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STRESS-DILATANCY FOR SOILS.
PART III: EXPERIMENTAL VALIDATION
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Abstract: The validation of the general stress-dilatancy relationship is shown based on biaxial compression test data presented in the
literature under drained and undrained conditions. Rowe’s and Bolton’s relationships can be treated as simplified forms of the general
stress-dilatancy relationship. The stress ratio values are a function of not only the dilatancy but also the intermediate principal stress, the
non-coaxiality angle defined by Gutierrez and Ishihara and the stress-strain path. For many granular soils, the critical frictional state
angle of the shearing resistance  o = υcΦ  and parameters  and  are functions of the drainage condition, the stress level and the stress
and strain paths.
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1. INTRODUCTION

Most geotechnical structures such as slopes, em-
bankments, retaining walls, and strip foundations can be
simplified into plane strain conditions, which are mod-
elled in a plane strain biaxial apparatus [2], [5], [6], [25],
[26], [30] and others or in true triaxial tests [18].

Rowe’s stress-dilatancy relation was one of the
first rational attempts to characterize the dilatancy of
soils in plane strain conditions [19], [20]. The modi-
fied non-coaxial version of Rowe’s stress-dilatancy
relationship was proposed by Gutierrez and Wang [10].
Intermediate stress ( 2  ) is known to play an important
role in the stress-strain behaviour [14] but is not con-
sidered in the original Rowe [19] or modified Gutierrez
and Wang [10] stress-dilatancy relations.

The stress, the strain, the stress and strain history
and the stress level play important roles in the stress-
strain behaviour of soil in shearing, especially in plane
strain conditions ([18], [23], [25], [31], [32]).

The effects of the anisotropy and non-homogeneity
on the stress-strain behaviour of soils cannot be ne-
glected in soil modelling and laboratory tests. The
anisotropy and non-homogeneity result from the
formation history in the field and the sample prepa-
ration method in the laboratory ([16], [24], [27] and
many others). The non-homogeneity is visible in
many plane strain tests as the formation of a shear

band. The persistent shear band forms at mobilized
friction levels very close to the peak value ([7], [8],
[11], [24], [26]).

As a consequence, the stress-strain (dilatancy)
relationship is affected by many factors, and validat-
ing the theoretical stress-dilatancy relationship is very
difficult.

This paper presents the validation of the general
stress-dilatancy relationship developed by Szypcio
[21] for plane strain conditions. Soil is treated as an
isotropic continuum, and the rheology, breakage of
grains, temperature changes and other non-mechanical
effects are neglected. The influences of the interme-
diate stress )( 2   and non-coaxiality are analysed for
drained and undrained conditions based on the fric-
tional state theory [21] for experimental data pre-
sented in the literature. Only the pre-peak phase
(stage), when the deformation is homogeneous, is
analysed.

2. STRESS-DILATANCY
RELATIONSHIPS FOR PLANE STRAIN

The general stress-plastic dilatancy relationship [21]
has the form

p
bb DAQ   (1)
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Subscript b indicates the plane (biaxial) strain con-
dition. The stress ratio is
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The frictional state characteristic values [21] are
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for drained conditions,
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for undrained conditions,
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where  o is the angle of shear resistance at the critical
frictional state.

The plastic dilatancy is

p
q

p
pD


 υ (11)

where
ep
υυυ   , (12)

e
qq

p
q   . (13)

For plane strain conditions, 02 

31υ   , (14)

31
2
3

2
13

2  q . (15)

The elastic parts of the strain increment invari-
ants are
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where  is Poisson’s ratio, e is the void ratio, and
 is the slope of the unloading/reloading line in the
e–lnp plane.

Assuming “full plane” conditions, 2 = 0 as well
as p

2  = 0; therefore, we can write
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Plastic dilatancy may have the following form
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The principal strain increments can be calculated
from the strain invariant increments [21]
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In this paper, it is assumed that ppp
321   ;

therefore, 
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The relationship between b and D* is shown in
Fig. 1.

The angle 
6
π

6
π

 b  for D*  0. Similar to the

strain increment, the principal stress can be calculated
from the stress invariants [21]
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Because 321   , 1/ 21    and 1/ 31   ; this
paper considers only these stress paths.

Fig. 1. Relationship between  b and D*

Under biaxial compression, the value of angle b
quickly decreases from approximately 30° to the
minimum value during shearing and remains almost
constant for the pre-failure stage ([5], [15], [27], [30]).

Tatsuoka et al. [23] showed that the value of b at
the peak is between 0.2 and 0.3 (13° < b < 19°).
Pradhan et al. [17] observed b values ranging be-
tween 0.22 and 0.33 (11° < b < 18°). The value of b
(angle b) depends on the contact of the belt platen,
the initial porosity [9] and the height-to-width ratio of
the sample [14].

