
INTRODUCTION

Kamps (1995) introduced the concept of generalised order
statistics (GOS) as a unified approach to a variety of models
of ordered random variables (RVs) with different interpreta-
tions. Ordinary order statistics (OOS), k-records (ordinary
record values when k = 1), sequential order statistics (SOS),
ordering via truncated distributions and censoring schemes
can be discussed as they are special cases of the GOS. Since
Kamps (1995) had introduced the unifying model of GOS,
the use of such a model has been steadily growing along the
years because it is more flexible in reliability theory, statis-
tical modelling and inference.

In this work, we consider a wide subclass of GOS, known
as m–GOS, which contains many important models of or-
dered RVs such as OOS, k-records, SOS and type II cen-
sored order statistics. Let f (. ) be an arbitrary continuous
distribution function (DF), with the probability density
function (PDF) f (. ) and survival function F F(. ) (. )� �1 ,
then the RVs X n

m k

1 :
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:
( , )...� � (k > 0, m � –1) are

said to be m–GOS, if their joint PDF is given by (cf.
Kamps, 1995)
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where F x x Fn
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10 1( ) ... ( )
and  j k n j m� � � �( )( )1 , j n�12, ,... , .

Nasri-Roudsari (1996) (see also Barakat, 2007) derived the

marginal DF of the rth m–GOS, m � �1, in the form

� �r n

( , )
( )( ) ( , )m k

G xx I r N r
m

� � �1 ,

where G x F xm

m( ) ( )� � �1 1 , I a b t t dtx a b

a b
x

( , ) ( )
( , )

� �� ��1 1 1

0
1

�

a b, � 0 denotes the incomplete beta ratio function and

N nk
m

� � ��1 1. By using the well-known relation I a bx ( , ) �
I b a

x
( , ), where x x� �1 , the marginal DF of the r n`( )th

m–GOS, m � �1, is given by

� �r`(n) n

( , ) ( )m k
x � I N R RG x r rm ( ) ( , )� �1 , where r n n r`( ) � � �1 and

R rr
k

m
� � ��1 1.

The possible non-degenerate limit distributions and the con-
vergence rate of the upper extreme m–GOS, i.e., r n`( )th
m–GOS for fixed r, were discussed in Nasri-Roudsari and
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Cramer (1999). The asymptotic normality of intermediate
and central m–GOS, which depends on the differentiability
of the underlying DF F, was derived by Cramer (2003).
Moreover, the necessary and sufficient conditions of the
weak convergence, as n ��, as well as the form of the
possible limit DFs of extreme, intermediate and central
m–GOS were derived in Barakat (2007). Finally, Barakat et

al. (2014) obtained the limit DFs of bivariate extreme, inter-
mediate and central m–GOS, m � �1.

Let the sequence { },Xn n � 1, be a standard (zero-mean,
unit-variance) stationary Gaussian sequence (SGS) with
correlation coefficient � n i jE X X i j� � �( ) ,0 , which de-
pends only on the sample size. This sequence can be re-
placed by the sequence

X Y Y j nj n n j� � � � �� �0 1 1, , for the i.i.d standard nor-
mal variates Y Y Yn0 1, ,... , , where X Yj j� , for � n � 0. Clearly,
for the rth m–GOS in such SGS, we get

X Y Y r nr n

m k

n n r n

m k

:
( , )

:
( , ) ,� � � � �� �0 1 1 , (1.1)

where Xr n

m k

:
( , ) and Yr n

m k

:
( , ) are the rth m–GOS based on the se-

quences { }X j j

j n

�
�

1 and { }Yj j

j n

�
�

1 , respectively.

In reliability theory, especially for OOS and SOS, Xr n

m k

:
( , )

represents the life length of a ( )n r� �1 -out-of-n system
made up of n independent life lengths. In the typical setup
used for m–GOS, the sample size n is considered fixed. On
the other hand, in many life tests, biological, agriculture and
some quality control problems, we usually encounter ran-
dom sample sizes, where it is almost impossible to have a
non-random sample size, because either some observations
get lost randomly for various reasons or the size of the tar-
get population and its representative sample cannot be pre-
determined. In such many situations, the sample size may
depend on the occurrence of some random events, which
makes it random. Therefore, the sample size will be a
non-negative integer-valued RV �n , say, and the sample it-
self will be described by an infinite sequence of RVs X1 ,
X2 ,... independent of �n . Then, the rth and r`(�n )th m–GOS
will be denoted by Xr

m k

n:
( , )
� and Xr

m k

n n`( ):
( , )

� � , respectively, based
on a random sample of random size �n .

