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INTRODUCTION

Unmanned surface vessels (USV) are attracting more and 
more attention from researchers all over the world because 
of their extensive applications in military reconnaissance, 
homeland security, shallow water surveys, environmental 
monitoring, and in coordinating the operation with  
autonomous underwater vehicles (AUV) [1-3]. The USV path 
following control problem is an active field of studies, due 
to its theoretical challenges and important applications. The 
main difficulty with controlling the underactuated USV is 
that only the yaw and surge axes are directly actuated, while 
the sway axis remains non-actuated. This configuration is by 
far most common among USVs. Moreover, the underactuated 
USVs are a class of underactuated mechanical systems with 

non-integrable dynamics which cannot be transformed into 
a driftless system. The application of the Brockett’s theorem 
proves the absence of pure state feedbacks that would be able 
to asymptotically stabilize the underactuated USV at a fixed 
point. Thus, the underactuated USV cannot be stabilized 
by the time-invariant continuous control law, although it 
is an open-loop controllable device. Several authors have 
contributed a set of novel ideas and strategies, mainly 
including discontinuous feedback and time-varying feedback 
methods. Due to high dependence on the reference model 
and complicated trajectory tracking controllers, the path 
following problem, referred to as forcing an underactuated 
USV to follow a specified path at a desired forward speed 
without a time constraint, is widely used in practice. Below 
is a brief review of existing works on path following control 
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of underactuated USVs and ships that has motivated the 
authors to write this paper. 

A nonlinear robust adaptive control strategy which forces 
an underactuated surface ship to follow the predefined path at 
the desired speed is developed in [4], but several assumptions 
made in the paper allow the controller only to have the ship 
follow some certain paths. Path following control of an 
underactuated autonomous vehicle is addressed in [5], where 
the authors demonstrate the way in which adaptive switching 
supervisory control can be combined with the nonlinear 
Lyapunov based tracking control law to solve the problem of 
global boundedness and make    the position tracking error to 
converge to a vicinity of the origin that can be made arbitrarily 
small. The point to point navigation of an underactuated ship 
is considered in [6], and the model predictive control (MPC) 
for waypoint tracking of an underactuated surface vessel with 
input constraints is presented in [7]. Path following control of 
snake robots along straight paths is considered in [8]. Under 
the assumption that the forward velocity of the snake robot 
is nonzero and positive, the authors prove that the proposed 
path following controller k-exponentially stabilizes the snake 
robot to any desired straight path. The problem of robust 
adaptive path following control for an underactuated ship 
with model uncertainties and nonzero-mean time-varying 
disturbances is studied in [9], where a concise adaptive neural 
network (NN) based control scheme is proposed. This scheme 
makes use of backstepping, feedforward approximations, 
dynamic surface control, and minimal learning parameter 
techniques. Starting from the waypoint based path following 
control for marine ships, a novel dynamic virtual ship (DVS) 
guidance principle is developed in [10] after implementing 
the assumption that “the reference path is generated using a 
virtual ship”, which is critical for applying these theoretical 
studies in practice. The problem of robust adaptive path 
following control for uncertain underactuated ships in the 
waypoint based navigation, which is a field of marine practice, 
is studied in [11]. A novel logical virtual ship (LVS) based 
steering law is developed to program the rational reference 
route which is then used to guide an underactuated ship in 
practical engineering. A level curve approach is introduced to 
design global path following controllers for an underactuated 
surface ship in [12], where the controllers are designed 
based on the Lyapunov direct and backstepping methods 
to make the ship position to satisfy the path equation and 
to move the ship along the path tangentially. An optimal 
controller is proposed for the integrated path following 
and roll motion control problem in [13], where the line-of-
sight (LOS) technique is used to extend straight-line path 
following to arbitrary path following. A nonlinear adaptive 
path following controller which can compensate drift forces 
through vehicle sideslip is presented in [14]. In that paper the 
proposed algorithm, motivated by the LOS guidance principle 
used by ancient navigators, is extended to Dubins path 
following. A saturated tracking controller for underactuated 
autonomous marine surface vehicles with limited torque is 
proposed in [15], where a dynamic second-order open-loop 
error model is developed in the actuated degrees of freedom 
to simplify the design procedure. A state feedback based 

