A(xp) — Alxpua}) — Alxpuy) + A(x) =0,
Alxg) —z—z+2 =0,
A(xg) = x.
By induction, A(xg) = A(x) = z for all E C N. Using the [2 Prop. 2.51] we get
that A is a conjuctive aggregation function. Since it is also idempotent, it follows

that A = Min [2, Prop. 3.1].
(ii) = (i). It is trivial, therefore proof is omitted. O

COROLLARY 3.1. Let A € A, be an aggregation function suitable for aggrega-
tion-based extension for all m € M y,). Then the following statements are equiv-
alent:

(i) Fm,a tsinternal (translation invariant, comonotone additive, positively ho-
mogeneous) for all m € M.

(ii) A = Min.

Proof. (i) = (ii). Due to [2], for nondecreasing function F': [0,1]" — R inter-
nality is equivalent to idempotency. Similarly, translation invariance, comono-
tone additivity and positive homogeneity imply idempotency. Hence the claim
follows from Proposition

(ii) = (i). It is trivial, therefore proof is omitted. O

We have shown that apart from the Lovasz extension no aggregation-based
extension is internal for all m € M(,). Now, we ask whether there is any
aggregation-based extension which is conjunctive for all m € M. For a non-
trivial fuzzy measure m there exists a subset K C N such that m(K) # 0
and therefore for any extension F' of m it should hold F(1x) # 0 = Min(1g).
We obtain the following observation.

PRroOPOSITION 3.4. There is no aggregation function A such that F, s is con-
Junctive function extending fuzzy measure m for all m € My,).

The only case when F),, 4 is conjunctive is if m = m, and A is conjunctive
(Fm..a =A).

It was shown in [3] that an n-ary aggregation function A is k-additive if and
only if A is a polynomial with degree not exceeding k with coefficients fulfill-
ing certain conditions imposed by nondecreasingness and boundary conditions
of A. It means that for & < n there is no k-additive n-ary aggregation function
with zero annihilator. The only n-additive n-ary aggregation function with zero
annihilator is A(x) = [[;_, ;. Taking into account Proposition we get the
following claim.
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PROPOSITION 3.5. Let k < n. Then Fy, o is not k-additive for all m € M)
for any aggregation function A € A,y suitable for aggregation-based extension.
Moreover, Fy, 4 is n-additive for all m € M) if and only if A(x) =[], ;.

Note that for the subclass of all k-additive measures /\/l’(“n) and A(x) =[]/, =i

we have
Froa(x) =Y Mu(D ][z =Y Mun(D) ][]

ICN i€l ICN i€l
[1|<k

for m € ./\/l’(“n), since M,,(E) = 0 whenever |E| > k (see, e.g., [1]). Therefore,
F,, 4 is a sum of polynomials with degree not exceeding k, so it is a k-additive
aggregation function.

For the subclass of all symmetric fuzzy measures the property of being sym-
metric inherits from A to £, 4.

PROPOSITION 3.6. Let m € My, be a symmetric fuzzy measure. Then Fy, 4 is
symmetric if and only if A is symmetric.

Proof. Denote my = m(FE) for some E such that |E| = k. Then

Fra(x)= > m(E) > A(xg)(-1)I"E

ECN IDE

imk >N A(xp)(—1)INEL

k=1 ECN IDE
|El=k

Since the symmetry of 3" pcn Y ;55 A(x7)(=1)\El for every k € N is equiva-
|El=k =
lent to the symmetry of A, the claim follows. (]

PROPOSITION 3.7. Let m € Mgy be a submodular fuzzy measure and A € Az
be such that A(x,1) = x and A(1,y) =y. Then the following holds:

(i) Fin,a is convex if and only if A is concave.

(ii) Fi, a is concave if and only if A is convex.