Vasudeva and Moridani (2010) studied the limit distribution
of upper extreme of SGS (1.1) when m = 0, k = 1 (i.e., up-
per extreme OOS) and the sample size is itself a RV �n ,
which is independent of the basic variables. However, in the
work of Vasudeva and Moridani, there is a restrictive condi-
tion that the random sequence of the correlation coefficient
�� n

converges in probability to a positive constant, or infin-
ity. More recently, Barakat et al. (2016a) got rid of this re-
strictive condition and obtained the parallel results for limit
distributions of OOS with random indices in SGS. More-
over, Barakat et al. (2016b) studied the limit distributions of
extreme, intermediate and central m–GOS, m > –1, defined
by (1.1), when the random sample size is assumed to con-
verge weakly. Recently, Barakat (2018) studied the limit
joint DF of any two extreme, as well as central, m–GOS,
m > –1, defined by (1.1), when the sample size is non-ran-

dom. Moreover, Abd Elgawad et al. (2019a) studied the
bivariate limit theorems for record values (when m = –1)
based on random sample sizes. Finally, Barakat and Abd
Elgawad (2019) and Abd Elgawad et al. (2019b) studied the
limit distributions with fixed and random record model in
SGS, respectively.

In this paper, we will extend the recent work of Barakat
(2018) to the case when the sample size is assumed to be a
positive integer-valued RV independent of the basic vari-
ables. As an application of this result, sufficient conditions
for the weak convergence of random generalised quasi-
range Rr

m k

n:
( , )
� �X Xr

m k

r

m k

n n n1 2( ):
( , )

:
( , )

� � �� are obtained. It is worth men-
tioning that the results of this paper contribute not only to a
critical assessment of existing statistical methodology, but
also help to address their limitations within different con-
texts.

Throughout this paper, we will adopt some notations and
abbreviations. For numerical vectors x x x� ( , )1 2 , the com-
ponents are signified by a subscript. Basic arithmetical op-
erations are always meant componentwise. Thus x y�
means x y ii i� �, ,12, x c x c x c� � � �( , )1 2 and �� �
( , )�� �� . In addition, the symbols ( )

n
��� , ( )w

n
� �� and

( )p

n
� �� stand for convergence, the weak convergence and

convergence in probability, as n ��. Moreover, for every
r x x t e dt

r t
x

, , ( )
(

� � � ��0 1 1

0
�

�r r )
denotes the incomplete

gamma ratio function and � �r rx x( ) ( )� �1 . Also, �( )x de-
notes the standard normal DF, �( )x its PDF, �

� �,
( )2 x de-

notes the normal DF with � mean and �2 variance, while
�

�
( , )x y denotes bivariate standard normal DF with correla-

tion �. Finally, the symbol “*” denotes the convolution
operation and X Yn

n

w

n� means that the RVs Xn andYn have the
same limit DF.

THE JOINT DF OF m–GOS BASED ON SGS, WITH
RANDOM INDICES

In this section, we study the limit DFs of the (upper-upper),
(lower-lower) and (lower-upper) extremes and central-cen-
tral m–GOS, m > –1, defined by (1.1), as well as the gener-
alised quasi-range, when the random sample size �n is inde-
pendent of the basic variables.

The joint df of extreme m–GOS and generalized quasi-

range with random indices in SGS. In this subsection,
Theorem 2.1 characterises the weak convergence of (up-
per-upper) extreme m–GOS, Xr

m k

n n` ( ):
( , )

1 � � and Xr

m k

n n` ( ):
( , )

2 � � where
1 2 1� �r r (remember that r n1 � and r n2 � are two positive
integers independent on n and r n n ri i` ( ) � � �1, i �12, ).
Moreover, Theorem 2.2, characterises the weak conver-
gence of (lower-lower) extreme m–GOS, Xr

m k

n1 :
( , )