backstepping control algorithm is used in [16] for solving 
the trajectory tracking problem of an underactuated USV in 
the horizontal plane. In that paper the well known persistent 
exciting (PE) condition of yaw velocity is completely relaxed. 
A design of new controllers that make underactuated ships 
navigating under both deterministic and stochastic sea loads 
to globally track the reference path is presented in [17], where 
the loads are decomposed to a deterministic part, treated 
as a set of unknown constants, and a time-varying part, 
which is considered a form of stochastic disturbances with 
unknown time-varying covariances. The path following 
problem of an underactuated AUV is addressed in [18], with 
the aim of dealing with parameter uncertainties and current 
disturbances. In that paper, an adaptive robust control system 
is developed by employing fuzzy logic, backstepping, and 
the sliding mode control theory. Tracking geometric paths 
in output spaces of nonlinear systems subject to input and 
state constraints without pre-specified timing requirements, 
commonly referred to as the constrained output path following 
problem, is considered in [19], where a predictive control 
approach is proposed to constrained path following problems 
with and without velocity assignments. The path following 
control problem for an unmanned marine surface vessel in 
the presence of uncertainties and input saturation is presented 
in [20], where the backstepping technique, augmented by 
a robust adaptive radial basis function neural network 
(RBFNN) and an auxiliary design system, is employed as the 
main control framework. A two-dimensional path following 
control system for autonomous surface vehicles is presented 
in [21], where the guidance system is obtained through a 
waypoint guidance scheme based on a vector field algorithm.

In the above papers addressing the underactuated ship/
USV path following control problem, some results have been 
obtained under assumptions which allow the controller only 
to have the ship follow a certain path [5,8]. Moreover, some of 
the published research results have been derived by combining 
the traditional LOS approach and nonlinear control methods 
[7,13,14,20,]. It is noteworthy that some researchers execute 
path following control using complex system state transform 
techniques and intelligent learning algorithms which are 
difficult to design and not easy to implement in the real path 
following control system [4,6, 9-12,15-19,21]. Motivated by 
those considerations, this paper addresses path following 
control of an underactuated USV based on an improved 
LOS guidance algorithm. Compared with the existing 
literature, the main contributions of the paper are as follows: 
(i) a novel modified LOS guidance algorithm is proposed for 
path following control of the underactuated USV, which can 
adaptively change the guidance law to respond to longitudinal 
and/or lateral path following error changes; (ii) the USV 
velocity component which is tangent to the desired path is 
selected as the virtual input, after which the underactuated 
system is transformed into a virtual fully actuated system 
which makes the path following controller easier to design; 
(iii) the longitudinal path following error is introduced into 
the path following controller, which increases controller’s 
convergence speed and stability; (iv) designing the path 
following controller is simpler than the abovementioned 
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controllers, moreover the controller is easier to implement 
and its global uniform asymptotic stability is good; (v) the 
well known persistent exciting (PE) condition is completely 
released in the path following controller proposed in this 
paper; (vi) the designed controller can execute USV path 
following control without the use of side thrusters, thus 
obtaining the underactuated USV control, and the global 
stability of the overall path following control system is proved 
by the Lyapunov theory and the Lasalle invariance principle.

The reminder of the paper is organized as follows. Firstly, 
the underactuated USV model is established and the USV 
path following control problem is formulated. Secondly, a 
novel improved LOS guidance algorithm is proposed and the 
path following controller is designed. Thirdly, global uniform 
asymptotic stability of the USV path following controller 
is proved based on the Lyapunov theory and the Lasalle 
invariance principle. The results of simulation experiments of 
the underactuated USV in a semi physical simulation platform 
are presented and, finally, conclusions are given.

PROBLEM FORMULATION

In this section, the problem of path following control of an 
underactuated USV in the horizontal plane is formulated. The 
kinematic and dynamic equations of the USV are presented 
in step 1, and the path following control problem for the 
underactuated USV is formulated in step 2. 

Step 1: USV modeling
A three-degree-of-freedom underactuated USV in the 

horizontal plane is considered. The state of the USV is given 
by the vector [ηT, υT]T

 where η = [x, y, φ]T
 describes the USV 

position and the orientation of the USV with respect to the 
inertial frame { }I - xoy  as show in Fig. 1. In particular, x  
and y  are Cartesian coordinates of the USV’s center of mass 

bo  in{ }I , ϕ denotes the USV yaw angle or heading of the 
USV. The vector [ , , ]u v r Τ=   õ  contains linear and angular 
velocities of the USV defined in the body-fixed frame{ }b , 
where u  is the surge velocity, v is the sway velocity and r  
is the yaw rate. 