The stress ratio can be written as
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Equation (26) is the general stress-strain equation
for the plane strain (biaxial) condition.

For granular (non-cohesive) soils, the effective
mobilized angle of friction can be calculated from the
equation

2
π)( tan 31

1   Φ . (27)

Thus, the values of 31 /   and  are functions of
 o, b, b, ,  and D*.

In the frictional state theory, it is assumed that the
angle  o is characteristic of soils and does not depend
on the deformation mode [21]. For many non-
cohesive soils, it can be assumed that  o = υcΦ  [22].

The plastic work increment for “full plane” condi-
tions is

0  3311  ppW  . (28)

This paper considers only the deformation process
for which
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The influence of b on the stress ratio ( 31 /  ) for
biaxial compression is shown in Fig. 2.

Fig. 2. Influence of angle b on the stress ratio

Angle b (intermediate stress )2   influences the
stress ratio; this may be due to the assumption of “full
plane” conditions in this paper, but further investiga-
tion is needed.

3. COMPARISON WITH ROWE
AND BOLTON THEORIES

The Rowe’s stress-strain relationship ([19], [20])
for drained plane strain conditions can be expressed
by the equation
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where the experimental constant K = tan2(45 +
)2/υcΦ .

Bolton [3] showed that Rowe’s stress-strain rela-
tionship can be expressed in the form

8.0υ  cΦΦ (31)

where the dilatancy angle can be calculated from the
following equation

31
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 . (32)

For the drained condition, the elasticity part of
the strain increment can be treated as small, and equa-
tions (30) and (32) have the forms
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where D = D* = 3/1.
Rowe’s and Bolton’s relationships between the

stress ratio and dilatancy are independent of the in-
termediate stress b. Therefore, for comparison, it is
assumed that b = 15 as the mean value observed in
drained biaxial compression tests.

Figures 3 and 4 show that the best approximation of
Rowe’s and Bolton’s equations (equations (30) and (31),
respectively) are obtained for  o = υcΦ ,  = 0 and
 = 1.4.

Very good conformity is obtained for K 31 /
and K2/ 31    (–2  D  –1), which are treated as
maximum values for Rowe’s theory ([20], [12], [13]).
Poorer conformity is obtained for –1 < D  0.

Fig. 3. Comparison of Rowe’s and frictional state theory relationships
between the stress ratio and the strain increment ratio

Fig. 4. Comparison of Bolton’s
and the frictional state theory relationships

Very good conformity is obtained with Bolton’s
and the frictional state theory relationships for –3 < D*

< –0.5 (Fig. 4). Contrary to the triaxial condition,   1
for granular soil in the plane strain condition [21].
This difference is perhaps due to a smaller degree of
freedom for interparticle movement under plane strain
than under triaxial conditions [1]. Thus, the mode of
deformation influences the parameters of the frictional
state theory.

Bolton [3], analysing the relationship between the
strength and dilatancy of quartz sands in plane strain
conditions at different densities and confirming pres-
sures, found the following correlations

Rc IΦΦ 5υmax  , (35)
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The relative density index for quartz sands is

1)ln10(  pII DR (37)

where p is expressed in kilonewtons per square metre
(kPa) and ID is the density index.

Fig. 5. Influence of density index on ( υmax cΦΦ  )
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Figure 5 shows the values of υmax cΦΦ   collected
by Bolton [3] and calculated from equations (26) and
(27) for  o = υcΦ  = 32, b = 15,  = 0, and  = 1.4.

Bolton’s equation, given by equation (35), can be
treated as an approximation of the stress-dilatancy
equation given in (1) obtained from the frictional state
theory.

4. STRESS-DILATANCY
FOR DRAINED CONDITIONS

Brasted sand was investigated in plane strain
conditions by Cornforth [5]. The values of the
maximum angle of friction maxΦ  for different initial
porosities obtained experimentally and calculated
from equations (26) and (27) are shown in Fig. 6. At
failure, p = 0, 0υ 

e  and D p = D.

Fig. 6. Maximum friction angle of Brasted sand

The calculations used the value of b obtained
in the experiment [5], υc

o ΦΦ   = 32.7,  = 0 and
 = 1.4. The frictional state theory clearly approxi-
mates the experimental data very well.

Changi sand was extensively investigated by
Wanatowski ([28], [29], [30]) and Wanatowski and
Chu [27] in plane strain conditions. Figure 7 shows
the relationship between the stress ratio () and plastic
dilatancy (Dp) for three tests [30]. The samples were
anisotropically consolidated and sheared under drained
conditions at a constant 3  .