� and
Xr

m k

n2 :
( , )
� , where 1 1 2� �r r . In addition, Theorem 2.3 character-

ises the weak convergence of (lower-upper) extreme
m-GOS, Xr

m k

n1 :
( , )

� and Xr

m k

n n` ( ):
( , )

2 � � , where 1 1 2� r r, . Finally, Theo-
rem 2.4 characterises the weak convergence of the random
generalised quasi-range.
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Theorem 2.1. Let m > –1, a b nn m n m
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1
2 , �n be a sequence of a positive inte-

ger-valued RVs independent of the basic variables and

P x A xn n( ) ( )� � � . Furthermore, let
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n
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A x( ) is a non-degenerate DF. Then,
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Moreover, under Condition ( )A1 , we get
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where x x xn n2 1 2
% % %� ( , ); ; and x x ai n n i n m; ,

% � �� , i �12, , if

( ): logC nn n2 � ��� �, and � n is a regularly varying func-
tion of n (see, de Hann 1970), i.e., for every + � 0, we get
�
�

+ +n

n n
��� .

Conversely, if ( )B1 and ( )C1 (with $ � 0) hold, then ( )A1 will
be satisfied.

Proof. Firstly, let ( )A1 be satisfied. Then, by using the rep-
resentation (1.1), the continuous version of the total proba-
bility rule and the independence between Y0 and Xr n

m k
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r n�12, ,... , , we get

!
r

m k

n
n n

x
(̀ ):

( , ) ( )
� �

�

" #P X x X xr

m k

n r

m k

n r tn n n n` ( ):
( , )

; ` ( ):
( , )

; (̀
,

1 21 2� � � �� � � !
):

( , )

( ) ( )
t n n

m k

x dA t
0

�

�
" #� � � �P X x X x Y y y dr t t

m k

n r t t

m k

n` ( ):
( , )

; ` ( ):
( , )

;, ( )
1 21 2 0 � ydA tn ( )

��

��

��0
� � �P Y x y Y xr nz nz

m k

nz r nz nz

m k

nz` ( ):
( , )

; ` ( ):
( , )

;( ),
1 21 2" #( )y

��

��

��0
& �

��

��

��� �( ) ( ) ( ( )) ( )
(̀ ):

( , )
y dydA nz x y y dn r nz nz

m k

nz�
0

ydA nzn ( ),(2.3)

(we use the transformation t = nz in the outer integration on
the second line of (2.3)), where
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On the other hand, by using Theorem 2.1, the relation (2.7)
in Barakat et al. (2014) and by applying Theorem 2.1 in
Barakat (2007) on the normal upper extreme m–GOS, we
get
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Therefore, in view Khnichine’s types theorem and by using
the relations (2.3) and (2.4), we get (2.1), if we showed that
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By using ( )A1 , (2.3) and Theorem 2.1 of Barakat et al.

(2014), we get

!
r t t

m k

n

w

n

m k
x H x z

(̀ ):

( , ) ( , )( ) ( ; , )� �� $ , (2.5)

where the convergence is uniform with respect to x over
any finite interval of z. Now, let 2 be a continuity point of
A z( ) such that 1� �A( )2 3 (3 is an arbitrary small value).
Then, we have

H x z dA z dA z A
m k( , ) ( ; , ) ( ) ( ) ( )$ 2 3

2 2
� � � �

� �

� � 1 . (2.6)

Moreover, for sufficiently large n due to (2.6) and the con-
dition ( )A1 we get

!
r t t

m k

n n nx dA t A n A
(̀ ):

( , ) ( ) ( ) ( ) ( ( ))
2

2 2 3
�

� � � � � �1 2 1 2 . (2.7)

