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Abstract

Most of the existing models for analyzing unconfined flows in 
hillslope aquifers are based on the Boussinesq (1877) equa-
tion. In the development of these models, the assumption of 
negligible bed-normal velocity was employed, thus restricting 
their application to shallow groundwater-flow situations. On 
the basis of a non-hydrostatic pressure approach, a ground-
water-flow model that considers the effects of the vertical cur-
vature of the flow streamlines and the three-dimensional ge-
ometry of the underlying bedrock was proposed. A dissipative 
two-four finite-difference scheme was utilized to discretize and 
solve the model equation. The applicability of the model was 
assessed by conducting numerical experiments on transient 
unconfined flows in convergent- and divergent-type hillslope 
aquifers with non-uniform bedrock slopes. The numerical re-
sults for the phreatic-surface profiles and outflow discharges 
were compared to the experimental data, and a good agree-
ment was obtained. The results of the comparison attested 
that the dynamics of the hillslope drainage processes were 
accurately portrayed by the proposed model. This study high-
lights the necessity of considering the effects of the plan shape 
and the profile curvature of complex hillslopes in order to im-
prove the overall performance of the computational model.
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1 INTRODUCTION 

The numerical modeling of subsurface flows produced by a 
hillslope aquifer from a rainfall event is of fundamental importance in 
catchment hydrology. As a component of the hydrologic cycle, these 
types of flows are likely to be significant in aquifers with a high hy-
draulic conductivity and to play an important role in the transforma-
tion of rainfall to runoff. Field observations indicate that subsurface 
flows within a hillslope aquifer during or after a rainfall event are 
complex flow phenomena and are the primary recharge source for 
a stream or an adjoining water body. Such unconfined flows may be 
classified as saturated or unsaturated. The case of a saturated subsur-

face flow that can be described by the hydraulic theory of a non-hy-
drostatic groundwater flow with a phreatic surface will be the focus 
of this study. 

In an attempt to advance our knowledge of the dynamics of ground-
water flow, extensive investigations of the mathematical modeling of 
an unconfined flow have been carried out since the 1860s. The earliest 
mathematical modeling approach, which simplified the description of 
a groundwater flow with a phreatic surface, is based on the Dupuit–
Forchheimer (DF) hypotheses. The DF theory assumed that the vertical 
curvature of the flow streamlines is negligible, so that the hydraulic 
gradient, which is given by the slope of the phreatic surface, is inde-
pendent of the flow depth (Dupuit, 1863). The validity and limitations 
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of the DF approach have been investigated in detail by Ibrahim and 
Brutsaert (1965) and Verma and Brutsaert (1970, 1971). Using a differ-
ent approach, Boussinesq (1877) developed a general equation for an 
unconfined flow over planar bedrock with a steep slope. Boussinesq’s 
(1877) approach was based on the assumption of a nearly parallel flow 
over sloping bedrock. Many investigators (e.g., Verhoest and Troch, 
2000; Daly and Porporato, 2004; Basha and Maalouf, 2005; Chap-
man, 2005) applied this non-linear equation to analyze the dynamics 
of a saturated subsurface flow along a hillslope of a constant width. 
An extensive set of approximate solutions has also been proposed for 
the Boussinesq equation in the literature, among which the solutions of 
the linearized equation (e.g., Sanford et al., 1993; Brutsaert, 1994; Su, 
1994) and of the kinematic wave equation (e.g., Beven, 1981; Fan and 
Bras, 1998; Troch et al., 2002) must be noted. A comprehensive review 
of such solutions to the Boussinesq equation can be found in Troch 
et al. (2013). Moreover, Bartlett and Porporato (2018) presented exact 
analytical solutions to the full Boussinesq equation for both horizontal 
and sloping bedrock. Nonetheless, a flow equation of this type has a 
strictly limited application and is incapable of handling problems of a 
saturated subsurface flow over a complex bedrock geometry. In order 
to overcome this drawback, Troch et al. (2003) extended the Bouss-
inesq (1877) approach by allowing for the effects of the converging 
and diverging plan shapes of the hillslope geometry. Their approach 
utilized the concept of Fan and Bras (1998) for mapping a three-dimen-
sional (3D) soil mantle overlying the hillslope bedrock onto a one-di-
mensional (1D) storage profile. Hilberts et al. (2004) further extended 
the Troch et al. (2003) approach by taking into account the effects of the 
curvature of the bedrock. Nonetheless, these methods do not incorpo-
rate the effects of the bed-normal velocity; consequently, the kinematic 
boundary condition at the phreatic surface is not satisfied.