Fig.1. Coordinate frame of USV path following system

According to the literature [22], the kinematic and dynamic 
equations of the underactuated USV in the horizontal plane 
can be expressed as:

= ( )R (1)

with

cos( ) sin( ) 0
( )= sin( ) cos( ) 0

0 0 1

ϕ ϕ
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R
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where uτ and rτ are the surge force and the yaw moment,         
11m 、 22m 、 33m  are the USV’s inertia coefficients including 

added mass effects and 11d 、 22d 、 33d  are the hydrodynamic 
damping coefficients. 

Step 2: Problem Formulation
As shown in Fig. 1, ( )sΩ is the desired path which needs 

to be followed in the inertial frame { }I - xoy , and s  is the 
parameter of ( )sΩ . Point sfo  is the target reference point 
on the path, established in the Serret-Frenet (SF) coordinate 
frame { }SF - sf sf sfx o y , the origin of which is chosen to 
coincide with sfo

, as shown in Fig. 1. The sfx -axis direction 
is tangential direction and the sfy -axis direction is normal  to 

( )sΩ at point sfo , sfϕ  is the angle between the x -axis and the
sfx -axis. As shown in Fig. 1, 2 2=U u v+ , and β  is the drift 

angle between U  and bx -axis direction. Coordinate values 
of the USV’s center of mass bo  in SF coordinate frame { }SF -

sf sf sfx o y  are ( , )e ex y , and they are path following errors. The 
following equations can be easily obtained, see Fig. 1: 

cos( ) sin( ) 0
sin( ) cos( ) 0

0 0 1

sfe sf sf

e sf sf sf

e sf

x xx
y y y

ϕ ϕ
ϕ ϕ

ϕ ϕ β ϕ

 −   
    = − −    
     + −    

(3)

Differentiating both sides of (3) leads to the following path 
following error system: 

( ) cos( )
( ) sin( )

( )

e e e

e e e

e

x K s sy s U
y K s sx U

r K s s (4)

where = arctan( / )v uβ , ( ) cos( )
( ) sin( )

( )

e e e

e e e

e

x K s sy s U
y K s sx U

r K s s

 is the virtual tangential velocity 
of the desired path, and ( )K s  is the path curvature at the 
reference target point. 
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The general path following control problem of the 
underactuated USV considered in this paper can be 
formulated as follows: 

Let us design the control laws of uτ  and rτ  for the path 
following control system, which will make the path following 
errors [ , , ]e e ep x y ϕ Τ=    converge to zero and the velocity u  
converge to desired velocity du .

CONTROLLER DESIGN

Step 1: designing control laws for uτ  and rτ
Based on the traditional LOS method, the improved design 

of the look ahead distance has  the following form:  

2
1 2

3

( )exλ λ
λ

+
∆ = (5)

and the improved LOS guidance law can be written as: 

3

2
1 2

arctan arctan[ ]
( )

e e
los

e

y y

x

λ
ϕ

λ λ
 = − = − ∆  + (6)

where 1λ 、 2λ 、 3λ are positive parameters. The improved 
LOS guidance law can adaptively change when the reference 
target point changes. 
Let us introduce the following new variables:

1

2

3 2

d

e los sf los

e los sf los

sf los

u u

r

(7)

where du is the desired velocity. Differentiating both sides of 
expression (7) leads to:

22 11
1

11 11 11

2 3

3311 22
3

33 33 33

1

1

u d

r sf los

m dvr u u
m m m

dm m uv r
m m m

(8)

Based on the first expression of (8), the control law for uτ  
can be designed in the form: 

22 11 11 1 11 1u dm vr d u m u k m (9)

where 1k  is a positive parameter. Based on the second and 
third expressions of (8), the control law for rτ  can be designed 
as: 

11 22 33 2 33 2 3 33 3 33( ) ( )r sf losm m uv d r k m k m m (10)

where 2k 、 3k  are both positive parameters. 

