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Abstract

In addition to theoretical investigations of radicals connected with a right ideal in
associative rings, we seek to build models implementing the achieved results. In the process,
we succeeded in building an upper nilradical connected with a right ideal in the ring

(Z[\/§], +, ) This is presented in the paper, after some necessary theoretical preliminaries.
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Abstrakt

Krahas hulumtimeve teorike pér radikalet e unazave asociative lidhur me njé ideal té
djathté kemi synuar té ndértojmé modele té implementimit té rezultateve té arritura. Né kété
proces éshté arritur té ndértohet njé radikal i sipérm lidhur me njé ideal té djathté né unazén

(Z[\/§], +, ) i cili paragitet né kété punim pas njé parashtrimi teorik té nevojshém
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AnCTpakT

[Tokpaj TEOPETCKOTO UCTPaXKyBame 3a PaJMKAINTE CBP3aHU CO CIICH JECEH Heal BO
aCOIII/IjaTI/IBHI/ITC MMpCTCHHU, 3a LCJI UMAaBME€ Ia KOHCTPYKTUpaME MOJCIIN Ha I/IMHHGMGHT&HI/Ija
Ha TEOPETCKOTO JOCTUTHYBame. BO OBOj mporec, ycrneaBMe Ja KOHCTpyupame eieH

KOHKPETEH TOPEH HWJIPAJAUKAIl Ha TIPCTEHOT (Z[\/§], +, ) CBp3aH CO €JICH JIeCeH Hjeall, Koj

ro Mpe3eHTHpaMe BO 0BOj TPY/ OJIKAKO Ke ja MpeTcTaBuMe NoTpeOHaTa Teopuja.

Introduction

1. The meaning of radical

Some properties of the rings vary from known properties, so we encounter difficulties in
their classification. Herein lies the reason to seek the definition of a part of the ring about
certain properties, part that will be called radical ring.

Let 1,1, be sub rings of the ring R. With the sum, marked as I, + I, , we understand the
set that contains all sumsi, +i,, wherei, e l,,i, €l,.So, I, +1, ={i, +i, /i, el ,i,el,}.

At first let be examined these propositions:

Proposition 1.1. ([5], pg.397). If 1,1, are ideals of the ring R, then
L+, ={i,+i,/i,el, i, el,} isideal of R.

Let be now 1,,1,,..., I,... (not necessarily a finite number) a sub rings set of the ring R.

With the sum, marked as Z I, , we understand the set that contains all sums
k

L +1,+...+1 +..., wherei, €1, so, Zlk ={i, +i, +..+i +... /i el i,el,, ... }.
k

Based on the above we take this:
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Proposition 1.2. ([2], pg.4). The sum of every ideals set of a ring is its ideal.

Let » be a class of the rings such that:

a) y ishomomorphic closed: i.e. Ae yand ¢: A— B is homomorphism,
follows that Be y .

b) For everyring A, the sum y(A)= Z(I <Aley)isiny.

c) y(A/y(A))=0, for every ring A.
Definition 1.1. A ring class y that satisfies the conditions a), b), c), is called radical class.
7(A) is called y -radical of A. The ring A is called y -radical ring if Ac y = y(A) = A ([7],

pg 53).

The conditions a), b), c) are essential conditions to give the definition of the radicals. To
tell if these conditions are satisfied or not for some rings classes is not an easy task. For this
reason we aim to find equivalent conditions with them.

Proposition 1.3. ([1], pg.22). If conditions a) and b) apply in a class rings y, then the
condition c) is equivalent with:

¢) If I'is ideal of the ring A and if 1 and A/l are iny, thenthe A is iny .

When the class of the rings y satisfies the condition c) we say that yis closed in
connection to extensions.

Proposition 1.4. ([1], pg.23). If conditions a) and c) apply in a rings classy, then the
condition b) is equivalent with:

b) If I, <1, c...cl, c... isan increasing sequence of ideals of a ring A, and if every of I,

isin y then D 1, isiny.
A

When the class of the rings y satisfies the condition b) we say that y is with inductive
property.
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From the above propositions we get:

Theorem 1.1. ([1], pg.23). The class of rings y is radical class then and only then when:

a) y is homomorphic closed
b) y has the inductive property

c) y is closed in connection to extensions.

1. Nilrings and nilradical

Definition 2.1. The element x of the ring R is called nilpotent if 3ne N, x" =0 ([J is the set

of positive whole numbers).The ring R is called nilring if every element of it is nilpotent. The
ideal I of the ring R is called nilideal of R if I is nilring.

We mark with s the property: ¥xeR, I3ne N, x" =0.The property s is called nil-

property. In these conditions, we can say that nilring is the ring R that satisfies the nil-
property s. Such a ring is called s-ring ([8], pg.69).

