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ASYMPTOTIC INTEGRATION OF SOME CLASSES
OF FRACTIONAL DIFFERENTIAL EQUATIONS

MILAN MEDVED

ABSTRACT. In this paper we deal with the problem of asymptotic integration
of nonlinear higher order fractional differential equations of the Caputo’s type.
We give some conditions under which all global solutions of these equations behave
like linear functions as ¢t — co.

1. Introduction

In the asymptotic theory of nth order nonlinear ordinary differential equations

y" = f (t,y,y’, S ,y(”’l)) (1)

the classical problem is to establish some conditions for the existence of a solu-
tion which approaches to a polynomial of degree 1 < m < n —1ast — oc.
The first paper concerning this problem was published by D. Caligo [5]

in 1941. He proved that if .

AW < 5o )

for all large t, where k,p > 0 are given, then any solution y(¢) of the linear
differential equation

y"(t) + A(t)y(t) = 0, t>0, (3)
satisfying the initial conditions
y(1) =c1, y'(1) =2
can be represented asymptotically as y(t) = c+dt+0o(1) when t — +00,¢,d € R

(see [I).
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This assertion can easily be proved as follows
t

y(t) =c1+ca(t —1) —/(t —5)A(s)y(s)ds, t>1
1

and therefore ¢
WO oy [ L0,

t stte s
1
where C' = |c1| + |c2|. From the Gronwall inequality we obtain

|y§5t)‘ < K = CeP T rmds 00, t>1 (4)

and
yOI<K,  t=1 ()
From the equation (@) it follows that

/|A(s)|y(s)ds < K;:= K/A(s)sds < 0.

This inequality yields the existence of the limit d := lim;— o, 3/(¢t) and using
the 'Hopital rule we obtain

t—oo t—00

Therefore there is a real number ¢ such that lim;_,. [y(t) — (¢ + dt)] = 0.
The first paper on the nonlinear second order differential equations

v'(8) = f(t (1) (6)
was published by W. F. Trench [3I] in 1963 and then by D. S. Cohen [7
T. Kusano and W. F. Trench [I3] and [I4], F. M. Dannan [I0],
A. Constantin [§ and [9], Y. V. Rogovchenko [27], S. P. Rogov-
chenko [28], O. G. Mustafa, Y. V. Rogovchenko [23], J. Tong [30],
O. Lipovan [I5] and others. In the proofs of their results the key role plays the
Bihari inequality (see [4]) which is a generalization of the Gronwall inequality.
Some results on the existence of solutions of the nth order differential equation
approaching to a polynomial function of the degree m with 1 <m <n — 1 are
proved by Ch. G. Philos, I. K. Purnaras and P. Ch. Tsamatos [25].
Their proofs are based on an application of the Schauder Fixed Point Theo-
rem. The paper by R. P. Agarwal, S. D. Djebali, T. Moussaoui
and O. G. Mustafa [I] surveys the literature concerning the topic in the
asymptotic integration theory of ordinary differential equations. Several condi-
tions under which all solutions of the one dimensional p-Laplacian equation

(WP =ftyy), p>1 (7)

],
|
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are asymptotic to a + bt as t — oo for some real numbers a, b are proved in [21]
and some sufficient conditions for the existence of such solutions of the equation

(B(™) = fty),  n=1, (8)
where ®: R — R is an increasing homeomorphism with a locally Lipschitz inverse
satisfying ®(0) = 0 are given in the paper [19].

The problem of asymptotic integration of fractional differential equations
of the Riemann-Liouville type is studied in the papers [2], [3], where some condi-
tions for the existence at least one solution of this type of equations approaching
to a linear function as ¢ — oo are given. In the proofs of these results the fixed
point method is applied.

We study asymptotic behavior of differential equations of the Caputo type
of the fractional order r, where n — 1 < r < n,n = [r] + 1,n € N. The aim
of the paper is to give some more general conditions than in the paper [20]
under which for any solution z(¢) of the equation there exists a real number ¢

such that
c

)= Gt

In the proofs of these results a desingularization method of nonlinear inte-
gral inequalities with weakly singular kernels developed in the papers [17], [18]
is applied.

+o(t" 1) for t— oo.

2. Preliminaries

In this section, we introduce basic notions, definitions and preliminary facts
which are used throughout this paper. They can be found, e.g., in [12], [24]
or [29].

DEFINITION 2.1. For a function z(t) of the class C™ on the interval [a, 00), a > 0

the Caputo derivative of the fractional order r of this function is defined as
t

<Dy _ _sn—r—lx(n) s) ds
Dia(t) = s [(t=9) (5) ds,

a

where n = [r] + 1.