Step 2: designing control law for ( ) cos( )
( ) sin( )

( )

e e e

e e e

e

x K s sy s U
y K s sx U

r K s s

The variable 2Θ  convergences to zero under the control 
laws (9) and (10), as will be proved in the next section, step 
1. The first expression of (4) can be rewritten as follows, see 
reference on the Lasalle invariance principle in [23]:

2
1 2

2 2
1 2 3

( ) cos( )

( )
( )

( ) ( )

e e los

e
e

e e

x K s sy s U

x
K s sy s U

x y
(11)

By analyzing the above expression (11), we can design the 
virtual control law for ( ) cos( )

( ) sin( )

( )

e e e

e e e

e

x K s sy s U
y K s sx U

r K s s

 as follows: 

2
1 2

42 2 2 2
1 2 3 1 2 3

2
1 2 4

2 2
1 2 3
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( ) ( ) ( ) ( )

[ ( ) ]

( ) ( )

e
e

e e e e

e e

e e

x
s U x U

x y x y

x x U

x y

(12)

where 4λ  is positive parameter. 

STABILITY ANALYSIS 

Step 1: stability analysis of 1Θ 、 2Θ 、 3Θ .
Substituting expressions (9) and (10) into expression (8) 

yields: 

1 1 1

2 3

3 2 2 3 3

k

k k

(13)

We consider the following Lyapunov function candidate 
1V  of the system (13): 

2 2 2
1 1 2 2 3

1 1 1
2 2 2

V k= Θ + Θ + Θ (14)

Differentiating both sides of (14) along the solutions of the 
system (13) leads to: 

1 1 1 2 2 2 3 3

2 2
1 1 2 2 3 2 2 3 3 3

2 2
1 1 3 3

0

V k
k k k k
k k (15)

It can be proved, by combining expression (14) and (15) and 
applying the Lyapunov stability theory, that 1Θ 、 2Θ 、 3Θ
converge to zero as t → ∞ . 
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Step 2: stability analysis of ex 、 ey .
Substituting expression (12) into (11) leads to: 

4

2 2
1 2 3

( )
( ) ( )

e
e e

e e

x Ux K s sy
x y (16)

As was proved in step 1 2Θ  convergence to zero, see 
reference on the Lasalle invariance principle in [23]. 
Consequently the second expression of (4) can be rewritten 
as follows: 

3

2 2
1 2 3

( ) sin( )

( )
( ) ( )

e e los

e
e

e e

y K s sx U
y UK s sx
x y

(17)

Combining the above expressions (16) and (17) leads to the 
following underactuated USV path following error system: 

  

4

2 2
1 2 3

3

2 2
1 2 3

( )
( ) ( )

( )
( ) ( )

e
e e

e e

e
e e

e e

x Ux K s sy
x y
y Uy K s sx
x y

(18)

We consider the following Lyapunov function candidate 
2V  of the system (18): 

2 2
2

1 1
2 2e eV x y= + (19)

Differentiating both sides of (19) along the solutions of the 
system (18) results in: 

2

2 2
4 3

2 2 2 2
1 2 3 1 2 3

2 2
4 3

2 2
1 2 3

( ) ( )
( ) ( ) ( ) ( )

+

( ) ( )
0

e e e e

e e
e e e e

e e e e

e e

e e

V x x y y
x U y UK s sx y K s sx y
x y x y

Ux Uy
x y

(20)

It can be proved, by combining expressions (19) and (20) 
and applying the Lyapunov stability theory, that ex , ey , and 

losϕ  converge to zero as t → ∞ . As 1Θ  converges to zero, the 
velocity u converges to the desired velocity du . As 2Θ  and 

losϕ  both converge to zero, then eϕ  also converges to zero. 
Above all, using the control laws for uτ  and rτ  in (9) and 

(10) in combination with the virtual control law for s  in 
(12), the underactuated USV path following control system 
makes the path following errors [ , , ]e e ep x y ϕ Τ=    converge to 
zero and the velocity u  converge to the desired velocity du .. 