For the solutions to unconfined groundwater-flow problems, sev-
eral investigators proposed higher-order approaches that accounted 
for the effects of the vertical component of the flow. Chapman and 
Dressler (1984) obtained governing equations in a bed-fitted curvilin-
ear coordinate system for a transient shallow groundwater flow with 
a phreatic surface over curved impermeable bedrock. Their approach 
was thoroughly examined by Fenton (1990), who suggested a simpli-
fied method to derive relatively simple equations that have the same 
order of accuracy as the equations of Chapman and Dressler. Using a 
simplifying assumption of a small bedrock curvature, Chapman and 
Ong (2006) developed a governing equation for a non-hydrostatic 
shallow groundwater flow. For a constant-width aquifer, however, the 
equation of Hilberts et al. (2004) reduces to a flow equation struc-
turally similar to that presented by Chapman and Ong (2006). Since 
these studies are based on the method of shallow-flow expansion, the 
resulting governing equations do not separate the effects of the phre-
atic-surface curvature from the bedrock curvature and are reduced to 
the DF equation for a groundwater flow over horizontal impermeable 
bedrock. More recently, Zerihun (2018) presented a higher-order ap-
proach for analyzing curvilinear groundwater flow in a constant-width 
unconfined aquifer. His method allowed for a non-zero vertical veloc-
ity, thereby overcoming the drawback of the DF approach.

It is apparent from the above discussion that the existing numer-
ical models provided reliable and practical solutions to the problems 
of phreatic flow in a sloping, unconfined aquifer. Nonetheless, these 
models cannot be considered realistic beyond the range of validity 
of their assumptions. Furthermore, no effort has so far been made to 
develop a groundwater-flow model that is capable of describing the 
curvilinear flow field of a saturated subsurface flow by accounting for 
the effects of the vertical component of the flow and the 3D geometry 
of the underlying bedrock (to the author’s knowledge). Therefore, this 
work is undertaken to develop a physically realistic model that has a 
capacity to simulate the saturated subsurface flows in convergent and 
divergent hillslopes with a non-uniform bedrock slope. The proposed 

method relaxes the assumption of a constant-width hillslope aquifer in 
a streamwise direction and considers bedrock geometry with the shape 
of a non-uniform plan and a curved profile. For unconfined aquifers 
with arbitrary cross-sections, the variations of the slope and bedrock 
curvature in the transverse direction can be approximated by their lat-
erally-averaged values. This simplifying approach leads to a significant 
reduction in the complexity of a model when dealing with bedrock with 
a spatially-varied width and slope. Using such an approximate treat-
ment, the 3D problem of the saturated subsurface flow is reduced to 
a two-dimensional (2D) flow problem on a vertical plane. A stepwise 
procedure based on a continuity equation is applied to account for the 
effects of the vertical velocity and results in a generalized higher-order 
model, which is capable of simulating the mean flow characteristics of 
the phreatic flows in convergent- and divergent-type hillslope aquifers. 

