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Abstract: This paper focuses on the walking improvement of a biped robot. The zero-moment point (ZMP) method 

is used to stabilise the walking process of robot. The kinematic model of the humanoid robot is based on Denavit-

Hartenberg’s (D-H) method, as presented in this paper. This work deals with the stability analysis of a two-legged 

robot during double and single foot walking. It seems more difficult to analyse the dynamic behaviour of a walking 

robot due to its mathematical complexity. In this context most humanoid robots are based on the control model. 

This method needs to design not only a model of the robot itself but also the surrounding environment. In this 

paper, a kinematic simulation of the robotic system is performed in MATLAB. Driving torque of the left and right 

ankle is calculated based on the trajectory of joint angle, the same as angular velocity and angular acceleration. 

During this process an elmo motion controller is used for all joints. The validity of the dynamic model is tested by 

comparing obtained results with the simulation results. 

KEYWORDS:  D-H conversation; kinematics; dynamics; walking motion; humanoid robot; Simechanics. 

 

1 Introduction 

SimMechanics has a number of physical component blocks, such as bodies, joints, 

constraints, coordinate systems, actuators, sensors, and so on. SimMechanics provides a variety 

of simulation and analysis modes for mechanical systems: 

• Forward Dynamic Analysis solves the response to given excitation of the mechanical 

system; 

• Reverse Dynamic Analysis solves the required force and torque according to the 

results of a given movement of the mechanical system; 

• Kinematic Analysis solves the system’s displacement, velocity and acceleration 

under constraint conditions, and checks the consistency; 

• Linear Analysis obtains the linear model of the system in the designation of small 

perturbation or initial state to analyse the system’s response performance;  

• Equilibrium Point Analysis determines the steady-state equilibrium point for linear 

system analysis [5]. 

2 Gait Analysis 

Gait analysis is the study of animal locomotion, including locomotion of humans [9]. 

Describing human gait requires some specific terms, which are defined in this section. The gait 

cycle begins when one foot contacts the ground and ends when that foot contacts the ground 

again. Thus, each cycle begins at initial contact with a stance phase and proceeds through a 

swing phase until the cycle ends with the limb’s next initial contact [1], [2], [3], [12], [16].  
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3 Motion planning OXYZ 

In this section, planning motion for the 3d (axes x, y, z) is accomplished whilst considering two 

the phases of double support and single support and considering that the transition between the 

foot support is instantaneous [12]. To accomplish this some tasks required certain parameters 

as they determine the walking configuration, as shown in Fig. 1. 

 
 

Fig. 1 Coordinates for planning motion in the 3D 

 

Where the explanations below for abbreviations used in Fig. 1: Ts – time for each step, 

SL=30 – length of step, hhip - twisting of the hip, Hm=10 – height of the floating leg. 

4 Trajectories of the swing limb 

The trajectory of the tip of the swing limb during the SSP is an important factor in biped 

walking [12]. In this section, we develop constraint equations that can be used for solving the 

swing limb trajectory. 

The trajectory of the tip of the swing limb is denoted by the vector Xa: (xa(t), ya(t)), where 

(xa(t),  ya(t))  is the coordinate of the swing limb tip position with the origin of the coordinate 

system located at the tip of the supporting limb. We use a third order polynomial and a fifth 

order polynomial functions for the xa and ya separately [12]. 
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Next, the constraint equations that can be used for solving the coefficients, ai and bj (i =

0 … 3 and j = 0 … 5) are derived. Casting the gait patterns in terms of four basic quantities: step 

length SL, step period for the SSP TS, maximum clearance of the swing limb Hm, and its location 

Sm. Other constraints used for designing the swing limb motion are repeatable gait and 

minimising the effect of impact. The constraint relations are described as follows: 
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❖ Geometrical constraints: The swing limb has to be lifted off the ground at the beginning 

of the step and has to land back at the end. We will enforce this condition by the following 

equation [12]:  

0)(0)0(  saa Tyandy  (2) 

❖ Maximum clearance of the swing limb: During the swing phase, the tip of the swing limb 

has to stay clear off the ground to avoid accidental contact. In some previous work, the 

parabolic relation between xa(t),  and ya(t),  has been assumed [12]. Although this strategy 

has the advantage of being the simplest form that allows the prescription of the desired step 

length and the tip maximum clearance independently, it is unlikely satisfies the requirement 

of repeatable gait. In this work, we synthesize the swing limb trajectory by setting the 

following relation [12]: 

  0)()(,)(  maMmaMMa Ty
dt

d
andHTySTx  (3) 

where, Hm = 0.05 [m] is the maximum clearance of the swing limb, Sm = 0 [m] is the x-

coordinate of the swing limb tip corresponding to the maximum clearance, and Tm is the time 

instant when the tip of the swing limb reaches to the maximum clearance. 