Lemma 2.1. ([2], pg.19).

a) If R is nilring then every subring and every homomorphic image of R is nilring.
b) Iflisideal of R and I, R/I are nilrings, then R is nilring.
Lemma 2.2. The sum of two nilideals is nilideal.

Proof. Let I and J be nilideals in R. Based on the second theorem on isomorphisms we have:
(1+3)/3=1/(1~J), where (1+J3)/J is nilideal from lemma 1.ii., whereas 1/(1 nJ) is

nilideal as homomorphic image of I. Since I, J, (1+J)/J are nilideals then it follows that
I+J is nilideal.

Based on lemma 2.2 with mathematical induction is proved this:

Corollary 2.1. The finite sum of nilideals is nilideal.
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From the above come true this:

Lemma 2.3. ([2], pg.19). The sum of a whatever set of nilideals of R is nilideal of R.

In the following we show that the class S of s-rings is radical class.

a) From lemma 2.1.i. follows that every homomorphic image of a s-ring is s-ring, i.e. the
class S is homomorphic closed.

¢) From lemma 2.1.ii follows that, if I is ideal of R and I, R/l are in S, then R is in S as well.
This shows that the class S is closed in connection to extensions.

b) From lemma 2.3 follows that, for every ring R, S(R)= Z(I <R[l e S) is in the class S.

Based on proposition 4 of the point 1 follows that the above condition b) is equivalent with:

b) If I,cl,c..cl, c.. isan increasing sequence of nilideals of the ring R , then the
sumis » 1, inS.
A

As a result of the theorem of the point 1 we get this:

Theorem 2.1. The class S is radical class.

This theorem shows that S(R) is radical of the nilring R. S(R) is called nilradical of the
ring R. From the above points b) and b) follows that S(R) is larger nilideal of the ring R.

Definition 2.2. The largest nilideal of the nil ring R is called upper nilradical or nilradical of
Kothe and is marked as K(R).

Conclusion 2.1 ([3], pg.47). In every ring R, the sum of a set of its nilideals is nilideal of R.
Therefore, in every ring R exists the upper nilradical K(R) and complies with the sum of all
nilideals of the ring R. If I is ideal in the ring R, then K(1) =1 ~K(R). For every ring R, the

factor-ring R/K(R), there isn’t nonzero nilideals, therefore K(R/ K(R))= 0.
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Definition 2.3. The ring R is called K-radical, if R=K (R).The ring Q is called semi simple K,
ifK (Q)=0.

Theorem 2.2. ([3], pg.47). The ring R is K-radical then and only then, when it is nilring. The
ring Q is semi simple-K then and only then, when it hasn’t nonzero nilideals. Every ideal in
the ring K-radical or semi simple-K is respectively ring K-radical or semi simple-K.

2. The upper nilradical connected with a right ideal

Referring to the above treatment of nilradical of a ring, we presented a theoretical study
on the meaning of the upper nilradical connected with a one-sided ideal of a ring. The study
will be concentrated on the right ideal, since the theory of the left ideal of a ring is
constructed in an analogous way.

Let P be right ideal in the ring R.

Definition 3.1. ([6], pg.43) The ring R is called nilring connected with a right ideal P, if all of
its elements are nilpotent connected with a right ideal P, i.e.

VaeR,3neN,n>2 | a" eP.

The ideal I of ring R is called nilideal connected with a right ideal P, if I is nilring
connected with a right ideal P. In analogous way is given the meaning of the nil subring
connected with a right ideal P and the right (left) nilideal connected with a right ideal P.

Let R be a nilring connected with a right ideal P and ¢ a P-homomorphism in R ([11],
pg.30). Since VxeR, IneN,x" € P and ¢(x”) =[¢(x)]" e P, then P-homomorphic image

¢(R) is nilring connected with a right ideal P.

We have proved this:
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Theorem 3.1. Every P-homomorphic image of a nilring connected with a right ideal P is also
nilring connected with a P.

Meanwhile are even worth these theorems:

Theorem 3.2. ([10], pg.78) If the ideal I is nilideal connected with a right ideal P in R and the
factor-ring R/l is nilring, then R is nilring connected with a right ideal P.

Theorem 3.3. ([4], pg.114). The sum of two nilideals connected with a right ideal P is
nilideal of the right ideal P.

Based on proposition 4 of the point 1 derives that the above condition c) is equivalent
with: c) If l,cl,c..cl, c.. is an increasing sequence of nilideals connected with a

right ideal P of A then the sum Z I, , is nilideal connected with a right ideal P.
A

Having in mind the meaning of the Kothe nilradical we give this:
Definition 3.2. The upper nilradical connected with a right ideal P in the ring R is called the

largest nilideal connected with a right ideal P in it. It is marked as K(R,P).