Therefore, the objectives of this study are to: (i) present a detailed 
step-by-step development of a numerical model for a transient phreat-
ic flow, which incorporates the effects of the shape of a non-uniform 
plan and the profile curvature of the bedrock; (ii) investigate the ef-
fects of a complex bedrock geometry on the results of the model for 
a phreatic-surface profile and outflow hydrograph; and (iii) assess the 
performance of the numerical model by comparing its solutions for the 
problems of a transient unconfined flow with the experimental data. 
The approach proposed hereafter is of practical importance as it is ap-
plicable to many transient flow problems related to the quantification 
of a saturated subsurface outflow from a hillslope, and it overcomes 
the limitations of the existing higher-order models. It is important to 
note that any capillary fringe effects are ignored in this study.

The rest of the paper is organized as follows: Section 2 presents 
the mathematical development of the groundwater-flow model, while 
Section 3 provides a detailed description of the application of the dis-
sipative two-four numerical scheme for the solutions of the model 
equation. The initial and boundary conditions associated with the test 
cases are also depicted in this section. In Section 4, the results of the 
model for the problems of a transient groundwater flow with a phreat-
ic surface are compared with the experimental data available. Finally, 
concluding remarks are drawn in Section 5.

2 MATHEMATICAL FORMULATION

Figure 1 shows a saturated subsurface flow in an unconfined aqui-
fer overlying moderately sloped and curved impermeable bedrock. A 
Cartesian coordinate system, where x is horizontal along the bedrock 
[L]; y is horizontal in the transverse direction [L]; and z is vertically 
upward [L], is also depicted in the figure. For the problem considered 
here, the phreatic surface across the aquifer is not horizontal due to 
the lateral contraction and/or expansion effects of the bedrock geom-
etry. Thus, a laterally-averaged phreatic-surface level will be used to 
develop the higher-order model. 

In this study, the governing equations are derived by applying a 
correction for the effects of the vertical curvature of the flow stream-
lines to the lowest-order approximate equations. The derivation there-
fore starts with the first approximation based on the DF theory for an 
unconfined groundwater flow in a homogeneous and isotropic aquifer 
with a rectangular cross-section. For such a convergent or divergent 
aquifer, the component of the horizontal velocity is given by

  (1)

  (2)

where u  is the groundwater (Darcy) velocity in the streamwise x-di-
rection [LT-1]; H is the laterally-averaged flow depth [L]; B is the width 
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of the aquifer [L]; q is the discharge per unit width [L2T-1]; and Q is the 
total discharge [L3T-1]. For a convergent or divergent aquifer resting on 
curved bedrock, the effects of the planform curvature are insignificant 
compared to the profile curvature. Using this fact, differentiating Eq. 
(2) twice with respect to x gives the following expressions:

  (3)
 

  (4)

where Bx (dimensionless) is the contraction or expansion ratio of the 
hillslope aquifer. In the above equations, the subscript x denotes a 
partial differentiation with respect to the horizontal axis. As demon-
strated by Zijl and Nawalany (1993), the non-zero vertical velocity 
component can be determined from the continuity equation. Using 
this approach and Darcy’s law, subsequent higher-order corrections 
are applied to Eq. (1). The first-order approximation for the vertical 
velocity component can be deduced from the integration of the 2D 
continuity equation as follows:

  (5)

where w is the vertical velocity [LT-1]; ζ is the bedrock elevation [L]; 
and z is the elevation of a point in the flow field [L].

After inserting Eq. (1) into Eq. (5), the first term on the right-
hand side (RHS) of Eq. (5) is integrated and then differentiated with 
respect to x. Using the kinematic boundary condition at the bedrock, 

, the resulting expression is simplified to give the follow-
ing equation for the vertical velocity:

  (6)

  (7)

where ub and wb are the horizontal and vertical velocity components, 
respectively, at the bed [LT-1]; η refers to the laterally-averaged phreat-
ic-surface elevation [L]; and ξ is a non-dimensional vertical coordinate. 

A higher-order expression for the vertical distribution of the 
piezometric head can be obtained from the integration of the Darcy 
equation for the vertical velocity, i.e., 

  (8)

where Hp( = z + p/γ) is the piezometric head [L]; p is the non-hydro-
static pressure (sum of the static and dynamic pressure) [ML-1T-2]; K 
is the saturated hydraulic conductivity [LT-1]; and γ is the unit weight 
of the fluid [ML-2T-2].