DEFINITION 2.2. The Riemann-Liouville integral, or fractional integral of the
order ¢ with n — 1 < r < n, of the function h: [a,00) — R, a > 0, is defined as

t

ITh(t) = ) /(t — 8)""h(s)ds.

a
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LEMMA 2.3. Ifr >0, n = [r] + 1, then the differential equation

‘Dlz(t) =0

has a general solution
z(t)=co+ca(t—a)+ - +ecp1(t—a)" 1,
where cg, c1,...,ch—1 € R are arbitrary constants.
LEMMA 2.4. Ifr >0, n=[r] +1, then
II(°Dia(t)) =z(t) —co—ci(t —a) — - — cp1(t —a)" .
for arbitrary co,c1,...,cn—1 € R.
As a consequence of Lemma [2.4] we obtain

LEMMA 2.5. If r > 0, n = [r] + 1 and g(t) is a continuous function on the
interval [a,00), a > 0, then the initial value problem

‘Dyx(t) = 9(1),

x(a) = Co, ZU/(G,) =C1,y..- 7x(n71) (a,) =Cp_1
has the solution
t
Cp— . 1 o
z(t)=co+eci(t—a)+--+ Fi)!(t_a) L F(T)/(t_s) Ly(s) ds.

3. Asymptotic behavior of fractional differential equations
of the order r € (1,2)

In the paper [20] the fractional differential equation of the Caputo’s type
“Dea(t) = f(t,x(t)), a>1, aec(0,1) (9)

is studied. A sufficient condition under which all solutions of this equation are
asymptotic to at + b, a,b € R, is proved. The following theorem is proved there.

THEOREM 3.1. Suppose thata € (0,1), p> 1, pla—1)+1>0,a>1, ¢ = ﬁ
and the function f(t,u) satisfies the following conditions:

(i) f(t,u) is continuous in D = {(t,u): te[0,00), u€ R};
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(ii) There are continuous nonnegative functions h: [0,00) — R4, g: [0,00) —
— R4, g is nondecreasing and v > 0 with p(y — 1) +1 > 0 such that

lz]

|f(t,z)| < twlh(t)g< ; ) t>0, (t,x)eD, (10)

where y =2 —a —1 ie, @ :=pla+y—-2)+1=0 and

/h(s)qu < 0. (11)
(iff) O07"7_1d7'
/ o (12)

a

Then every solution x(t) of the equation Q) is asymptotic to ¢ + dt for t — oo,
where ¢, d € R.

We will prove the following generalization of Theorem B.I] concerning the
equation
‘DIat) = f(t.x(t),2' (1)), a>1, ae(0,1). (13)
THEOREM 3.2. Suppose thata € (0,1), p> 1, pla—1)4+1>0,a>1, q¢= %
and the function f(t,u,v) satisfies the following conditions:
(i) f(t,u,v) is continuous in D = {(t,u,v): t € [0,00), u,v € R};
(ii) There are continuous nonnegative functions h;: [0,00) — Ry, i = 1,2,3

and continuous nonnegative and nondecreasing functions g;: Ry — Ry,
j=1,2 and v > 0 with p(y — 1) + 1 > 0 such that

[ul

o <07 [0 () + na(O) + hato)].
£>0, (tz)eD, (14)

where’y:2—a—%, ie., O:=pla+y—-2)+1=0.

/hi(s)qu < o0, 1=1,2,3; (15)

(i) =
d

/# ~ . (16)

) 9 (7)7 4 ga(7)1

Then every solution x(t) of the equation (I3) is asymptotic to ¢+ dt fort — oo,
where ¢, d € R.
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The proof of this result is based on a desingularization method proposed by
the author in the paper [17] (see also [I8]) in the study of nonlinear integral
inequalities with weakly singular kernels and by the method used in the papers
by [27], [28] and by the authors of the papers mentioned above. In the proof the
following lemma (see [16], [26]) is used.

LEMMA 3.3. Let 3, and p be positive constants such that

p(B-1)+1>0, ply—-1)+1>0.

Then ¢
/(t — 5P P15 < OB, t>0,
where 0
1
B:=B[p(y—1)+1,p(8—1)+1], /sf (1—s)Ttds (£>0, n>0)
and

©=p(f+y-2)+1.

We use this lemma also in the next section.

