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1. Introduction  
 
The monitoring system of the Forest Opera was created after the modernization of 
the object roofing. The main contractor of the monitoring system is Wilde Engineering 
company from Gdansk. The authors of this paper presented the analysis of the 
accuracy of the obtained movements values. The observations subjected to the 
analysis were taken from the online system which continuously processes data and 
presents them in closed Internet system.  The design and installation of the system 
were described in the article (Wilde et al.,  2015). After starting the monitoring system 
and commissioning of the new roof covering of the Forest Opera, the series of control 
measures was performed on the basis of the terrestrial laser scanning – TLS 
(Janowski et al., 2015) and subsequently developed using the FEM finite elements 
method. Additionally, the performed measurements confirmed the correct location of 
the box with the measuring instrument (total station with phase rangefinder) and its 
structure made of glass walls, placed obliquely in order to minimize the impact of the 
Snelius law on the diffraction of the beams of laser passing through the 3-millimeter 
glass which acts as a plane-parallel plate. For the monitoring results the change of 
the laser beam angle may be significant only in case of significant movement values 
of controlled points (for the analyzed object it can be assumed that these values are 
even 1 m), with which we have to deal in case of the deformation of the technical 
fabric which is the component of the roof covering (Fig. 1).  

The largest displacement of up to 1.2 m, was observed at a distance of 50 m from 
the tacheometer, which is reflected by the change in the measurement of the vertical 
angle by 1.4 degree (1.5 grade). Controlled points located closer were characterized 
by lower values of displacements, which was in turn reflected by the change of 
angular values by no more than 0.5 degrees.  The construction of the total station 
box (Fig. 3) is designed so that the laser beam can fall orthogonally onto a glass 
partition (no effect on the angular measurement) with a maximum deviation of 20 
degrees. Experimental studies conducted in the Team of Department of Geodesy of 
Gdansk University of Technology and analysis of the results (Daliga, 2014, Daliga 
and Kuralowicz, 2016) indicate that the change in the angle of laser beam incidence 
on the glass partition of the total station box is reflected by the error of point location 
at the level not higher than 0.08 mm and it applies to only one controlled point on the 
roof covering. Therefore, this value can be neglected in the analysis.  

Box with measuring station (total station) was located on a platform above the 
audience, at the level of controlled points. This solution had an impact on the stability 
of the measuring station (which was analyzed in an article), however it made it 
possible to reduce the effect of refraction when passing through the air layers of a 
various density.  

When designing the project, which was the installation of a monitoring system, 
there were fears that the instability of the tacheometer and reference points will 
prevent the effective determination of displacements of the roof covering structure in 
the Forest Opera. Therefore, the authors performed the analysis of the single- and 
two-stage adjustment of the geodetic network (tacheometer, controlled points and the 
reference points). The assumed accuracy of determining the displacement was 
measured at centimetres level.  
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where: 

A - matrix of known coefficients ][ 21 AAA  , where the number of columns in the 
A2 submatrix is equal to the established defect of the geodetic network, 
P  - matrix of weights,  

XP - matrix of weights of the points coordinates (obtained e.g. from the previous 

determinations, 1

XX CP  ˆ
ˆ , 

X
C ˆ
ˆ - estimated covariance matrix), 

L - vector of free terms (observation results), 
v̂  - the estimated vector of corrections, 

Xd̂ - the estimated vector of unknowns.  
 
From the above-cited works, it results that the problem (1) may be led to the following 
compensatory task:  

 











minˆˆ)(

ˆ

XX
T
XXX

1X

dPdd

0PLAdB



T

 (2)

where: 

][ 2111 PAAPAAB TT  . 
 
When looking for the solution of the task (2) we will obtain: 

   LAPLABBPBPd T
1

1T1
X

T1
XX

 ˆ (3)

where: 

  PABBPBPA T
1

1T1
X

T1
X

   is the generalized inverse of the minimum norm in the 
least squares method. The problem of the generalized inverse of matrix was 
mentioned also in (Bjerhammer, 1951; Penrose, 1955). In the further adjustment 

process, the matrix of IPX   was assumed ( I – identity matrix). 
 