Inserting Eq. (6) into Eq. (8) and then integrating the resulting 
equation from z to η results in an expression for describing the piezo-
metric head as follows: 

  (9)

It is obvious from Eq. (9) that the deviation from the lowest-
order piezometric head equation is because of the combined effects 
of the vertical component of the saturated subsurface flow and the 
breadthwise contraction or expansion of the hillslope aquifer. Such 
dynamic effects of the flow are taken into account by the first, second 
and third terms of this equation. If the contributions of these terms 
are ignored (Hx = ζx = qx =̃  0), then the piezometric head of the 
hydrostatic pressure distribution is recovered.

Differentiating Eq. (9) with respect to x and then substituting the 
resulting expression into the Darcy equation gives a higher-order 
equation for the horizontal component of the velocity as follows:

 

  (10)

The above velocity distribution equation implicitly incorporates 
not only the effect of the vertical curvature of the flow streamlines but 
also the effect of the streamwise variation of the width of the hillslope 
aquifer. Integrating Eq. (10) from the bed, ζ, to the phreatic surface, 
η, yields the following expression for the rate of flow per unit width:

  (11)

Assuming a moderately curved unconfined flow, the second term 
on the RHS of the above equation is simplified by using the first-order 
expansion of the Maclaurin series (Polyanin and Manzhirov, 2007). 
Combining the resulting expression with the first term of Eq. (11) and 
rearranging similar terms yields the following expression:

Fig. 1 (a) A 3D view of a convergent hillslope overlying curved impermeable bedrock; and (b) a definition sketch of the longitudinal section 
of a hillslope aquifer
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  (12)

The depth-averaged mass-conservation equation, which permits a 
description of a saturated subsurface flow in a hillslope aquifer with 
an arbitrary plan geometry, can be written as (see, e.g., Fan and Bras, 
1998; Troch et al., 2002)

  (13)

where t is the time [T]; λ (dimensionless) is the effective porosity or 
specific yield of the aquifer; and R is the rate of the vertical recharge 
[LT-1]. For transient groundwater flows, the variations of the phreat-
ic-surface profile can be modeled by applying the hydraulic theory of 
unconfined groundwater flow. Thus, combining the above depth-av-
eraged continuity equation with Eq. (12) and eliminating the parame-
ters q,qx, and qxx with the aid of Eqs. (2)-(4), results in 

  (14)

The above groundwater-flow equation implicitly incorporates the 
effects of non-uniform velocity and non-hydrostatic pressure distri-
butions as well as the lateral contraction and/or expansion effects for 
accurately modeling the problems of a transient phreatic flow in a 
convergent or divergent aquifer. This is an improvement of the cur-
rent formulation over the previous Boussinesq (1877) equation-based 
models. In the case of saturated subsurface flows with negligible ver-
tical curvatures of the flow streamlines in a constant-width aquifer 
overlying horizontal bedrock, Eq. (14) degenerates to the 1D version 
of the DF equation for shallow groundwater flows:

  (15)

Equation (14) can be applied to analyze 2D unconfined ground-
water flows in hillslope aquifers, where the effect of the vertical ve-
locity plays a significant role. The rate of outflow from the aquifer is 
predicted by using the mass-conservation equation as follows:

  (16)

where L is the horizontal length of the aquifer [L], and V is the vol-
ume of the saturated aquifer [L3]. The volume of the saturated aquifer 
at any computational time is calculated by dividing the space between 
the phreatic surface and the bedrock into smaller vertical elements 
and then by summing the volumes of these thin elements. The numer-
ical results for the phreatic-surface profile can be used to evaluate the 
second term of the RHS of Eq. (16).