Proof of Theorem Let x(t) be a solution of the equation (3] satisfy-
ing the initial conditions z(a) = ¢g, 2’(a) = ¢1. Then

.’ﬁ(t) =g+ C1(t - a)

/t—s )(t—$)* (s, x(s),2'(s)) ds, t>a, (17)

Z'(t) = / ) (s 2(s),2(s)) ds, t>a. (18)

From the condition (i ) it follows
t

O] Ly = C+Bl/(t—s)°‘_1s“’_1lhl(s)g1<|xf)>+

a

+ ha(s)g2(|2'(s)]) + hg(S)] ds, t>a, (19)

where

By = C = |col + |e1| and  |2/(t)| < 2(t), t>a. (20)
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Since the functions g;, g2 are nondecreasing the inequalities (I9)), ([20) yield

t
A< O By (6= 92715 (o) () +
a + ha(s)ga(2(s)) + hg(s)}ds, t>a. (21)
Using the Lemma [3.3] and Holder inequality we obtain for i = 1,2

a

/(t — )17 h(s)gi (2(s))ds < B, Bt> (/ hi(s)%g; (z(s))qu> ,

a

where

B=B[pla-1)+1], [pla—=1)+1], ©=pla+y—-2)+1=0.
From these inequalities it follows

1
t

z2(t) < C+ BB (/h1(s)qg1(z(s))qu) +

+ (/ hz(S)qgg(Z(S))qu) + (/hg(s)qu>

a a

Now, apply the inequality (a+b+c+d)? < 497 (a?+ b9 + ¢? + d4) for arbitrary
nonnegative numbers a, b, ¢, d we obtain

2(1)1 < 4771 (Cq + (B, B)1

/hl(s)qgl (z(s))qu +

+/h2(s)qgg (z(s))qu +/h3(s)qu]) .

a

If we denote u(t) = z(t)?, then we have

u(t) < A+ D/(hl(s)q + ha(s)?)w(u(s))ds,

where A = 497101,

D = 47 (B, B)] +/h3(s)qu <oo, wlw) =g (u

a

Q=
—
Q
+
Q
)
/N
<
Q=
N—
B
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As a consequence of the Bihari inequality we have

u(t) < Ko = 01 [0(4) + D/(hl(s)q 1 ha(s)?)ds | < oo,

where

[d
Q(U)_/FZ)’ v > vy > 0.
Vo

This yields
2(t) < Ky = K
and therefore
|z (t)]
t
From the condition (ii) and the above estimates it follows that

< Ky, |2/ (t)] < K1, t>a. (22)

/(t—so‘llf(sx(s )‘ds<K"

Therefore d := lim;_, o, 2'(t) exists and by the I'Hopital rule we obtain

lim =] _ lim 2/(t) =d

t—o00 t—o00

and thus there exists a real number ¢ such that lim;_, (2(t) — (c+dt)) =0. O

If we study the asymptotic properties of solutions of the equation (I3 with
the initial condition z(a) = 0, we need not to assume a > 1. If a = 0 and
a solution z(t) satisfies the condition lim,_,o z(7) = 0, then it is of the form

z(t) = %/t—s )(t—8)* 7 f(s,2(s),2/(s)) ds, t>0, (23)
0

and the proof of the inequalities (22)) is the same as for the case a > 1. Therefore
the following theorem holds.

THEOREM 3.4. Let all assumptions of Theorem be fulfilled for a = 0.
Then for any solution x(t) of the equation (I3)) satisfying the initial condition
lim, 0 x(7) = 0 there exist numbers c¢,d € R such that

Jim (x(t) —(c+dt)) =0

EXAMPLE 1. Let p > 1, er—%:l—i—a, a=1-4, 7:2—04—%,
1~e-7®:p( +’7_2) 1:07 q = p*l’ i'e-71_1) %:17 gl(u)ZQQ(u):

= u"T 2+ w)T, u >0, f(tuv) = 0 [h(0)g1(%) + ha(t)ga(lo]) + hs(t)],
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where h;: Ry — Ry, i =1,2,3 are continuous functions with faoo hi(s)4ds < oo,
i=1,2,3. Obviously, 0 < a < 1, pla—1)+ 1= %, p(y—1)+1= % and
oo o0

1 1 1
——————dr =< | ———d7 = o0.
/mﬁﬁ+mﬁﬁ Z/m@+ﬂ

a
We have proved that all conditions of Theorem are satisfied and by this
theorem any solution of the equation (I3]) is asymptotic to a linear function
c+dt ast — oo.

EXAMPLE 2. Let us consider a fractional analogue of the linear differential equa-
tion ([B) studied by D. Caligo [5], which we have analysed in Introduction.

‘D> ma(t)+ Alt)z(t) =0, p>1,

1 1

r=2-a—;, a=1- 5.
P P
1
\A(t)\ﬁktz‘“‘%t2+,,:t“lhl(t), p>0, k>0,
q

1_4
hi(t) = k.
t g
Obviously, for f(t,u) = —A(t)u we have
|z |z

Ft@)] = AW <R

2+4p
b oo oo 1
aqe —
/h(s) ds —/81+pds<oo.
a a

All assumptions of Theorem [B] are satisfied and therefore any solution of the
equation () is asymptotic to a linear function ¢ + dt as t — oco.

