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CONCEPT OF SEMI-MARKOV PROCESS

ABSTRACT

This paper provides the definitions and basic properties related to a discrete state space semi-
-Markov process. The semi-Markov process is constructed by the so called Markov renewal
process that is a special case the two-dimensional Markov sequence. The Markov renewal process is
defined by the transition probabilities matrix, called the renewal kernel and an initial distribution
or by another characteristics which are equivalent to the renewal kernel. The counting process
corresponding to the semi-Markov process allows to determine concept of the process regularity.
In the paper are also shown the other methods of determining the semi-Markov process. The
presented concepts are illustrated a simple example.
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INTRODUCTION

The semi-Markov processes were introduced independently and almost
simultaneously by P. Levy [9], W. L. Smith [12] and L. Takacs [13] in 1954-1955.
The essential developments of semi-Markov processes theory were proposed by
R. Pyke [11-13], E. Cinlar [2], Koroluk, Turbin [8, 9], N. Limnios and G. Oprisan [10],
D. C. Silvestrov [14]. We present only semi-Markov processes with a discrete state
space. A semi-Markov process is constructed by the Markov renewal process which
is defined by the renewal kernel and the initial distribution or by another charac-
teristics which are equivalent to the renewal kernel.
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MARKOV RENEWAL PROCESSES

Suppose that N={1,2,..}, Ny ={0,1,2,..}, R, =][0,00) and S is
a discrete (finite or countable) state space. Let &, be a discrete random variable
taking values on S and let ¥,, be a continuous random variable with values in the
set R,.

Definition 1. A two-dimensional sequence of random variables {(&,,9,): n € Ny} is
said to be a Markov Renewal Process (MRP) if:

N forallneN, jeS, teR,

P(ént1 = J,0n41 St & =1,9,..80,90) = P(§ne1 = JoOns1 St =1) (1)
with probability 1;
2)forall i,j €S, P(& =1i,99=0)=P( =1). (2)

From the definition 1 it follows, that MRP is a homogeneous two-dimen-
sional Markov chain such that its transition probabilities depend only on the discrete
component (they do not depend on the second component). A matrix

Q) =[Qy®): ijeS]; (3)
Qij(t) = P(§n41 = JyOn41 S t| & = 1) s called a renewal matrix.

A vector p =[p;: i €S], where p; = P{{, =i} defines an initial distri-
bution of the Markov renewal process. It follows from the definition 1 that the
Markov renewal matrix satisfies the following conditions:

1. The functions Q;;(t), t=0, (i,j) €S XS are not decreasing and right-hand
continuous.

2. Foreachpair (i,j) €SxS, Q;;(0)=0 and Q;;(t) <1 for t € R,.

3. Foreach i €S, Lll_)rg Yjes Qij(t) = 1.

One can prove that a function matrix Q(t) = [ Q;;(t): i,j € S] satisfying the

above mentioned conditions and a vector p, = [pi(o): i €S] suchthat)cs pi(o) =1
define some Markov renewal process.

From definition of the renewal matrix it follows that
P=[pj:i,j€S] pij= }LrgQij(t) (4)

is a stochastic matrix. It means that for each pair (i,j) €S XS p;; =0 and for

each i € S, ZjES pl] = 1.

26 Zeszyty Naukowe AMW — Scientific Journal of PNA



Concept of semi-Markov process

It is easy to notice that for each i € §
Gi(t) = Yjes Qij () (5)

is a probability cumulative distribution function (CDF) on R,. The definition 1
leads to the interesting and important conclusions P(, = 0) = 1.

For a Markov Renewal Process with an initial distribution p, and a renewal
kernel Q(t), t = 0 afollowing equality is satisfied

P(So =101 =i <ty ., =in 0, <ty) =
Pi, Qiyi, (81)Q4,1, (t2) - Qi i (En). (6)

For t; - oo,...,t, = o, we obtain
P($o = 10,$1 = U1, » én = In) = DiyPiyi, Pisiy -+ Pipyin: (7)

It means that a sequence {&,: n € Ny} is a homogeneous Markov chain
with the discrete state space S, defined by the initial distribution p = [p;: iy € S]

and the transition matrix P = [p;;: i,j € S ], where
pij = lim Q;; (®). (8)

The random variables 94, ...,9, are conditionally independent if a trajectory
of the Markov chain {&,: n € Ny} is given. It means that

P(ﬁl < t1:7-92 < t2 ---:ﬁn < tn I 60 = iOng = ill""fn = in) = (9)
n
= 1_[ Pk <ty | $k = Uiy §k—1 = Tk—1)-
k=1

The Markov renewal matrix Q(t) = [ Q;;(t): i,j €S] is called continuous
if each row of the matrix contains at least one element having continuous com-
ponent in the Lebesgue decomposition of the probability distribution.