3 NUMERICAL SCHEME

A generalized analytical solution, which satisfies the initial and 
boundary conditions, is not feasible for Eq. (14) due to its non-linear 
characteristics. This equation contains a third-order spatial derivative 
term and requires an accurate third- or higher-order scheme to solve 

it numerically. In this study, the dissipative two-four finite-differ-
ence scheme developed by Gottlieb and Türkei (1976) is employed 
to solve the model equation. Using this scheme, the flow depths at 
an unknown time, t + Δt, are computed explicitly from the flow pa-
rameters at the known time level, t. For the purpose of developing a 
computational procedure, Eq. (14) is rewritten in the form as follows:

  (17)

  (18)

  (19)

The dissipative two-four numerical scheme comprises the steps 
of a predictor and corrector. In the predictor step, the forward finite 
difference is used to approximate the spatial partial derivative appear-
ing in Eq. (17). The resulting equation is given by

  (20)

where the superscript P (dimensionless) stands for the predicted val-
ues at different nodal points; the superscript n (dimensionless) de-
notes the condition at the known time level; i (dimensionless) denotes 
the computational point; ω = Δt/Δx ; Δt is the time step [T]; and Δx 
is the step size [L]. In this step, Γi

n is determined by using the values 
of the flow parameters at the known time level, n, in Eq. (18). Since 
the values of Qx and Qxx are unknown at the predictor stage, the flow 
depths are computed by applying an iterative procedure that proceeds 
from the initially estimated value of the discharge per unit length  
(Qx =̃ R). If the difference between the Hi

P used to compute 
Qx(= R – λ∂H/∂t) and the computed Hi

P is significant, the iteration steps 
are repeated until the difference becomes negligible (less than 5 mm).

The application of Eq. (20) requires the use of two points in the 
forward direction from the point being advanced. At the downstream 
end section (i = m), however, a numerical boundary treatment must 
be introduced because the boundary section does not have enough 
neighboring points to implement the equation. For computational 
nodes adjacent to this section, the following expression is employed 
to complete the forward predictor stage:

  (21)

The above third-order boundary treatment method does not affect 
the overall accuracy of the results of the fourth-order numerical mod-
el (see, e.g., Oliger, 1974; Gustafsson, 1975). In the corrector step, 
the spatial partial derivative is approximated by applying a backward 
finite-difference expression using the predicted values of the parame-
ters. For this step, the discretized form of Eq. (17) becomes

  (22)

where the superscript c  (dimensionless) refers to the value of the 
parameter after the corrector step. For this computational step, the 
value of Γi

P is determined by utilizing the estimated values of the 
parameters. The use of Eq. (22) near the upstream end section intro-
duces unknowns external to the computational domain. This problem 
is eliminated by treating the boundary using a technique similar to the 
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predictor step, which yields the following expression for a computa-
tional node at i = 2:

  (23)

Equations (20)-(23) are applied at the computational nodes be-
tween i = 2 and i = m – 1 to model the transient unconfined groundwa-
ter-flow problems. The nodal values at i = 0, 1 and m are determined 
from the specified boundary conditions, which will be described in 
detail in the next section. The first and second spatial partial deriv-
ative terms, which appear in Eq. (18), are discretized by using the 
finite-difference approximations as follows (Bickley, 1941):

  (24)

  (25)

The above equations are replaced by forward and backward fi-
nite-difference approximations for the nodes near the upstream and 
downstream ends of the computational domain. The computational 
time step, , is computed by using the following stability criterion 
governed by the Courant–Friedrichs–Lewy condition:

  (26)

where Cn (dimensionless) is the desired Courant number. According 
to Gottlieb and Türkei (1976), the scheme is stable if Cn ≤ 2/3. The 
aforementioned explicit numerical scheme has a capacity to handle 
shocks without the application of an artificial viscosity procedure.

3.1 Boundary and initial conditions

For all the test cases considered here, a zero-flux boundary condi-
tion was imposed at the upstream end, which led to a horizontal phreat-
ic surface (Hx,0 = –ζx,0). Besides, a free drainage condition was applied 
at the downstream end; consequently, the flow depths at the upstream 
and downstream ends were specified as the boundary conditions.