Conclusion 3.1. ([6],[9]) In aring R, the sum of every finite set of nilideals connected with a
right ideal P is nilideal connected with a right ideal P. After, in every ring R, exists the upper
nilradical K(R,P) connected with a right ideal P and it complies with the sum of all nilideals
connected with a right ideal P. If I is ideal connected with a right ideal P of ring R, then

K(I,P)=1K(R,P).

Definition 3.3. The ring R is called K-radical connected with a right ideal P , if R = K(R,P).
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3. The upper nilradical connected with a right ideal in the ring (Z[\/§], +, )

Let Z[+/3] be a set of numbers x = a+b+/3 such that a,b are whole numbers, so

Z[/3]={a+bV3|abez]

Since,

. x+y=(a+b\/§)+(c+d\/§)=(a+c)+(b+d)\/§eZ[\/ﬁ] and
. xy=(a+b\/§)~(c+d\/_)=(ac+3bd)+(ad +bcW/3 e Z[/3].
Imply (Z[\/§], +, ) is algebraic structure, and since

e x-y=(a+bV3)-(c+dv3)=(a—c)+(b—dN3 e Z[V3].

Follows that (Z[\/§], +, ) is sub ring of the ring R of the real numbers.
We note P[y/3] the set{a+b\/§|a=2r,b= 2S AT, S € Z}.

It is clear that p e P[\/§] &S p=2r +s\/§), where r,seZ < p=2x, where xe Z[\/§].
Therefore, P[v/3]={2x/ x € Z[/3] }.

Proposition 4.1. The set P[\/§] is right ideal of the ring (Z[\/é], +, )

Indeed, since Z[\/§] is ring we have:

1. Vp,,p, € P[+/3], ie. p, =2x,, p, = 2X,, where x;,X, € Z[/3], we get
p,— P, =2(x —X,) € P[+/3], because X, —X, € Z[V3]

2. Vpe P[\/g] Vy e Z[V3], p-y=2xy e P[/3], because xy e Z[J/3].

We note N (Z[\/§],P[\/§]) the set of numbers x < Z[/3] such that x" e P[+/3] for
every natural numbern>2, i.e.

N (z[v/3], P[v/3])={x € Z[v3] /¥ne N, n> 2, x"  P[/3] } o)

Proposition 4.2. The set P[\/§] is included strictly to the set N (Z[\/§], P[\/§]), SO
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PIV3IcN (zZ[V3], PIV3]).
This since:

1. VpeP[V3], ¥neN, n>2, we have p" = (2x)" = 2(2"*x") = 2y e P[/3],
because being Z[+/3] the ring, y =2""x" e Z[v/3]. So,

vp e P[/3], p" e P[/3] for ¥neN, n>2. 2)

According to (1) this implies peN (Z[\/§], P[\/§]), i.e.

P[V3] =N (z[+3], PIV3]).

2. Wetakex=a+by/3 e Z[\/§] ,Where a=2r+1b=2s+land r,seZ.
Since a, b aren’t even numbers, so X ¢ P[\/§]. However x* e P[\/§] , because

x? = (a+by/3)? =a? +2aby/3+30% = (2r +1) +2(2r +1)2s + 13 +3(2s +1) =
= Ar% + 4r +1+ 2(2r +1)(2s +1)\/3 + 3(4s% + 4s+1) =
= 4r? +125° + 4r +4s+4+2(2r +1)(2s +1)/3 =

= 2[(2r? +65% +2r + 25+ 2) + (2r +1)(2s +1)v/3] € P[V/3].
With mathematical induction is proved that: x" e P[\/§] for vne N, n>2. So,

V X = (2r +1) + (2s +1)v/3 € Z[/3] , X" € P[+/3] forvne N, n>2 3)

From (2) and (3), derives that: P[v3]cN (Z[J§], P[J§]) (4)

Proposition 4.3. In N (Z[\/§], P[\/§]) take part only two type of numbers from Z[\/§], and

exactly 1) numbers of the form a+b+/3, where a=2r,b=2s and r,seZ

2) numbers of the form a+b+/3, where a=2r+1b=2s+land r,seZ.

It is clear that in the ring Z[\/§] take part these type numbers:



SEEU Review Volume 8, No. 2, 2012

a+b+/3,where a=2r,b=2sand r,seZ;
a+b+/3,where a=2r+1Lb=2s+land r,seZ;
a+by/3,where a=2r+1Lb=2sand r,seZ;
a+b+/3,where a=2r,b=2s+land r,seZ.