4. Asymptotic integration of higher order fractionally
differential equations

Consider the fractional differential equation
‘Dix(t) = f(t z(t)), t>0, 0<a<l, a>1, (24)

where r = a+n—1,a € (0,1), n > 1 is a natural number, a > 1 with the initial
value conditions

z(a) =co, 2'(a)=c1, 2" V(a)=cn_1. (25)
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DEFINITION 4.1. A function u: [0,7) — R, 0 < T < oo, is called a solu-
tion of the equation ([24) if v € C™ on the interval (0,7), lim,_ou(7) exists
and u(t) satisfies the equation (24]) on the interval (0,7). This solution is called
global if it exists for all ¢ € [0, 00).

We assume the following hypotheses:

(H1) Every solution of the equation (24]) is global;
(H2) The function f(¢,u) is continuous in D = {(t,u) : ¢ € [a,00),u € R};
(H3) There exist continuous nonnegative functions kq, k2 : [a, 00) — R, a contin-

uous positive nondecreasing function g: [0,00) — R and numbers g > 1,
~v > 0 such that

ki—/kg(s)ds<oo, i=1,2,
1

a0 e () +r], ez

1

(H4) p(y—1)+1>0, pla—1)+1>0, T=2-a-
ie,O=pla+vy—-2)+1=0, Wherepzli;

—q

(H5) /Oqu_ldT
0

g(7)?

THEOREM 4.2. Letr =a+n—1, where a € (0,1), n is a natural number and
let the conditions (H1)—(H5) be satisfied. Then for any solution x(t) of the initial
value problem ([24), 25), defined on the interval [0, 00, ) there is a number ¢ € R

such that
z(t) = 0 f 1)!75"71 +o(t" 1) as t— oo. (26)

Proof. Let x(t) be a solution of the initial value problem (24)), (25). From
Lemma 24 it follows that it is a continuous solution of the integral equation

t

Cn—1 n—1 1 r—1
z(t)=cot+cr(t—a)+-- -+ (= 1)!(75—@) +m/(t—s) f(s,x(s))ds. (27)

a
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Using the condition (H3) we obtain

|cal |cn—1] -1
Dl < =20 . g
lz(t)| < <|Cl + o +---+ (n—1)!

t

(29
1 n—1 —s aflsyfl s |$(8)‘ S s
i (O lkl( o () 4 ﬂd .

Snfl
a

Applying the Holder inequality and Lemma B3] we obtain the estimates

j (1= st (o (155 as < 3 / (o (290 }J,

Sn—l

Q=

and thus the inequality ([28) yields

t

q
u(t) < M+ N /kl(s)qg<u(s)1>ds , (29)
sn—

where u(t) = ‘;ﬁih

o eaa] , 1 / ' 1

C2 Cn—1 1 1
M= N N A IO N=—_B%.

len| + 51+ +(n—1)!+F(r) /2(8) s | < oo, )
0

Using the inequality (a + b)4 < 2971(a% + b?) for any a > 0, b > 0, we obtain
the integral inequality

t

u(t)? < P+ Q[ ka(s)?g(u(s))" ds,

where P = 2971 M9, Q = 2971 N4,

If we denote z(t) = u(t)?, then we can rewrite this inequality into the form

t

2(t) < P+ Q[ka(s)%g (z(s)%)q ds.

a
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From the Bihari inequality we obtain

() =ut)! <K =G ' | G(P)+Q[ki(s)%ds | < oo.

a

Since u(t) = %ﬂ‘ we have the inequality

|z (t)] 1
S SKi=Ki tza (30)
This inequality and the condition (H3) yields
|f(tz@)] <t [kl(t) sup g(v) + kg(t)} : t > a. (31)
0<v<N

Now, by using this inequality, we derive

(o] (o]

/(t — 5)“71|f(s,:1;(s))|d5 <L
0

.= B sup g(v)/kl(s)qu +/k2(s)qu < 0.
0<v<N
Therefore the integral fg(t— $)*7 f(s,2(s))|ds exists. This yields the existence
of the limit
t
1
— i (n—1) — N _ a—1
c= tlggo;z: (t) =cpn—1+ () tlgglo (t—s) ’f(s,x(s))‘ds < 0.
0

Therefore using the I’'Hopital rule we obtain

. x(t> _ . (n—1) _ C
A T = oA 0= Gy
and thus the solution x(t) satisfies (20]). O
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