For analyzing the transient flow problems, the steady-state solu-
tions of Eq. (14) for a phreatic-surface profile were specified as an 
initial condition at t = 0. Integrating the steady version of this equa-
tion with respect to x and simplifying the resulting expression using a 
zero-flux boundary condition at the upstream hydraulic divide, yields 
the following equation:

  (27)

where Qx = RB(x); Qxx = RBx; and Ap(x) is the plan area of the un-
confined aquifer [L2]. An implicit finite-difference scheme (Zerihun, 
2018) was employed to solve this non-linear equation by imposing 
boundary conditions at the upstream end only.

4  EVALUATION OF MODEL AND COMPARISON 
TO DATA

In order to examine the suitability of the preceding numerical mod-
el, numerical experiments related to the hillslope drainage processes 
were conducted. For these free drainage scenarios, the phreatic-surface 
profiles and outflow discharges were simulated for different types of 
hillslope configurations. The numerical results for the test cases of un-
confined flows in uniform hillslope aquifers with a constant bedrock 
slope (Bx = ζxx = 0 ), convergent- and divergent-type hillslopes (ζxx = 0), 
and uniform hillslope aquifers overlying curved bedrock (Bx = 0), were 
presented here. For systematically summarizing the results, the eleva-
tion of the phreatic surface and the horizontal distance in the x-direction 
were normalized using the length of the computational domain, L. 

4.1  Uniform hillslope aquifers with a constant 
bedrock slope

The model results for the phreatic-surface profile were verified 
using the experimental data of Saha (2009). The experiments were 
performed under laminar flow conditions using a flow tank apparatus 
115 cm long, 2.5 cm wide, and 60 cm deep, which was filled with 
uniformly-sized glass beads of a mean diameter of 1.1 mm. An imper-
meable vertical wall was used at the upstream end to mimic the drain-
age divide of a natural hillslope aquifer. Water was supplied from the 
constant head reservoir to the flow tank through a recharge genera-
tor. During the transient experiments, the recharge was supplied until 
a steady flow condition was reached; then, the saturated aquifer was 

Fig. 2 Phreatic-surface profiles corresponding to the free drainage of uniform hillslope aquifers: (a) horizontal bedrock; and (b) bedrock 
slope = 3.54%. The computed results are shown in solid lines with the colors of the corresponding experimental data
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allowed to drain. By using the Darcy column experiment, the hydrau-
lic conductivity of the porous media was estimated at 15 mm/s.

Figure 2 shows a comparison of the experimental data and nu-
merical results when the saturated aquifer was allowed to drain from 
the initial steady-state condition. As can be seen from this figure, the 
numerical model correctly reproduced the time-dependent profiles 
of the phreatic surface. Because the hydraulic gradient of the flow 
decreases over time, the phreatic-surface level drops quickly at the 
beginning of the free drainage, but then drops slowly at a later stage 
(see Fig. 2). For this transient, weakly-curved flow over mild-slope 
planar bedrock, the effects of the vertical component of the flow are 
not quite so significant, except in the vicinity of the outflow section.

4.2 Linearly convergent and divergent hillslopes

The applicability of the higher-order model was examined with phre-
atic-surface level and outflow rate measurements (Hilberts, 2006) for 
different hillslope types during the free drainage experiments. The exper-
iments were conducted using six hillslope configurations, i.e., two plan 
shapes (linearly convergent and divergent hillslopes) and three bedrock 
slopes for each type of hillslope, i.e., 5%, 10%, and 15%. The values of the 
hydraulic and hillslope geometry parameters for the experiments are giv-
en in Tab. 1. During the transient experiments, the hillslopes were brought 
to a steady-state condition by means of a recharge generator applying a 
constant recharge rate. When the recharge generator was stopped, the out-
flow rates and the variations of the phreatic-surface level were measured. 
The saturated hydraulic conductivity of the sandy soil used in the experi-
ments was also estimated on soil samples at 0.46 mm/s. Further details of 
the experimental system can be found in Hilberts (2006). 