Hown e

From (3) derives that numbers of type 1) and 2) are numbers in N (Z[\/§],P[\/§]),
whereas numbers of type 3) and 4), don’t take part in N (Z[\/g], P[\/é]),

this could be proved in direct way.

Proposition 4.4. The set N (Z[\/§], P[\/§]) is the right ideal of ring Z[\/§], connected with a
its right ideal P[v/3] .

Proof. 1. Forevery z,,z,e N (Z[\/§], P[\/§]) that are of the first type, we have:

z,-2,=(2r, +251\/§) —(2r, +252\/§) =2(r,—1,)+2(s, _32)\/_ =
=2[(r,—1,)+(s,—s,)¥3]=2x e P[3].

For every z,,z, e N (Z[\/§], P[\/§]) that are of the second type, we have:

z,-2,=(2r,+1)+(2s, +1)\/§—[(2r2 +1) +(2s, +1)\/§] =2(r,—1,)+2(s, —sz)\/_ =
=2[(r1—r2)+(81—82)\/§]=2XE P[V/3].

If z, is of the first type and z, is of the second type i.e.
z, = 2r, +2s.+/3 and z, = (2r, +1) +(2s, +1)v/3, then

2, -7, =[2(r, =1, =) +1]+[ 2(s, — S, —1) +1]</3 =(2r, +1) + (25, +1)+/3 , being number
of the second type take part in N (Z[\/§], P[\/§]). Finally, if z, is of second type and z, is of
first type, in analogous way could be said again z, -z, N (Z[\/§], P[\/§]).

As conclusion, Vz,z,e N (Z[\/§],P[\/§]), z,-2,e N (Z[\/§],P[\/§]).

10
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2. Also, Vze N (Z[\/§],P[\/§]), vx e Z[/3] follows that
zxeN (Z[\/§], P[\/§]). This since zeN (Z[\/§], P[\/§]) and z is of first type, then we have

Z =2r +2s+/3 wherer,s e Z and since x € Z[+/3] ,we have x =a+b+/3 , wherea,b e Z .

Then, zx=2(ar +3sb)+2(br+as\/§)=2m+2n\/§ e N (Z[\/§],P[\/§]).

Now, we get the case when z is of second, so, z=(2r +1)+(2s +1)\/§, where r,seZ
and since x e Z[J§] , we have x=a-+b+/3 where a,beZ.

zx =[(2r +1) + (2s +Dv/3](a+b+/3) = (2ra+a+6sb+3b) + (2rb+ b+ 2sa+a)/3 .

Being even or odd number of expressions 2ra+a-+6sb+3b and 2rb+b+2sa+a and
depends on a+3b, respectively a+b, then we get cases:

i) When a,b are even numbers derives that a+3b respectively a+b is even, hence

zx is of first type, so zxeN (Z[\/§], P[\/§]).
i) When a,b are odd numbers derives that a+3b respectively a+b is even, hence zx

is of first type, so zxeN (Z [V/3], P[\/§]).

iii) When a is odd number and b is even number derives that a+3b respectivelya+b is
odd, hence zx is of second type, so zxeN (Z[\/§], P[\/§]).

iv) When a is even number and b is odd number derives thata+3b respectively a+b is
odd, hence zx is of second type, so zxeN (Z[\/§], P[\/§]).

We get Vze N (Z[\/§], P[\/§]) and Vx e Z[v/3] we have: zxeN (Z[\/§], P[\/§]).

From formula (1) and the proposition 4 derives that N (Z[\/§], P[\/§]) is right nil ideal
of ring Z[+/3] connected with a right ideal P[+/3].

Beside subset N (Z[\/§], P[\/§]) of ring Z[/3] we examine the subsets:
I, :{a+b\/§ la=2r,b=2sand r,seZ}
I, :{a+b\/§ la=2r+1,b=2s+1land r,seZ}.

11
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Since I, = P[+/3], from proposition 4.2 derives that I, is right nilideal of ring Z[V3]
connected with a P[+/3]. Since I, +1, =N (Z[\/§], P[\/§]) , from proposition 4.4 and 1, +1,

is right nil ideal of ring Z[\/§] connected with a P[\/§]. Having in mind the proposition 4.3,
they are only ones such nilideals.

As conclusion, the nilideal N (Z[\/?S],P[\@]) is the sum of all right nilideals of ring
Z[\/§] connected with a right ideal P[\/§]. Thus, the largest nilideal of ring Z[\/§] connected
with a right ideal P[+/3], according to the definition of the upper nilradical connected with a
right ideal, N (Z[\/§], P[\/§]) is the upper nilradical of ring Z[\/§] connected with a right
ideal P[+/3].

Remark: We have generalized the above construction for the case Z[ﬁ] , Where pe N \{2}
is a simple scalene number.

12
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