After determining the estimator of corrections LdAv X  ˆˆ , we are able to calculate 

the estimator of the variance coefficient 2
0̂ = 2

0m  

 

drn

ˆˆ2
0 


vPvT

m  (4)

where: 

n – number of observations, r – number of parameters, d – defect of the geodetic 
network. 
 
 
3.2. Analysis of the accuracy and the study of points stability  
 
In order to identify the stability of reference points it is necessary to determine 

X
C ˆ
ˆ  

covariance matrix of adjusted coordinates for each measurement epoch: 

     1
X

1T1
X1

T
1

1T1
X

T1
XX BPBBPPAABBPBPC  2

0
)(

ˆ
ˆ mj j=(A,P) (5)
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As it is known the horizontal displacement of id  can be determined from the following 

relation: 
 22 ˆˆ

iii YXd   (6)

in which: 
 P

i
A
ii XXX ˆˆˆ   

P
i

A
ii YYY ˆˆˆ   

(7)

 
and A -  the designation of the actual measurement, P – the designation of the initial 
measurement.  

On the basis of )(
ˆ

)(
ˆˆ

ˆˆˆ AP

XXX
CCC   covariance matrix, it was possible to determine 

the confidence ellipse for the displacement of each point (Caspary, 2000). 
Displacements of points in the vertical plane are analyzed on the basis of the 

difference of  P
i

A
ii ZZZ ˆˆˆ  and the value of the mean error for 

iZ
m ˆ

 displacement. 

 
One-step approach: Determination of displacement of the controlled point no. 1, 
located on the membrane, while the study of the reference points. 

Table 1 shows the results of the adjustment, obtained from the calculations 
performed in accordance with the previously described dependencies. The values of 
weights were computed based on the measurements mean errors for vertical angle 

= 5cc, horizontal angle = 5cc  and distance = 0.5 mm.  
 

Table 1. Results obtained from the free adjustment for the initial and actual measurement 

Point Initial measurement (P) Actual measurement (A) Displacements 

X̂ , Ŷ , Ẑ  
[mm] 

No. Coordinate 
Increment 

Xd̂  [mm] 

Adjusted 
coordinates 

[mm] 

Increment  

Xd̂  [mm] 

Adjusted 
coordinates 

[mm] 

T 
X̂  2.9 1.5 -0.1 -1.5 -3.0

Ŷ  0.4 0.6 0.8 1.0 0.4

Ẑ  -0.1 -3.1 2.5 -0.5 2.6

29 
X̂  1.5 79689.3 0.9 79688.7 -0.6

Ŷ  0.4 -18519.4 0.0 -18519.8 -0.4

Ẑ  -0.9 -5890.7 -1.5 -5891.3 -0.6

30 
X̂  1.0 84288.3 1.0 84288.3 0.0

Ŷ  2.3 22217.8 -1.1 22214.4 -3.4

Ẑ  -3.3 -9972.6 -3.1 -9972.4 0.2

31 
X̂  -1.8 -17279.1 -4.3 -17281.6 -2.5

Ŷ  -1.3 -18815.6 -1.9 -18816.2 -0.6

Ẑ  4.0 -5997.2 3.6 -5997.6 -0.4

1 
X̂  -3.7 18661.4 2.6 18667.7 6.3

Ŷ  -1.9 -48384.9 2.2 -48380.8 4.1

Ẑ  0.3 -2686.3 -1.5 -2688.1 -1.8
 
 



Reports o

 

 
 

Based 
points w
 
 

Ta

 
 

In or
confide

the calc
 

Fig. 5. C
 
 

The 
obtaine
points a
designa
plane w

Tabl

corresp

then th
assume
 
 
 

on Geodesy an

on the abo
were calcu

able 2. Vect

rder to ver
ence ellips

culations.  