Tab. 1 Parameter values for the free drainage experiments

Parameter Convergent 
hillslope Divergent hillslope

Hillslope length 6 m 6 m

Upstream width 2.43 m 0.52 m

Downstream width 0.5 m 2.50 m
Vertical recharge rate for
Slope = 5%
Slope = 10%
Slope = 15%

20.0 mm/h
20.1 mm/h
21.6 mm/h

17.7 mm/h
26.2 mm/h
31.9 mm/h

As pointed out by Tritscher et al. (2000), the effective porosity or 
specific yield depends not only on the hillslope’s soil properties but 
also on the depth of the flow and infiltration rate. In this study, cali-
brated values of the effective porosity ranging from 0.25 to 0.28 were 
used. The computed phreatic-surface profiles for the convergent and 
divergent hillslopes were compared with the measurements in Fig. 
3. For the test problems considered, the vertical recharge rates were 
estimated from the measured values of the steady-state outflow rate. 
As shown in Fig. 3a-c, the steady-state saturated storage profiles were 
accurately predicted by the proposed model for phreatic flows in con-
vergent-type hillslope aquifers. For the three bedrock slopes consid-
ered here, the model slightly overestimated the phreatic-surface lev-
els, especially at the computational times of 60 min and 120 min. For 
a greater computational time, the predicted phreatic-surface profiles 
closely agreed with the measurements. Similar model performance 
results can be seen in the case of unconfined flows in divergent-type 
hillslope aquifers (see Fig. 3d-f). For the steady-state numerical solu-
tions, a slightly higher boundary condition (flow depth) was imposed 
at the upstream end, and the agreement between the computed results 
and the measurements was fairly good, as shown in Fig. 3d-f.

The outflow hydrographs corresponding to the draining phre-
atic-surface profiles are plotted in Fig. 4. The figure also compares 
the computed results with the experimental data of Hilberts (2006). 
For the 5% and 10% convergent hillslopes, the proposed model 
slightly overestimated the outflow rates at the early drainage stage 
(t < 100 min). Similar prediction results can be seen in Fig. 4e, f for 
the 10% and 15% divergent hillslopes. In general, the model results 
for the outflow hydrograph were satisfactory and followed the trend 
of the experimental data for both types of hillslope configurations. 
For this hillslope drainage problem, the minor discrepancies between 
the experimental data and the numerical results might be due to the 
effect of the unsaturated subsurface flow, which has not been consid-
ered in the present study. This effect is more significant in a laboratory 
sandy soil than an aquifer made of artificial glass beads due to the 
differences in the degree of saturation and the free drainage process.

4.3  Uniform hillslope aquifers overlying curved 
bedrock

The proposed numerical model was further tested using Chapman 
and Ong’s (2006) experimental data on unconfined flows over curved 
bedrock. Chapman and Ong (2006) conducted the experiments using 
the Hele-Shaw viscous-flow model made of two parallel plates 13 
mm thick, 127.5 cm long, and 60 cm high, separated by a gap of 1.5 
mm. The bottom end of the plates was sealed by an acrylic sheet 1.5 
mm thick and shaped to provide the required geometrical form of a 
hillslope profile. The shape of the profile is given by

  (28)

where the dimensionless constants are μ1 = 3.7, μ2 = 2.8, and μ3 = 3.3. 
The constant μ1 determines the average slope of the hillslope profile, 
whereas the other two constants determine the curvature of the bed 
and point of inflexion. The vertical recharge was simulated by the 
flow of glycerin from sixteen hypodermic syringes connected to a 
manifold. As in the previous test cases, the recharge was supplied 
until a steady-state condition was reached; then, the recession process 
followed. The measurements of the phreatic-surface level and out-
flow discharge of Test 3A were used to verify the results of the model. 
The hydraulic conductivity of the Hele-Shaw model was determined 
using the following equation (Bear et al., 1968):

  (29)

where b is the width of the interspace [L]; g is acceleration due to 
gravity [LT-2]; and ν is the kinematic viscosity of the fluid [L2T-1].