Proof. We prove just the claim (i), the proof of (ii) is similar.
Let m({1}) = a,m({2}) = b. Then

Fooa(z,y) =aA(z,1) + bA(1,y) + (1 —a — b)A(z, y).
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For A € [0,1], (z1,91), (z2,y2) € [0,1]* we have

Frnoa(Ma1,y1) + (1= A) (22, 92))
= m,A(Mh + (1= XN)axg, Ayr + (1 — )\)yz)
=aAAz + (1 = Nag, 1) + bA(1, Ayr + (1 — N)yo)

+(L—a—bAz1 + (1 = Nag, Ay + (1 = N)ya)
=a(Azy + (1 = Na2) + b(Ayr + (1 — N)y2)

+ (1 —a=bA(Az1 + (1 = N2, Ayy + (1 — N)ya).

On the other hand, we have
AFm,a(@1,51)+(1=A) Fin,a(22,92)
=a(Az1 + (1=N)z2) + b(Ayr + (1= N)yo)
+ (1—a—b)(AA(z1,y1) + (1=N) A(z2,92)).

Summarizing and taking into account submodularity of m we obtain that
convexity of F}, 4 is equivalent to concavity of A. O

Note, that a similar consideration can be done for a supermodular fuzzy me-
sure m € My resulting in equivalence of convexity (concavity) of F, 4 and A.

As a consequence of the previous proposition we can conclude that whence
the only copula which is concave is the Frechét-Hoeffding upper bound Min
(see [6]), there is no copula A apart from Min yielding a convex aggregation
function F, 4 for a submodular measure m.

4. Suitable aggregation functions
for some subclasses of M,

Recall that an aggregation function A is called suitable for a fuzzy measure m,
if the function F,, 4 defined by (0l is an aggregation function extending m.
Theorem 2] gives a complete characterization of aggregation functions suitable
for all m € M,). According to [4, Thm. 1], F, 4 is an extension of m for each
fuzzy measure m if and only if an aggregation function A has zero annihilator.
But having zero annihilator need not be a necessary condition for F;,, 4 being an
extension of m, if we consider a fuzzy measure m just from some proper subclass

of M(n)

EXAMPLE 4.1. Let N ={1,2}. Define the fuzzy measure m by m(0)=m({1})=0,
m({2}) = m(N) = 1. Then F, a(x,y) = A(1,y) and thus it is an extension of m
whenever it holds A(x,0) = 0 for all z € [0, 1]. Moreover, Fj, 4 is an aggregation
function for any aggregation function A.
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Let d1;y be the Dirac measure, i.e., §4;3(E) = 1 whenever i € I and it vanishes
elsewhere. The following claim follows directly from the proof of [4, Thm. 1].

PROPOSITION 4.1. Let M C M,y such that d;;3 € M for every i € N. If an
aggregation function A is suitable for all m € M then A has zero annihilator.

PROPOSITION 4.2. Let M C My, be the subclass of all additive measures. Then
an aggregation function A is suitable for all m € M if and only if A has zero
annthilator.

Proof. Let A has zero annihilator. Denote m; = m({i}). Since for additive
measure m its Mobius transform vanishes whenever |E| > 1, we have F), a(x) =
> ien Mi-A(xgsy). Therefore, F, 4 is nondecreasing. It is also extension of m
due to [ Proof of Thm.1].

Opposite direction is a consequence of the previous proposition, since every
Dirac measure dy;) is additive. O

PROPOSITION 4.3. Let M C M,y be the subclass of all symmetric measures.
If an aggregation function A is suitable for all m € M then A has zero annihi-
lator.

Proof. For E C N with |E| = k denote m(E) = my. Then

Fm,A(O) :Z m(E) Z A(O[)(*l)ll\E‘

ECN IDE

:imkz > A0 (—1)NEL
k=1 ECN IDE
|E]=k

Similarly, as in the proof of Proposition B3] it can be shown by induction w.r.t.
to the cardinality |E| that A(Og) = 0 for all E C N for ensuring that F,, 4 is
an extension of m and the claim follows. (]

PROPOSITION 4.4. Let n = 2, M C M) be the subclass of all symmetric
supermodular measures. Then an aggregation function A is suitable for allme M
if and only if A has zero annihilator.