SIMULATION EXPERIMENTS 

In order to verify and illustrate the effectiveness of the path 
following control algorithm proposed for the underactuated 
USV, a series of computer simulation experiments have been  
carried out in the semi physical simulation platform on a 
USV model with the following hydrodynamic parameters:

11 25.8m = , 22 33.8m = , 33 2.8m = , 11 27d = , 22 17d = ,
33 0.5d = . The parameters of the designed path following 

controller were chosen as: 1 10k = , 2 20k = , 3 20k = , 1 10λ =
2 0.5λ = , 3 1λ = , 4 20λ = . Two cases were analyzed: 
Case 1: The desired path and the initial state of the USV 

are chosen as: 50cos(0.02 )sfx s= , 50sin(0.02 )sfy s= ,
(0) (0)= (0)=0x y ϕ= ， (0) 0.5m/ su = ， (0)= (0) 0v r = . 

The desired velocity du  is chosen as: =5 m/sdu  . The obtained 
simulation results are shown in Figs. 2-3. 
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Fig.3. Experiment results of USV’s curve path following control

Case 2: The desired path is chosen as: 2 / 2sfx s=
, 2 / 2sfy s= , and the initial state of the USV is chosen 
as: (0) 20mx = , (0) 40my = , (0) 0ϕ = , (0) 0.5m/ su = , 

(0) 0v = , (0) 0r = . The desired velocity du  is chosen as: 
=5 m/sdu  . The obtained simulation results are shown in 

Figs 4-5. 
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Fig.5 Simulated results of USV straight-line path following control

It can be observed in the results of the two cases of 
simulation experiments that the path following control of 
the underactuated USV is executed quickly, effectively and 
reliably by the path following controller, designed based on 
the above proposed improved LOS guidance algorithm. The 
fluctuations appearing during the longitudinal control force 
and yaw moment convergence process, see relevant curves 
in Figs. 3 and 5, most likely result from large course changes 
introduced by the controller before the USV is driven into 
the desired path. These course changes affect the angular and 
lateral velocities. The longitudinal thrust and the yaw moment 
are sensitive to angular and lateral velocity changes, and this 
leads to certain control force and/or moment fluctuations as 
a response to the abovementioned course and speed changes. 
The control force and moment also reach a stable state when 
the course and speed become stable.

Analyzing the obtained experimental results on the 
background of the available literature reveals the following 
advantages of the designed controller: Compared with the 
literature [7,8,11,14], the path convergence speed of the 
path following control method is faster, the convergence 
performance before entering the path is better, and the 
overshoot is smaller. Compared with the literature [9,10,12,16], 
the vibration of the controller is relatively smaller and the 
stability is better. Compared with the path following controller 
designed in the literature [5,19,21], the present controller is 
more versatile and can realize both the curve path and the 
straight-line path following control. Summarizing the above 
analysis, we can get the following results:
1. Compared with other existing results, the designed path 

following controller can execute   path following control 
of an underactuated USV faster and in a more effective, 
stable, and reliable way.

2. The speed of convergence and the stability of the system are 
improved by the USV path following controller designed 
based on the improved LOS guidance algorithm, as a result 
of introducing the longitudinal path following error into it.

3. The designed path following controller has global symptotic 
stability and can execute path following control of the 
underactuated USV quickly and effectively, at the same 
time maintaining the stability of the system during the 
entire process.

4. The path following control method presented in the paper 
is more versatile, and can execute both the curve path and 
the straight-line path following control.

CONCLUSIONS

Based on the traditional LOS guidance algorithm, the 
longitudinal path following error in the SF coordinate system 
is presented and the improved LOS guidance algorithm which 
can automatically adapt to the desired path is proposed, with 
an intention to improve the speed of convergence of the state 
variables and the control performance of the controller. 
The tangent velocity of the reference target in the desired 
path has been selected as the virtual control input, and the 



POLISH MARITIME RESEARCH, No 1/201710

underactuated USV path following control problem was 
converted to a virtual fully actuated control problem. As a 
result, the process of designing the path following controller 
is  simplified and the complex transformation design of the 
system model is avoided. The underactuated USV path 
following controller, which has global asymptotic stability, is 
designed based on nonlinear backstepping and the Lyapunov 
stability theory, and can execute path following control 
in a quick and stable way. Compared with path following 
controllers presented in the literature, the present controller 
has faster convergence speed and better control performance. 
In addition, the path following control method designed in 
the paper is more versatile, as it can execute both the curve 
path and the straight-line path following control. Considering 
that the USV is always disturbed by wind, waves, and ocean 
currents, path following control of the USV in the presence 
of the external environment interference will be the focus of 
future studies by the authors.
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