The –Dp relationship is approximately linear
throughout the pre-peak stage. The calculations were
made with  = 0.008,  = 0.30 and υc

o ΦΦ   = 33.4.
The best approximation of the experimental data was
obtained assuming  = –0.29 and  = 1.2 for

CKoD01,  = –0.30 and  = 0.80 for CKoD02 and
 = –0.32 and  = 0.90 for CKoD03 tests. Before
failure, the parameters  and  depend on the consoli-
dation pressure and other unidentified factors. Parame-
ter  represents the translation, while  represents the
slope of the –Dp line. The translation and different
slopes of the –Dp lines were also observed by Yasin
and Tatsuoka [31] for Toyoura sand tested in plane
strain conditions for different stress paths.

Fig. 7. Relationship between the stress ratio
and plastic dilatancy for Changi sand

Masuda et al. [15] extensively investigated the
stress-strain behaviour of Toyoura sand in plane strain
condition under monotonic and cyclic loading and
unloading. The experiments were executed in a modi-
fied plane strain compression apparatus on specially
prepared samples consolidated both isotropically and
anisotropically. An analysis of the experimental data
of these tests shows that a mean value of b  22.5.
The relationship between the stress ratio ( 31 /  ) and
the plastic strain increment ratio (D*) for loading and
unloading are shown in Figs. 8 and 9, respectively.

Fig. 8. Relationship between the stress ratio and the strain
increment ratio for biaxial loading tests on Toyoura sand
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Fig. 9. Relationship between the stress ratio and the strain increment
ratio for biaxial unloading tests on Toyoura sand

An approximation of the experimental data was
obtained from the frictional state theory (equation (26))
for υc

o ΦΦ   = 31.5 and b = 22.5, with  = 0 and
 = 1.4 for loading and  = 1.5 and  = 2.5 for un-
loading. The stress-strain behaviour of Toyoura sand
is clearly very different in the loading and unloading
tests.

5. STRESS-PLASTIC DILATANCY
FOR UNDRAINED CONDITIONS

For undrained conditions, 0υ  ; therefore, p
υ

p
p

e
e








1υ .

The validation of the stress-plastic dilatancy rela-
tionship obtained from the frictional state theory
(equation (1)) is conducted based on the original ex-
perimental data of three tests on medium dense and
two tests on very loose Changi sand [30].

The medium dense sand was first Ko consolidated
to varying mean effective stresses and sheared under
undrained conditions in the deformation-controlled
loading mode. Strain-hardening behaviour was ob-
served in the tests. The effective stress path asymp-
totically approaches a straight line that is called the
critical state ratio line (CSRL, [4]) with a gradient of
ML = 1.39. The stress ratio-plastic dilatancy relation-
ships for the three tests (CKoU01, CKoU02, and
CKoU03) are shown in Fig. 10. The calculations
were made with  = 0.025 and  = 0.30. For all three
tests, the –Dp relationships are very similar and
well approximated by the stress ratio-plastic dila-
tancy relationship obtained from the frictional state

theory for υc
o ΦΦ   = 33.4,  = –0.175 and  =

–0.09 (Fig. 10).

Fig. 10. Stress ratio-plastic dilatancy relationship
for the strain-hardening behaviour of Changi sand

The values of parameters  and  are characteris-
tically negative.

Some tests on very loose Changi sand were con-
ducted in undrained conditions. The specimens were
Ko consolidated to varying mean effective stresses and
sheared under a load-controlled loading mode. When
the peak deviatoric stress was reached, the axial strain
suddenly increased, and the specimen collapsed; how-
ever, a shear band was not observed in these tests
[30]. The stress ratio-plastic dilatancy relationships
for two of the tests (CKoU05 and CKoU06) are
shown in Fig. 11. For these two tests, the –Dp rela-
tionships calculated for  = 0.008 and  = 0.30 are
very similar and well approximated by equation (1)
for υc

o ΦΦ   = 33.4,  = –0.11 and  = 1.10. Similar
to the case of medium dense sand, parameter  is
negative, while parameter  is positive.

Fig. 11. Stress ratio-plastic dilatancy relationship
for the collapse behaviour of Changi sand
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The frictional state theory describes well the
stress-strain relationship in undrained plane strain
conditions.

6. CONCLUSIONS

The stress-dilatancy relationship obtained from
the frictional state theory can describe the real be-
haviour of non-cohesive soils in plane strain condi-
tions.

Rowe’s and Bolton’s equations can be treated as
approximations of the stress-dilatancy relationship
presented in this paper.

The mean stress (angle b) and non-coaxiality an-
gle (b–b) influence the stress-strain relationship in
plane strain conditions.

Based on the experimental data investigated for
many different sands, υc

o ΦΦ  . The values of pa-
rameters  and  can be assumed to be constant
during shearing and are functions of the drainage
conditions, the stress level and the stress and strain
paths.

The complete validation of the stress-dilatancy
relationship in plane strain conditions requires further
experimental investigation, especially for cohesive
soils for different stress-strain paths.
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