On the other hand, by the triangle inequality, we get
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Since, the convergence in (2.5) is uniform over the finite in-
terval z 4[ , ]0 2 , then, for arbitrary 3 � 0 and for sufficiently
large n we have
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In order to estimate the third difference in (2.8), we con-
struct Riemann sums that are close to the integral there. Let
M be a fixed number and 0 0 1� � � � �2 2 2 2... M be conti-
nuity points of A z( ). Furthermore, let M and 2 j (j = 1,2,
...,M) be such that
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Since, by the assumption A n An j

w

n
j( ) ( )2 2� �� , 0 � �j M,

the two Riemann sums are closer to each other than 3 for all
n sufficiently large. Thus, once again by the triangle in-
equality, the absolute value of the difference of the integrals
is smaller than 33. Combining this fact with (2.9), the left
hand side of (2.8) becomes smaller than 43 for all large n.
Therefore, in view of (2.6), (2.7) and (2.5), we have
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This completes the proof of the first part of theorem.
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�

nz

n n
��� 1 and �nz

nz mb ,
�

2
1

�nz nz

m n

log( )
� � �� �. Thus, each of the DFs

P Y a x ynz

n

r nz nz

m k

n m ii

1�
� � �

�

�
�
�

	



�
�

�

� ` ( ):
( , )

, , i �12, ,

has a degenerate limit DF at zero, i.e., has the limit

3( )
, ;

, , , .
x y

x y

x y i
i

i

i

� �
� �

� � �
'
(
*

1 0

0 0 12
Consequently, by using the transformation w y� � we get

!
r

m k

n

w

nn n

x x w w dwdA z
(̀ ):

( , ) *( ) ( ) ( ) ( )
� �

3 �� �� � �
��

��

��0
3 �( ) ( )x w w dw�

��

�

� , (2.10)

3( )
, max( ) min( );

, max( ) min( ).
x w

w x x

w x x
� �

� � � �

� � � �
'
(
*

1

0
(2.11)

The required relation (2.2) is now followed by combining
(2.10) with (2.11). The remaining part of this case follows
exactly as the proof of the case � $n n

nlog ��� , 0 � � �$ .

Turning now to prove the converse part that ( )B1 and ( )C1

imply ( )A1 . Starting with the relation (2.3) by the compact-

ness of DFs, we can select a subsequence{ }n8 of{ }n for which

A n z
n8 8( ) converges weakly to an extended DF A z8 ( ) (i.e.,

A A8 � � 8 �( ) ( )0 1). Then, by repeating the first part of the

theorem for the subsequence { }n8 with the exception that we

choose 2 so that d A A( , ) ( ) ( )2 2 3� � 8 � � 8 � , we get

! ( , ) ( , )( ) ( ; , ) ( )m k m k
x H x z dA z� 8

�

� $
0

. Since the functions

! ( , ) ( )m k
x and H x z

m k( , ) ( ; , )$ are DFs, we get ! ( , ) ( )m k � � �1

dA z d8 � �
�

� ( ) ( , )0
0

, which implies that A z8 ( ) is a DF. Now, if

A nzn ( ) did not converge weakly, then we could select an-

other subsequences { }n8 8 such that A n z A z
n

w

n
88 88

8 8 � �� 8 8( ) ( ). In

this case, we get

! ( , ) ( , )( ) ( ; , ) ( )m k m k
x H x z dA z� 8

�

� $
0

� 8 8
�

� H x z dA z
m k( , ) ( ; , ) ( )$

0
. (2.12)

Thus, x2 ��, we get

! �( , ) ( )( ) ( ) ( )m k

R

m x
x ze dA z

r1
1

0 1

1� 8� ��

�
� 8 8� ��

� �R

m x

r
ze dA z

1

11

0
( ) ( )( ) .

Let L v zv dA zRr
8 � 8

�

�( ) ( ) ( )�
10

and L v zv dA zRr
8 8 � 8 8

�

�( ) ( ) ( )�
10

. Evidently L v8 ( ) and L v8 8 ( )
are analytic functions on the region D v v� � � �{ : }0 . In
view of (2.12), L8 and L8 8 coincide on some interval con-
tained in D. Thus, by the uniqueness theory of analytic
functions, we deduce that L8 and L8 8 coincide on the region
D which implies A z A z8 � 8 8( ) ( ). This completes proof of the
theorem.