Figure 5a illustrates the variations of the level of the phreatic sur-
face at different times. The model’s predictions were in good agree-
ment with the experiments; hence, it satisfactorily mimicked transient 
unconfined flows over curved bedrock. For a greater computational 
time (t = 44 min), a minor discrepancy between the numerical results 
and experimental data can be seen from this figure. The outflow hy-
drograph corresponding to the recession phase is shown in Fig. 5b. 
As shown in the figure, the model was effective in simulating the 
outflow hydrograph of a complex hillslope configuration. The results 
of the comparison of this test case demonstrate that the effects of the 
vertical velocity and the curvature of the flow streamlines have been 
accurately accounted for by the proposed model.

5 CONCLUSIONS

In this study, a groundwater-flow model that accounted for the ef-
fects of the vertical component of the flow and the 3D geometry of the 
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underlying bedrock was formulated based on the hydraulic theory of a 
non-hydrostatic unconfined flow. The present model is capable of simu-
lating the saturated subsurface flows in convergent- and divergent-type 
hillslopes with a non-uniform bedrock slope, making this model quite 
different from the previous Boussinesq (1877) equation-based models. 
A dissipative two-four finite-difference scheme was used to discretize 
and solve the model equation. The applicability of the model was then 
assessed by conducting numerical experiments related to the hillslope 
drainage processes. The numerical results for the phreatic-surface profile 
and outflow discharge for different types of hillslope configurations were 
compared with the experimental data under transient flow conditions.

For the test of the drainage of uniform hillslope aquifers with a 
constant bedrock slope, the numerical model correctly reproduced the 
time-varying profiles of the phreatic surface. Similarly, the comparison 
of the numerical results with measurements for the case of transient 
unconfined flows in convergent- and divergent-type hillslope aquifers 
attested the model’s capacity for accurately describing the dynamics of 
the free drainage processes. For this test case, the model satisfactorily 
predicted the time variations of the phreatic-surface levels. In addition, 

the outflow hydrographs corresponding to the draining phreatic-sur-
face profiles were simulated with an acceptable degree of accuracy. 
For both test cases, the effects of the vertical component of the flow are 
not quite so significant, except in the vicinity of the outflow section.

Finally, the applicability of the model was further examined 
by considering a test case of transient unconfined flows in uniform 
hillslope aquifers overlaying curved bedrock. The model satisfacto-
rily mimicked the process of recession in such a complex type of 
hillslope configuration. Furthermore, it accurately accounted for the 
effects of the vertical curvature of the flow streamlines. This study 
highlights the necessity of considering the effects of the shape of a 
non-uniform plan and the profile curvature of the underlying bedrock 
in order to improve the overall accuracy of the model for capturing 
the hydraulic response of a saturated hillslope. The proposed model 
could have a practical application in connection with the assessment 
of the effects of hillslope geometry on shallow or deep landslides 
triggered by rainfall. A general-purpose numerical model, which cou-
ples the current higher-order model with the Richards equation and 
hillslope stability model, is under development.

Fig. 3 Recessions from steady-state phreatic-surface profiles for different hillslope configurations. The computed phreatic-surface profiles were 
plotted at different times after the cessation of the recharge and are shown in solid lines with the corresponding colors of the experimental data
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Fig. 5 Recessions from steady-state phreatic-surface profiles for a hillslope with a non-uniform bedrock slope: (a) phreatic-surface profiles 
at different times after the cessation of the recharge; and (b) an outflow hydrograph. The computed profiles are shown in solid lines with the 
corresponding colors of the experimental data

Fig. 4 Outflow hydrographs corresponding to the free drainage of convergent- and divergent-type hillslopes
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