❖ Repeatability of the gait: The requirement for repeatable gait imposes the initial posture 

and angular velocities to be identical to those at the end of the step [12]. Furthermore, since 

during the DSP both tips are in contact with the ground and remain stationary, the initial 

velocities in both horizontal and vertical direction must remain zero. Subsequently, the 

following relations must hold [12]: 
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where: K(k) and SL(k) representation matrices of the trajectory of  feet. 
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From equation (1) variables are derived as follows:  
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Table 1: Optimisation parameters for foot trajectory 

Parameters 

a0 a1 a2 a3  

-0.35 0 5.833 -6.481 

b0 b1 b2 b3 b4 b5 

0 0 8.889 -29.63 24.691 1.645x10-13 

5 Trajectories of the hip 

Hip motion has a significant effect on the stability of the biped system [12]. Here, the 

trajectory of the hip is designed for the SSP and the DSP separately, which are denoted by the 

coordinate of the hip position as 𝑋ℎ𝑆: (𝑥ℎ𝑆(𝑡), 𝑦ℎ𝑆(𝑡)) in the SSP, and 𝑋ℎ𝐷: (𝑥ℎ𝐷(𝑡), 𝑦ℎ𝐷(𝑡)) 

in the DSP. A third order polynomial function is used to describe 𝑥ℎ𝑆 and 𝑥ℎ𝐷 , respectively. 

With a general function of vertical hip motion, they are shown as below [12]: 
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Next, we develop constraint equations which include the additional quantities: positions of 

the hip at the beginning of the SSP and the DSP, 𝑆𝑆𝑂 and 𝑆𝐷𝑂, step period for the DSP, 𝑇𝐷, and 

the height of the hip, 𝐻ℎ. Besides the constraints of repeatable gait and minimising the effect of 

impact, the stability of the biped walking during the DSP is also considered. The constraint 

relations are described as follows [12]: 

❖ Vertical hip motion:  
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𝐻ℎ should be given such that the robot does not go through the singular configurations. 

❖ Repeatability of the gait: To keep the gait repeatable, the posture and angular velocity at 

the beginning of the SSP must be identical to that at the end of the DSP. Thus, the following 

relations must hold [12].   
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Where: Kh(k)  representation matrices of the trajectory of  hip. 

❖ Continuity of the gait: The hip trajectory must be continuous during the whole gait cycle, 

i.e., the horizontal displacements and velocities of the hip at the end of the SSP and the 

beginning of the DSP must be identical respectively, which leads to [12]: 
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Equations (7) and (8) follows for the variables )(0 kc , )(1 kc , )(2 kc , )(3 kc , )(0 kd , )(1 kd ,

)(2 kd , )(3 kd  and are presented below with the respective values: 

Table 2: Optimisation parameters for hip trajectory 

Parameters 

c0 c1 c2 c3 

-0.175 0.5 0.958 -1.481 

d0 d1 d2 d3 

-0.42 3.65 -7.5 5 

Where: xa1, xa2, ya1, ya2 are trajectories of foots on x respectively y-axes 
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Table 3: Optimal parameters for the foots 

Parameters 

xa1 -0.35 -0.29 -0.16 0 0.16 0.29 0.35 

xa2 0.04 0.16 0.3 0.45 0.56 0.6 0.6 

ya1 0 0.062 0.16 0.2 0.16 0.062 0 

ya2 0.062 0.16 0.2 0.16 0.062 0 0 

 

 

 Fig. 2 Left foot, right foot, and hip trajectories in XY direction 

 

Fig. 3 is the stick diagram of the biped walking on level ground. From this diagram, one can 

observe the overall motion of the biped during both the SSP and the DSP. The solid lines 

represent the SSP while the dashed lines represent the DSP.  

The asterisk shows the Center of Gravity (CoG) of the biped during walking. The posture of 

the biped at the end of each step is close to that at the beginning of each step, and the 

displacement of CoG trajectory is almost horizontal.  
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Fig. 3 Centre of Gravity pattern (brawn line), right foot (blue line), and left foot (red line) 

For Hm = 0.10 [m] - (height of the following leg) is the maximum clearance of the swing 

limb, Sm = 0 [m] is the x-coordinate of the swing limb tip corresponding to the maximum 

clearance, and Tm is the time instant when the tip of the swing limb reaches the maximum 

clearance. The CoG of humanoid robotics is approximately 55 cm in height. Improving the 

legs- height during walking should lead to more stability for the robot. Through observations 

we can conclude that this can be achieved by adding mass, which means reducing height of the 

CoG (for example, 3 kg batteries placed under the hip), in proportion with the motor force. The 

main aim is to bring the centre of gravity as near to the ground as possible which means that all 

heavy parts should be mounted as low as possible. 