Corollary 2.1. As a simple consequence of Theorem 2.1 is
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,
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m

x dA z
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nlog ��� , 0 � � �$ . Moreover, if � n n

nlog ��� �,
and � n is regularly varying function of n we get

P
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x x
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,
( )
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Theorem 2.2. Let m � �1,
~ ~

(log log( ( ))) log ), ,

~
,a b n mn m n m

bn m� � � � ��1
2 1 4 and

~
( log( ( ))),b n mn m � �

�

2 1
1

2 . Furthermore, let v A zn , ( ) and the

condition ( )A1 be defined as Theorem 2.1. Then, under the

condition ( )A1 we get

(B x
r

m k

n
n

1 #�! :
( , ) (~ )�

" #� � � � ��P X x X x xr

m k

n r

m k

n

w

n

m k

n n1 21 2:
( , )

; :
( , )

;
( , )~ , ~ (� � ! )

�
�

� H x z dA z
m k( , ) ( ; , ) ( )$

0
,

where

H x z
m k( , ) ( ; , )$

�
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� �
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�

r

x

r r r

x

ze x x x

ze

2

2

1 2 1

2

0 2 2 1 2

1
1

( ) ( ), ;

(

,

( )!

$
$

$ �
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�

� �

�

& �

'

(
))

*
)
)

� �

�� w
ze

r t w

t

t e dtd
x x

x w

)

( ) ,
0

1

2
1 2

1

1

$

$
�

r r r� ( , )1 2 , ~ (~ , ~ ); ;x x xn n n� 1 2 and ~ ~ ~
: , ,x b x ai n n m i n m� � , if

( ): logC nn n1 � $� �� , 0 � � �$ .

Moreover, under Condition ( )A1 we get

(B x
r

m k

n
n

2 #�! :
( , ) (~ )�

%

" #� � � � ��% %
P X x X xr

m k

n r

m k

n

w

nn n1 21 2:
( , )

: :
( , )

:
~ , ~ min� � �" (x )),

where ~ ~
; ,x x ai n n i n m

% � �� , i �12, , if

( ): logC nn n2 � ��� � and � n is a regularly varying function
of n.

Conversely, if ( )B1 and ( )C1 (with $ � 0) hold, then the rela-
tion ( )A1 will be satisfied.

Proof. The proof of Theorem 2.2 is similar to the proof of
Theorem 2.1 with only the exception of obvious changes.
This completes the proof of Theorem 2.2.

Corollary 2.2. A simple consequence of Theorem 2.2 is

P
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b
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0 20 $ ( ) ( )x dA z
�

� ,

if � $n n
nlog ��� , 0 � � �$ . Moreover, if � n n

nlog ��� �,
and � n is a regularly varying function of n, we get

P
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n

w

n
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,
~
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�
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Theorem 2.3. Let ~
;x n1 , ~

;x n1
% , ~

;x n2 , ~
;x n2
% , be defined as in Theo-

rems 2.1 and 2.2. Furthermore, let v A zn , ( ) and the condition
( )A1 be defined as Theorem 2.1. Also, let

!r r v v

m k

n n r v

m k

n n n
x x P X x

1 2 11 2 1, ` ( ):
( , )

; ; :
( , )

;(~ , ) ( ~� � n r v v

m k

nX x
n n

, ~ )` ( ):
( , )

;2 2� .

Then, under the condition ( )A1 we get

( ): (~ , ) ( ), ` ( ):
( , )

; ;
( , )

B x x xr r v v

m k

n n

w

n

m k

n n1 1 21 2
! !� ��

�
�

� H x z dA z
m k( , ) ( ; , ) ( )$

0
,

where

H x z
m k( , ) ( ; , )$

� � � � � � � �

�

� � �r

x w m

R

m x w
ze ze d w

r
m

1

1

2

2
2

1

1 1

0
( ) ( ) (( )( )

,

$ $
$ )

��

�

� ,

if

( ): logC nn n1 � $� �� , 0 � � �$ . (2.13)

Moreover, under Condition ( )A1 we get

(B x x xr r v v

m k

n n

w

nn n2 1 21 2
#� ! �", ` ( ):

( , )
; ;(~ , ) min% % � �� ( )), if (2.14)

( ): logC nn n2 � ��� � and � n is a regularly varying function
of n.

Conversely, if ( )B1 and ( )C1 (with $ � 0) hold, then the rela-
tion ( )A1 will be satisfied.

Proof. The proof of Theorem 2.3 is similar to the proof of
Theorems 2.1, 2.2 with only the exception of obvious
changes.

Remark 2.1. Clearly, Theorem 2.3 (the relations (2.13) and
(2.14)) reveals that the lower and upper random extreme
m–GOS are asymptotically independent only if
� $n n

nlog ��� � 0 and A x( ) is degenerate at x =1.