The matrix Q(t) = [Q;;(¢):i,j € S] with elements
Qij(t) = pijGi(t), LES,
where

Gi(t) =clppy(®)+ (1 —0) fot hi(wdu, c€(0,1), p;j=0, Yjespij =1

and h;(-) isacontinuous probability density function, is an example of the continuous
Markov renewal matrix.
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The Markov renewal matrix Q(t) = [ Q;;(t):i,j € S] with elements

Qij () = pijlj1,e0)(t), TES,

where p;; 20, Yjes p;j =1 is not continuous Markov renewal matrix. Moreover, in

the whole paper we will assume that the Markov renewal matrix Q(t) =
[Qj(t): i,j €S] iscontinuous.

Let
TO =790, Tn=191+'l92+"'+79n, neNo, (10)
To = lim T, = sup{t,: n € Ny}.
n—-oo

The sequence {(&,,t,):n € Ny} is two-dimensional Markov chain with
transition probabilities

PGni1=Jtnsr St | o =01 =h)=Q;(t—h), LjES (11)

and it is also called Markov Renewal Process (MRP) Koroluk [7].

DEFINITION OF DISCRETE STATE SPACE SEMI-MARKOV PROCESS

We shall present a definition and basic properties of a homogeneous semi-
Markov process with a countable or finite state space S. The semi-Markov process
(SMP) will be determined by the Markov Renewal Process (MRP).

Definition 2. A stochastic process {N(t): t = 0} defined by the formula
N(t) = sup{n € Ng: 7, < t} (12)
is called a counting process corresponding to a random sequence {t,,:n € Ny}.

Definition 3. A discrete state space S stochastic process {X(t): t = 0} with the
piecewise constant and the right continuous sample paths given by

X(@®) =S$nw (13)

is called a Semi-Markov Process associated with the Markov Renewal Process
{(¢n,9):n € No} with the initial distribution p = [p;(0): i € S] and the kernel
Q) =[Qii®):i,jeS] t=0.

From definition it follows that

X(t)=¢&, for te€]|[rt,th41), NnEN, (14)
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the kernel Q(t),t =0 define completely the semi-Markov process. From the
definition of SMP it follows that

X(t,) =¢&, for neN,. (15)

[t means that a random sequence {X(t,,): n € Ny} is a homogeneous Markov
chain with a state space S, defined by the initial distribution p, = [p?: i € S] and
the stochastic matrix P =[p;;: i,j € S], where p;; = gim Q;j(t). The sequence

{X(1,): n € Ny} is called an embedded Markov chain of the semi-Markov process
{X(t): t =0}

REGULARITY OF SMP

A semi-Markov process {X(t): t = 0} is said to be regular if the corres-
ponding counting process {N(t): t = 0} has a finite number of jumps on a finite
period with probability 1:

VisoP(N(t) < 00) = 1. (16)
The equality (16) is equivalent to a relation
VezoP(N(t) = ) = 0. (17)
A semi-Markov process {X(t) : t = 0} is regular if and only if
vtzong(N(t) >n)= rllii?op(fn <t)=0 [5].
If
E[N(t)] < o, then a semi-Markov process {X(t): t = 0} is regular.

Every semi-Markov process with a finite state space S isregular [7].

OTHER METHODS OF DETERMINING SEMI-MARKOV PROCESS

The semi-Markov process was defined by the initial distribution p and
renewal kernel Q(t) which determine the Markov Renewal Process. There are
other ways of determining semi-Markov process. They are presented, among others,
by Koroluk and Turbin [7], Limnios and Oprisan [10], Grabski [5, 6]. Some definitions
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of semi-Markov process enable its construction. First, we introduce the concepts
and symbols that will be necessary for further considerations. For P(&,,.1 =, &, =
i) > 0 we define a function

Fij(t) = P(ﬁn+1 <t | fn = i!fn+1 =j)' l!] € S, t=0. (18)
Notice that

P{9ys1 <t &1 =J, En =1
Fif(t)=P(l9n+1St|€n+1=j'S(n=i)= { +;(f +1€=;1f ]:f) l}=

_P@nni st Gua=jlé=0_0;®
Pps1=Jlén=1) bij

for i,j€S, t=>0.

The function

, , Qij(t)
Fij(t) = P(tn1 = Tn S £ X(T0) = 6, X(Tny1) =) = == (19)
is a cumulative probability distribution (CDF) of some random variable which is
denoted by T;; and it is called a holding time in state i, if the next state will be j.