The feet are raised by 10 cm while maintaining stability and increasing performance. The 

robot foot and knee trajectory simulation are with the following values. For given step height 

Hm=0.15 [m] and step length So=0.15 [m] it is shown that maximum of step height cannot 

overcome the value 0.10 [m]. The overcoming of this value can lead to instability during 

walking. 

 
Fig. 4 Step height and step length with minimal hip 
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Fig. 5 Trajectory of feet for step height and step length 

To determine the optimal trajectories, they are simulated using the kinematic-dynamic 

model. The result of each of the simulations is a set of numbers defining the stability margin 

for each simulation time step. The trajectory with the highest stability margin at the most critical 

point is chosen as the optimal trajectory. To obtain a useful trajectory it is necessary to include 

the physical limitations of the robot in the trajectory simulations. The physical angular 

limitations were determined by moving the joints one at a time to their physical limit and then 

performing a reading of the angle.  

6 Kinematics 

Humanoid locomotion requires an accurate forward and inverse kinematic model in order to 

specify desired joint angles related to the base and effectors trajectories [10].  

7 New proposed kinematic of our model 

A commonly used convention for selecting frames of reference in robotic applications is the 

D-H. In this convention, each homogeneous transformation Ai is represented as a product of 

four basic transformations (see Fig.6 and Table 4 below). 

 
Fig. 6 Kinematic model of humanoid robot 
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The Denavit-Hartenberg parameters for the 11 DOF of the lower body (derived from Fig. 

6) are shown in Table 4 and can be used further for forward and inverse kinematic. 

 

Table 4: D-H parameters for 11 DOF lower body 

Link ai [cm] αi [degree] di [cm] θi [degree] 

1  1a  0  0  2/1    

2  
2a  0  0  

2  

3  
3a  0  0  

3  

4  0  2/  4d  2/4    

5  0  2/  0  2/*
5    

6  6a  0  0  *
6  

7  0  2/  0  2/*
7    

8  0  2/  0  2/*
8    

9  9a  0  9d  *
9  

10  10a  0  0  *

10  

11  11a  0  0  2/*

11    

 

The Denavit-Hartenberg transformation matrix for adjacent coordinate frames, i and i – 1. 
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For i = 1, 2, 3, …11, joint O1, O2, O3, …O11, (Fig. 6) are rotational and based on data 

from Table 4, it follows the Matrices A1, A2, A3, …, A11: 

Transformations matrices of the End-effector coordinate frame (xe, ye, ze) to robot base 

frame (x0, y0, z0) are: 
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The following variables 11c  to 44c  are given, where )cos()( iic    and )sin()( iis   , for

11,,2,1 i . Using the D-H on above matrices (21) and after multiplying of these matrices the 

c41, c42, c43, and c44 are calculated.     

1000 44434241  cccc  (22) 

Position x of End-effector is to (23): 



68 2018 SjF STU Bratislava Volume 68, No. 3, (2018) 

 

)]()(()([)()(4.11))]()()()((

)())()()()(()([)(4.11)()()(

)()(30[)]()()()()()())()(

)()()(()([))()()()()(()(26

213542121

3212135122

12187686987

6689876869









sscccsscc

ssscccsscs

cascccssssc

cscccccssc

d x









  (23) 

Position y of End-effector is to (24): 
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Position z of End-effector is according to (25): 
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The initial position is defined as follows (Fig.7a):   

 
Fig. 7a Initial position 

Where: xa1 and xh are 
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From equations (22), (23), (24), (25) and (27) follows for the angle 4 (28). 
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Fig. 7b Joint angle; hip left for two steps 
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Where: xa2, ya1 and ya2 are 
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According to Fig. 10 and equations (31) and (29), the angle can be calculated (34).  

)(90 _4_32 hipleftkneeleftankleleft    (34) 

  
Fig. 8 Joint angle; ankle left for two steps         Fig. 9 Joint angle; knee left for two steps 

From Fig.10 and the equations we can obtain angle  as follows (35). 