Remark 2.2. Under the condition ( )C2 we get the interest-
ing results (by virtue to the result of Barakat (2018) and
Theorems 2.1–2.3):

1. " #X X Xr v v

m k

r v v

m k

n

w

r n n

m k

n n n n` ( ):
( , )

` ( ):
( , )

` ( ):
( ,, (

1 2 1
� )

` ( ):
( , ), )Xr n n

m k

2
, in Theorem 2.1.

2. " #X X X Xr v

m k

r v

m k

n

w

r n

m k

r n

m k

n n1 2 1 2:
( , )

:
( , )

:
( , )

:
( , ), ( , )� , in Theorem 2.2.

3. " #X X X Xr v

m k

r v v

m k

n

w

r n

m k

r nn n n1 2 1 2:
( , )

` ( ):
( , )

:
( , )

` ( ), ( ,� :
( , ) )n

m k , in Theorem 2.3.

Moreover, the above equalities hold in all cases of Theo-
rems 2.1–2.3, if A x( ) is degenerate at x =1.

Theorem 2.4. Let R Y Yr v

m k

r v v

m k

r v

m k

n n n n:
( , )

` ( ):
( , )

:
( , )� �

1 2
and 9( )x be a

non-degenerate DF. Then,

" #P C x D xr v

m k

n n

w

nn
� :

( , ) ( )� � � �� 9 ,

if and only if

" #P R B x A xr v

m k

n n

w

nn:
( , ) ( )� � � �� 9 ,
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where C Bn n� and D An n� if � $n

p

n
nlog � �� , 0 � � �$ (see

Remark 2.3), while C Bn n vn
� �1 � and D An n vn

� �1 � if

� n

p

n
nlog � �� � (see Remark 2.3).

Proof. It is easy verifying the following equality (which is
easily proved by representation (1.1)):

�r v

m k

n

w

r v

m k

vn n n
R:

( , )
:

( , )� �1 � ,

By using Lemma 2.3 in Vasudeva and Moridani (2010) and

the obvious relation 1 1� �� v
n

w

n
, if � $v

p

nn
nlog � �� ,

0 � � �$ , the proof of Theorem 2.4 immediately follows.

Remark 2.3. Vasudeva and Moridani (2010) presented sev-

eral examples of sequences � vn
that satisfy the conditions

� $v

p

nn
nlog � �� , 0 � � �$ and � v

p

nn
nlog � �� �. On the

other hand, it is worth mentioning that the class of possible

limit DF 9( )x when m = 0 and k = 1 (i.e., for OOS) is fully

characterised by Barakat and Nigm (1991).

The joint df of central m–GOS with random indices in a

SGS. Let 0 1� � �: :
1 2

and x oi be such that �( )x oi i� : ,

i �12, . Moreover, let rin , i �12, be central rank sequences

such that n
r

n i n

in( )� ���: 0. It is known that (cf. Barakat

et al., 2014, Lemma 3.1 and Theorem 3.1, see also Theorem

2.2 of Barakat, 2007)
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,

where
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i i

oi
; ( )
� : :

� 2 , � : :

: :
1 2

2 1

, c
i

i

i

c

: :

:% � , c
i

i i: : :� , : i m( ) �

1
1

1� �:i
m , : :i i� �1 , i �12, . The following theorem gives the

limit joint DF of the ( , )r rn n1 2 th central m–GOS of SGS (1.1),
when the sample size is random.

Theorem 2.5. Let the condition ( )A1 in Theorems 2.1-2.3 be
satisfied. Then,
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r
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n
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� , (2.15)

x c x xi n i n i oi; ;� � , i �12, , if

( ):C n n n1
% � ��� $, 0 � � �$ .

Moreover, under the condition ( )A1 we get

(B x
r

m k

n
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2
% %#� ! :

( , ) ( )�
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P X x X xr
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w
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where x x xi n n i oi;
% � �� , i �12, , if

( ):C n n n2
% � �� �� and � n is a regularly varying function of

n.

Conversely, if ( )B1
% and ( )C1

% (with $ � 0) hold, then the rela-
tion ( )A1 will be satisfied.