Confidence

geometry 
ed confide
are include
ated displa
were subje
le 3 below

ponding va

he displace
ed for the p

nd Geoinforma

ove data, t
ulated. Res

tors d  of ho

Point no
T 
29 
30 
31 
1 

rify the sig
es were d

e ellipses for

of the ne
ence ellips
ed in confid
acements 
cted to ana

w presents

alues of m

ement is c
purpose of

atics vol. 102/

he vectors
sults are pr

orizontal dis

o. X̂ [m

nificance o
etermined

r: a) tacheo

etwork and
ses. Horizo
dence ellip
are not sig
alysis. 

s the value

mean errors

considered
f the calcu

/2016; pp. 1-1

8 

s for the d h
resented in

splacement

mm] Y
-3.0
-0.6
0.0

-2.5
6.3

of the dete
 (Fig. 5.).

ometer, b) 2

d measure
ontal disp
pses deter
gnificant. A

es of the 

s of 
iZ

m ˆ

d as insign
lations. 

14

horizontal 
n Table 2.

ts and their 
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Table 3. Significance of the displacements in the vertical plane 

Point no. Ẑ  
[mm] 

iZ
m ˆ  
[mm]

 
Displacement 
significance 

T 2.6 2.2 Significant 
29 -0.6 5.3 Insignificant 
30 0.2 5.6 Insignificant 
31 -0.4 2.7 Insignificant 
1 -1.8 2.8 Insignificant 

 
 

The analyzes conducted for horizontal and vertical plane returned results that 
clearly indicate that the points 29, 30 and 31 can be considered stable and not 
displaced, however they indicate the vertical displacement of the tacheometer.   
 
 
Two-stage approach: Examination of the stability of reference points and the 
tacheometer (first stage), and then – the determination of the displacements of the 
controlled point no.1, located on the membrane (second stage). 

For the purpose of analyses, the same observation results were used as in case of 
the single-stage approach. Table 4 presents the adjustment results, obtained from 
calculations. The values of weights were computed based on the measurements 
mean errors for vertical angle = 5cc, horizontal angle = 5cc  and distance = 
0.5 mm. 
 

Table 4. Results obtained from the free adjustment for the initial and actual measurement 

Point Initial measurement (P) Actual measurement (A) Displacements 

X̂ , Ŷ , Ẑ  
[mm] 

No. Coordinate 
Increment 

Xd̂  [mm] 

Adjusted 
coordinates 

[mm] 

Increment 

Xd̂  [mm] 

Adjusted 
coordinates 

[mm] 

T 
X̂  1.6 0.2 0.0 -1.4 -1.6

Ŷ  -0.4 -0.2 0.1 0.3 0.5

Ẑ  -1.6 -4.6 0.4 -2.6 2.0

29 
X̂  0.1 79687.9 1.3 79689.1 1.2

Ŷ  -0.8 -18520.6 0.6 -18519.2 1.4

Ẑ  -2.3 -5892.1 -3.6 -5893.4 -1.3

30 
X̂  -0.4 84286.9 -0.1 84287.2 0.3

Ŷ  0.9 22216.4 -0.7 22214.8 -1.6

Ẑ  0.3 -9969.0 0.3 -9969.0 0.0

31 
X̂  -1.3 -17278.6 -1.3 -17278.6 0.0

Ŷ  0.2 -18814.1 -0.1 -18814.4 -0.3

Ẑ  3.6 -5997.6 3.0 -5998.2 -0.6
 

Similar to the single-stage approach, the vectors of displacement d were 
determined for the individual points. Results are presented in Table 5. 
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. Ẑ
[mm

-

-

 analyses 
owever the
onstitute th

basis of 
vertical an

/2016; pp. 1-1

10 

splacement

mm] Ŷ
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29, 30 and 31 in the two-stage approach. This was not assumed in one-step 
approach. Therefore in two-stage approach the coordinates of point no. 1 were 
computed based on earlier determined stable points. Both methods allow to select 
the displacement points. Moreover they let us to obtain the acceptable accuracy of 
results for analyzed structure. 

On the background of different constantly monitored engineering structures 
described in the literature (eg. Bond et al., 2007; Berberan et al., 2007; Chrzanowski 
and Wilkins, 2006; Kohut et al., 2014; Pingue, 2011; Kowalczyk and Rapinski, 2014) 
the Forest Opera is one of the objects, characterized by the sub-meter displacements 
of  controlled points and the obtained accuracy of their measurement at centimetres 
level exceeds the needs of the covering monitoring. So it can be concluded that the 
tacheometer movement (drift) has a negligible impact on the interpretation of the 
obtained results of displacement in the situation of the lack of additional construction 
load.  
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