)(90 10911 kneeRighthipRightankleRight     (35) 

 
 

Fig. 10 Joint angle; ankle right for two steps       Fig. 11 Joint angle; knee right for two steps 
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Fig. 12 Joint angles; hip right for two steps 

Now all the angles for the joint are calculated and, therefore, it is possible to determine the 

position and orientation of the right/left hip. The kinematic model is derived such that the global 

positions, velocity, and acceleration of each link.  

8 Stability analysis of humanoid walking 

In this model it is assumed that the mass of the robot can be lumped to the robot’s centre of 

mass and the legs of the robot are assumed to be mass. The following discussion is based on 

the research performed by professor Kajita [1], [6], [11], [15].  

 

 

Fig. 13 Inverted pendulum [2], [4], [13] 

The position of the mass point D is specified by a set of state variables, ( pitch , roll , r ), 

which are related to the Cartesian coordinates by: 

10 20 30 40 50 60
0

5

10

15

20

25

30

Time [s]

T
h
e
ta

9
 -

 r
ig

h
t 

[d
e
g
]

 

 

hip-right



72 2018 SjF STU Bratislava Volume 68, No. 3, (2018) 

 

    










22
)sin()sin(1

)sin(,)sin(

rollpitch

rollpitch

rz

ryrx




 (36) 

If roll , roll  and f  are the actuator torque and force associated with these state variables, 

then the equation of motion is given by: 
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In the above equation, the Jacobian is given by: 
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The following equation can then be derived for the dynamics of the pendulum: 
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Fig. 14 ZMP and CoG trajectory in oxy – direction [2], [6] 
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Fig. 15 Cog trajectory in oxyz 

 

9 Robot Simulations 

The simulator used for the robot is developed in the SimMechanics Toolbox of 

Matlab/Simulink [17]. The simulator is prepared in order to develop the motions and predict 

the actual results before applying them to the real robot. The model in 3D was built using the 

already designed model for the double foot. For that matter, it was necessary to allow motion 

and calculate the forces in the third dimension. Further, the humanoid robot must be composed 

of two legs, add the physics of the main body, and implement the hip abduction joints between 

the main body and the legs [2].  

10 Modelling of the floor 

The problem with the SimMechanics toolbox was the lack of object collision, which is 

crucial for the simulation as the normal and frictional forces between the floor and the robot are 

the key for gait. To solve this problem, the floor was modelled as a PD controller. This 

controller exerted normal forces on a few selected points of the robot sole, only when these 

points were on or below the floor [2], [3], [7]. 

 
Fig. 16 Ground Contact 

The error input of this PD controller, as shown in Fig. 15, was the deviation of these points 

from the floor level. High proportional and derivative gains were used to minimise the sinking 
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of the feet on the floor. The floor also exerted viscous friction forces when the feet were in 

contact with the floor. Fig. 17 and Fig. 18 (xy – direction) show the three continually step 

positions of robot left leg. During the period when the left leg is on the ground, the right leg is 

in the air (up) [2], [3].  

 

  
Fig. 17 Position (x) of the left foot                                                                                    Fig. 18 Position (y) of the left foot 

  
Fig. 19 Position (x) of the right foot                                                                    Fig. 20 Position (x) of the right foot                                                                    

  

CONCLUSIONS 

The main goal of this paper was to derive the walking model for dynamic behaviour of a 

humanoid robot. For two different locomotion phases a new approach was created. The model 

of robot (only lower body), as presented in this paper, has 11 DOF’s. The modelling of a 

humanoid robot is described and presented. We have considered that walking and the stability 

of a humanoid robot are very important tasks for research and analysis. Our method can be 

applied to a wide range of step lengths, since the new kinematic, dynamic, ZMP, and path 

recognizing approaches, which have been developed, are presented in this work.  A new 

kinematic model for a humanoid robot is built on trajectory calculations, which are based on 

mathematical equations. The kinematic model is a very efficient way to calculate the joint for 

ankles, hip, and knee. These calculations show the range of allowed positions for different 

angles, which should lead to the stability of the robot. The limitation on legs during the walking 

process, in other words with limitation of the body that connects the part of the hip to the foot 

which does not allow to open part (leg) back, is no more than 7.5 degrees. This means that this 

problem affects stability. We propose to increase this limit up to 15 degrees. A new dynamic 

model performs the calculation of force and torque for the humanoid robot’s lower body. The 

obtained results show a real case scenario for the walking process of a robot. In this research it 

was further shown that actual servo and joint-motors have sufficient power to handle with robot 
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stability. Also, two different trajectories (hip and ankle) are presented in this paper. Finally, the 

described dynamic, ZMP, and path recognizing approaches, which have been presented in this 

paper, have shown that the stability of humanoid robot during walking process is reached. 
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