Proof. First, let ( )A1 be satisfied. Then, by using the repre-
sentation (1.1), the continuous version of the total probabil-
ity rule and the independence between Y0 and Xr n

m k

n :
( , ) , rn �

12, ,... ,n, we get
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the other hand, by applying Theorem 3.1 in Barakat et al.

(2014) on the normal central m–GOS, we get
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where x x xnz nz nz� ( , ); ;1 2 and x c x xi nz i nz i oi, ;� � , i �12, .

Therefore, in view of Khnichine’s types theorem and by us-

ing the relations (2.17) and (2.18) yield (2.15), we show that
D y x
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xi nz oi

i nz

oi

i i
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;
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2
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C
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i nz
z;

;
��� , i �12, . The lat-

ter is evident from the assumption that n n n
� $� �� , 0 �

$ � �. (this assumption yields � nz n
��� 0). Hence, only the

first relation needs proof. Applying that 1 1� � �� nz

1
2 1 1� nz o( ( ))� and bearing in mind that
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we can verify that
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The remaining part of the proof of the theorem, under the
condition 0 � $ � � follows now by using the relations
(2.17) and (2.18) exactly as the proof of Theorem 2.1, under
the same condition (i.e., � $n n

nlog ��� , 0 � � �$ ).

Turning now to the case n n n
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Thus, each of the DFs " #P Y x x ynz
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has a degenerate limit DF at zero. Consequently, by using

the transformation w y� � we get
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x w

w x x

w x x

1
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(2.20)

The required relation (2.16) is now followed by combining
(2.19) with (2.20). The remaining part of this case follows
exactly as the proof of the case n n n

� $� �� , 0 � � �$ .

We turning now to prove the converse part that ( )B1
% and

( )C1
% imply ( )A1 . Starting with the relation (2.17) by the

compactness of DFs, we can select a subsequence { }n8 of { }n

for which A n z
n8 8( ) converges weakly to an extended DF

A z8 ( ). Then, by repeating the first part of the theorem for the

subsequence { }n8 with the exception that we choose e so that

d e( , )� � 3, we get � ( , ) ( , )( ) ( ; , ) ( )m k m k
x L x z dA z� 8

�

� $
0

. Since

the two limits � ( , ) ( )m k
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88
( ). In this case, we get

� ( , ) ( , ) ( , )( ) ( ; , ) ( ) ( ; , )m k m k m k
x L x z dA z L x z dA� 8 � 8 8

�

� $ $
0 0

�

� ( )z .

Thus, let x2 ��, we get � �( , ) ( ) ( ) ( )m k
x zx dA z1 10

� 8 �
�

� �

�( ) ( )� zx dA z10
8 8

�

� , where � :

:

: :

$� : :
�

�

�

%

%

( )

( )

( )m c

c x

m

oi

1
1

1

1 1
2

1 1

. Let

G u zu dA z8 � 8
�

�( ) ( ) ( )�
0

and G u zu dA z8 8 � 8 8
�

�( ) ( ) ( )�
0

. By

differentiating G u8 ( ) and G u8 8 ( ) with respect to u, we get

e e
zu

2

2

zu
2

2
�� ��

8 � 8 8� �( ( )) ( ( ))zdA z zdA z
0 0

. Since, the Laplace

transformations with respect to the measures { ( )}zdA z8 and

{ ( )}zdA z8 8 have the same effect, then we deduce that

A z A z8 � 8 8( ) ( ). This completes the proof of the theorem.

APPLICATION

Theorems 2.1–2.5 reduce the limitations of some statistical
methodologies of survival analysis and clinical trials, in dif-
ferent contexts. For example, we consider the ( )n r� �1 -
out-of-n system, where the life-length distribution of the re-
maining components may change after each failure of the
components. In literature, one of the most important models
that describe such a system is the SOS model, where we
may take the original DF of the ith component (i n�12, ,... , ),
before beginning the test, as F x xi

i( ) ( ( ))� � �1 1 � < , < i � 0.
Clearly, this model is a m–GOS model, with k n� < ,
m n i ni i i� � � � � ��( ) ( )1 1 11< < , i n� �12 1, ,... , , and m1 �
m m mn r2 1� � �� �... (cf. Kamps, 1995). On the other hand,
Theorem 2.1 reveals the asymptotic dependence structure
between the components in the ( )v rn � �1 -out-of-vn , system,
when the components constitute a SGS with the inter-corre-
lation between the different components depends only on
their total number.