Proof. Since m is symmetric, we have
Foa(z,y) = a(A(z, 1) + A(L,y) — 24(2,y)) + Az, y),

where m({1}) = m({2}) = a. Clearly, having zero annihilator is necessary and
sufficient condition for F},, 4 being an extension of m.
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To show nondecreasingness of F,,, 4 in the first coordinate let 21 > 5. Then
Fooa(w1,y) — Fin a(22,y)
= a(A(xl, 1)+ A(l,y) — 2A(x4, y)) + A(x1,y)
—a(A(z2,1) + A(Ly) — 2A(22,y)) — A(z2,y)
= a(A(x1,1) = A(z2,1) = 2A(21,y) + 2A(22,y)) + A(21,y) — A(z2,y)
= a(A(z1,1) — A(z2,1)) + (1 - 20) (A(21,y) — A(z2,9)).

Thus, Fy, a(x1,y) — Fimoa(x2,y) > 0 due to supermodularity of m and non-
decreasingness of A. Similarly, nondecreasingness in second coordinate can be
shown. 0

5. Concluding remarks

We have shown that among all aggregation-based extensions only the exten-
sion based on Min, i.e., the Lovasz extension, has the property of being idempo-
tent (internal, comonotone additive, positive homogeneous, translation invari-
ant) for all fuzzy measures. Similarly, only the Owen extension has the property
of being n-additive for all fuzzy measures. On the other hand, for n = 2 we have
shown that for the subclass of all submodular measures there is a larger class
of aggregation functions (class of all concave aggregation functions satisfying
certain boundary conditions) yielding convex aggregation-based extensions. By
our conjecture, it is also the case for n > 2 and in the further work we plan to
look at this problem. We have characterized all aggregation functions suitable
for aggregation-based extension for the subclass of all additive fuzzy measures
and, for n=2, for the subclass of all symmetric supermodular measures.

Acknowledgement. Support of the project VEGA 1/0614/18 is gratefully ac-
knowledged.

REFERENCES

[1] GRABISCH, M.: k-order additive discrete fuzzy measures and their representation, Fuzzy
Sets and Systems 92 (1997), 167-189.

[2] GRABISCH, M.—MARICHAL, J.-L.—MESIAR, R.—PAP, E.: Aggregation Functions.
Cambridge University Press, Cambridge, 2009.

[3] KOLESAROVA, A.—LI, J—MESIAR, R.: k-additive aggregation functions and their
characterization, European J. Oper. Res. 265 (2018), 985-992.

[4] KOLESAROVA, A.—STUPNANOVA, A.—BEGANOVA, J.: Aggregation-based exten-
sions of fuzzy measures, Fuzzy Sets and Systems 194 (2012), 1-14.

(5] LOVASZ, L.: Submodular function and convezity. In: Mathematical Programming: The
State of the Art, 11th Int. Symp., Bonn, 1982 (A. Bachem et al., eds.), Springer, Berlin,
1983, pp. 235-257.

53



[9]

LUBOMIRA HORANSKA

NELSEN, R. B.: An Introduction to Copulas. In: Lecture Notes in Statist., Vol. 139,
Springer-Verlag, New York, 1999.

OWEN, G.: Multilinear extensions of games, In: The Shapley Value (A. E. Roth, ed.),
Essays in Honour of Lloyd S. Shapley, Cambridge University Press, 1988, pp. 139-151.
SPIZZICHINO, F. L.: On the probabilistic meaning of copula-based extensions of fuzzy
measures. Applications to target-based utilities and multi-state reliability systems, Fuzzy
Sets and Systems 354 (2019), 1-19.

WANG, Z.—KLIR, G. J.: Fuzzy Measure Theory. Plenum Press, New York, 1992.

Received September 14, 2018 Institute of Information Engineering

54

Automation and Mathematics
Faculty of Chemical and

Food Technology

Slovak University of Technology
in Bratislava

Radlinského 9

SK-812-87 Bratislava
SLOVAKIA

E-mail: lubomira.horanska@stuba.sk



	1. Introduction
	2. Preliminaries
	3. Properties of aggregation-based extensions
	4. Suitable aggregation functions  for some subclasses of M(n)
	5. Concluding remarks
	REFERENCES