From (19) we have
Qi(t) = py;Fi; (1) (20)
The function
Gi(t) = P(Tp1 — Tn St X (1) = 1) = Yjes Qi() (21)

is a cumulative probability distribution of a random variable T; that is called
a waiting time in state i when a successor state is unknown.

It follows from (20) that a semi-Markov process with the discrete state
space can be defined by the transition probabilities matrix of an embedded Markov
chain: P ={[p;: (,j €S] and the matrix of the holing times CDF F(t) =
[F;;(t):i,j € S]. Therefore a triple (p,P,F(t)) determines the homogenous SMP
with the discrete space S. This method of determining SMP is convenient, for
Monte-Carlo simulation of the SMP sample path.

From the Radon-Nikodym theorem it follows that there exist the functions
a;j(x), x=0, i,j €S suchthat

Qi (®) = [ ai;(t) dG;(x). (22)
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Since
Qij(t) = P(ﬁn+1 < t;fn+1 =j | fn = i) =
t
- J P(§n+1 =]j | én =1, 0n41 = x)dp(ﬁn+1x | & = i) =
0
t
- .f P($ns1 =J | $n = 1,041 = x) dGi(x)
0
then

aij(x) = P(éns1 =7 1&n = 1, Upg1 = X). (23)

The function a;;(x), x = 0 represents the transition probability from the

state i to state j under condition that duration of the state i is equal to x. From
(22) it follows that matrices

a(x) =[a;;(x): i,j€S] and G(x) = [6;; Gi(x): I,j ES]

determine the kernel Q(t) =[Q;;(t):i,j €S ]. Therefore a triple (p,a(x),G(x))
defines the continuous time semi-Markov process with a discrete state space S.

In conclusion, three equivalent ways of determining the semi-Markov process
are presented in this section:
— by pair (p,Q(t));
— Dbytriple (p, P, F(t));
— by triple (p,a(x),G(x)).

It should be added that there exist other ways to define of semi-Markov

process [7, 10]. Presented here ways of defining SMP seem to be most useful in
applications.

CONNECTION BETWEEN SEMI-MARKOV AND MARKOV PROCESS

A discrete state space and continuous time semi-Markov process is a genera-
lisation of that kind of Markov process. The Markov process can be treated as a special
case of the semi-Markov process.

Theorem 1. Every homogeneous Markov process {X (t): t = 0} with the discrete space S
and the right-continuous trajectories keeping constant values on the half-intervals,
given by the transition rate matrix A = [A;j: i,j €S], 0<—4;; =4; <o is the
semi-Markov process with the kernel Q(t) = [ Q;;(t): i,j € S ], where
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y Aij . .
Qi) = pl-j(l —e ’ht), t=0, pj= /1—11 for i#j, p;=0. (24)
Proof [5]. From definition of HMP transition rates we have:

Aijh+o(h) for i#j

Py = PG+ = jlx@ =g ={ (000 B

where

The process having stepwise, right-continuous trajectories is separable.
Since, for some h > 0, we have

P(X(kh) =], X(s) =i, s€(0,(k=1h)|X(0)=1i)=

= P({X(kh) =j}n ﬂ X(rh) =i|X(0) =1) =

—P(X(kh)—JIX((k—l)h)— ) - PX((k —1Dh) =i| X((k=2)h) =10) ..
< PX(R) =1]X(0) =) = py(Wpi (W),

pij = PX(Tny1) =J | X (1) = 1) = P(X(7y) = jIX(0) = 1) =
- }liirg)P(U X(kh) =j, X(s)=i for s € (0,(k—1)h)|X(0) = i) =

. _ pij(h) . Aijjh+ o(h) Aij Ay
—1 Z (PRI = lim 2 J L ]
A 2, PP =T Ty TR Tt Ah o] A A

Fori = j we obtain

Aij  Xjes Ay
piizl_zpijzl_ /1_1'2_/1—1'20'

Jj#i Jj#i

Let t = [h. Similar way we get

Quy(6) = POX(Tnea) = o Tnen = Tn €1 X(x) = ) = lim " pyy(p™ (h) =

k=1

pyWI =P Ay o l
lim = = 2 1 = ph(0)] = pylim{1 = (1 + Ak + o (W)
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If h—> 0 ,then [ — oo.Since

. £\!
Q;;(t) = pi[1— }Lrg (1 + A ;) 1=
1 it

Ayt
=pU 1—|lim <1+i> =pu(1—e_’11t)

l—>00
Aiit

From this theorem it follows that the length of interval [t,, T,4+1) given
states at instants 7, and 7,,; is a random variable having an exponential
distribution with parameter independent of state at the moment t,,, ;:

Fij(©) = P(th11 = Tn S| X(10) = 1, X(Th1) =j) =1 —e Mt t>0.