ACKNOWLEDGEMENT

The authors acknowledge with thanks to the Referee and

Editor, Proceedings of the LAS, Section B, for their fruitful

suggestions.

REFERENCES

Abd Elgawad, M. A., Barakat, H. M. ,Yan, T. (2019a). Bivariate limit theo-
rems for record values based on random sample sizes. Sankhya A: Indian J.

Statist. Available from: https://doi.org/10.1007/s13171-019-00167-2 (ac-
cessed 25.10.2019).

Abd Elgawad, M. A., Barakat, H. M., Xiong, S. (2019b). Limit distributions
of random record model in a stationary Gaussian sequence. Comm. Stat-

ist.-Theory Meth. https://doi.org/10.1080/03610926.2018.1554131(ac-
cessed 25.10.2019).

Barakat, H. M. (2007). Limit theory of generalized order statistics. J. Statist.

Plann. Inf., 137 (1), 1–11.

Barakat, H. M. (2018). The asymptotic dependence structural and some
functions of generalized order statistics in a stationary Gaussian sequence.
Math. Rep. Available from: https://www.researchgate.net/publication/
329268250_The_asymptotic_dependence_structure_and_some_func-
tions_of_generalized_order_statistics_in_a_stationary_Gaussian_se-
quence

531Proc. Latvian Acad. Sci., Section B, Vol. 73 (2019), No. 6.



Barakat, H. M., Abd Elgawad, M. A. (2019). Asymptotic behavior of the re-
cord values in a stationary Gaussian sequence, with applications. Math.

Slovaca, 69 (3), 707–720.

Barakat, H. M., Nigm, E. M. (1991). Weak limits of random quasi-
midranges. Microelectron. Reliab., 31 (5), 941–953.

Barakat, H. M., Nigm, E. M., Abd Elgawad, M. A. (2014). Limit theory for
joint generalized order statistics. REVSTAT. Stat. J., 12 (3), 1–22.

Barakat, H. M., Nigm, E. M., Abo Zaid, E. O. (2016a). Limit distributions of
order statistics with random indices in a stationary Gaussian sequence.
Comm. Statist.Theory Meth., 46 (14), 7099–7113.

Barakat, H. M., Nigm, E. M., Abo Zaid, E. O. (2016b). Generalized order sta-
tistics with random indices in a stationary Gaussian sequence. Appl. Math.

Inf. Sci., 10 (3), 1081–1090.

Cramer, E. (2003). Contributions to Generalized Order Statistics. Habilil-
ationsschrift, Reprint, University of Oldenburg.

De Haan, L. (1970). On Regular Variation and its Application to the Week

Convergence of Sample Extremes. Mathematisch Centrum, Amsterdam.
124 pp.

Kamps, U. (1995). A Concept of Generalized Order Statistics. Teubner,
Stuttgart. 210 pp.

Nasri-Roudsari, D. (1996). Extreme value theory of generalized order statis-
tics. J. Statist. Plann. Inf., 55, 281–297.

Nasri-Roudsari, D., Cramer, E. (1999). On the convergence rates of extreme
generalized order statistics. Extremes, 2, 421–447.

Vasudeva, R., Moridani, A. Y. (2010). Limit distributions of the extremes of
a random number of random variables in a stationary Gaussian sequence.
ProbStat Forum, 3, 78–90.

Received 12 December 2018
Accepted in the final form 23 July 2019

532 Proc. Latvian Acad. Sci., Section B, Vol. 73 (2019), No. 6.

DIVDIMENSIONÂLAS VISPÂRINÂTAS SAKÂRTOJUMA STATISTIKAS ROBEÞTEORÇMAS STACIONÂRAJÂS GAUSA
VIRKNÇS AR MAZÂM IZLASÇM

Tika pçtîtas robeþsadalîjuma funkcijas ekstremâlajâm un centrâlajâm vispârinâtâm sakârtojuma statistikâm stacionârajâs Gausa virknçs. Ir
atrasti pietiekamie nosacîjumi, kas garantç kvazi-ranga vâju konverìenci ar gadîjuma indeksiem.
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