As we know, the function F;;(t) is a cumulative probability distribution of

a holding time in the state i, if the next state is j. Let us recall that the function

Q@):}j@ﬂo:1—e%ﬂ,t20
jES
is a CDF of a waiting time in the state i. For the Markov process, holding times T,
i,j €S and waiting times T;, j € S have the identical exponential distributions

with parameters A; = i €S thatdo not depend on state j.

_r
E(Ty)’

ILLUSTRATIVE EXAMPLE

Now we take under consideration the reliability model of a renewable two-
-component series system under assumption that the times to failure of booth
components denoted as {;, {, are exponentially distributed with parameters 4,
and A, but the renewal (repair) times of components are the non-negative random
variables 7, 1, with arbitrary distributions defined by CDF F, (t), E,,(t). We
suppose that the above considered random variables and their copies are mutually
independent. First we have to determine the process states:

1 — the system renewal after the failure of the first component (down state);
2 — the system renewal after the failure of the second component (down state);

3 — work of the system both components are up.
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A renewal kernel is given by the rule

0 0 Q13(0)
0 0 Q23(1) _

em= Q31(t) Qs32(t) O

Using the assumptions we calculate all elements of this matrix.

Q3(t) = Fp, (1),  Q23(t) = E,,(0);

Q31(t) =P({1 <t G >G)= f Ae™M* Qe %2 Ydx dy,

Dy3
where
D31 ={(x,y): x <, y > x}
Thus

1 oMt
e Gl

t
Qs31(t) = J Me hx et Xdy =
0
In the same way we obtain

2
— 1 — e~ i+ ).
Qs2(8) = 7= (1 — e

So the model the reliability model of a renewable two-component series
system was constructed.

CONCLUSIONS

The main goal of this paper is to present and explain the basic concepts of
the semi-Markov process theory. Expected next publications will cover applications
of the semi-Markov process in the reliability and operation of the ships systems.
The peper provides the definitions and basic properties related to a discrete state
space semi-Markov process. The semi-Markov process is constructed by the so-
-called Markov renewal process. The Markov renewal process is defined by the
transition probabilities matrix, called the renewal kernel, and by an initial disribution.
It follows from the definition of the SMP that future states of the process and their
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sojourn times do not depend on past states and their sojourn times if a present
state is known. Let us add that the initial distribution p and the kernel Q(t) define
completely the SMP. Moreover two equivalent ways of determining the semi-Markov
process are presented in this section:
— bytriple (p, P, F(t));
— by triple (p,a(x),G(x)).

In the paper connection between semi-markov and markov process is shown.
A discrete state space and continuous time semi-Markov process is a generalisation
of that kind of Markov process. The Markov process can be treated as a special case
of the semi-Markov process. From presented here theorem it follows that the length
of interval [r,, T,41) given states at instants t, and t,,; is a random variable
having an exponential distribution with parameter independent of state at the
moment T, 1:

Fij(t) =P(Tpy1 —Tp St|X(@TR) =1 X(Tne) =) =1 _e_/lit' t=0.

The function denoting a CDF of a waiting time T;, in the state i has also

identical exponential distributions with parameters A; = T
L

Gi(t) = Yjes Qij(H) =1—e ™%, t20.

[t means that the semi-Markov processes allow to construct the models for
a wider class of problems.
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KONCEPCJA PROCESU SEMI-MARKOWA

STRESZCZENIE

Artykut przedstawia definicje i podstawowe cechy procesu semi-Markowa dyskretnego stanu
przestrzeni. Proces semi-Markova jest zbudowany przez tzw. proces odnawiania Markova, ktory
jest specjalnym przypadkiem dwuwymiarowego ciggu Markova. Proces odnawiania Markova jest
zdefiniowany przez macierz prawdopodobienistw przej$ciowych, zwang jadrem odnawiania, i po-
czatkowy rozktad lub przez inne charakterystyki, ktére sg réwne jadru odnawiania. Proces obli-
czeniowy odpowiadajacy procesowi semi-Markova pozwala na okres$lenie koncepcji regularnos$ci
procesu. W artykule przedstawiono réwniez pozostate metody okreslania procesu semi-Markova.
Przedstawione koncepcje sg zaprezentowane na prostym przyktadzie.

Stowa kluczowe:

proces semi-Markova, macierz prawdopodobienstw.
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