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ABSTRACT

This paper presents issues of fatigue life calculations in operational load conditions. The assumed runs were so processed 
as to get a set of sinusoidal cycles by using the following methods: full cycles counting method and  rainflow counting 
method. On the basis of such sets of cycles  of  the varying parameters Sm i and Sa  i   were prepared block load spectra 
of equivalent amplitudes Saz , obtained with the use of an original method of these authors, in which two-parameter 
fatigue characteristics  were applied.  The work resulted in  comparison of fatigue life results for load spectra determined 
by using the assumed cycles counting methods and the assumed two-parameter fatigue characteristics: the model IM, 
model II, model III and model IV, respectively.
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INTRODUCTION
 

One of choice criteria for design features of machine parts 
are calculations  in the area of material fatigue,  dealing with 
range of fatigue life estimation in random load conditions. 
According to theory of stochastic processes , operational loads 
can be numbered among a group of either narrow or broad 
spectrum. Essential differences in fatigue life between  the 
above mentioned loads deal  with  participation of cycles from 
a given  range of  values of the stress ratio R  and occurrence 
of cycles of large amplitude values (where the maximum 
amplitude Sa ≈ Smax). 

Fatigue life calculations for narrow spectrum loads are 
executed with the use of  block load spectra  (the spectra 1D) 
prepared on the basis of sets of cycles determined by means of 
one of the cycles counting methods: peak counting method, 
simple-range counting method, full cycles counting method, 
range-pair counting method and rainflow counting method. 
In [2] it was stated that choice of a cycles counting method 
for loads of the type does not significantly impair results of 
fatigue life calculations carried out with application of the 
fatigue characteristics N(Sa) (the characteristics 1D). 

In the case of broad spectrum loads, execution of fatigue  
calculations is based on load spectra which describe variability 
of the cycle parameters Sm i and  Sa i, exemplified by correlation 
tables expressed in Sa-Sm or Smin-Ssmax reference system 
(the spectra 2D). To apply spectra of the type is necessary 
as  in  the load occur cycles of stress ratio from the range 
-∞ < R < 1 and they impact fatigue life [4]. Choice of a cycles 
counting method is an important element of preparation of 
the load spectra 2D. Out of the known metods  [2, 3] , the 
peak counting method is not advised for preparation of broad 

spectrum loads because it leads to the most unfavourable load 
conditions which make calculated fatigue life underestimated 
in comparison to experimental results. Other , above 
mentioned cycles counting methods are considered advisable 
for preparation of loads of the type. In fatigue life calculations 
the two-parameter fatigue characteristics N(Sa, Sm) are used, 
that allows to take into account  influence of cycles of a given 
value of the stress ratio R on fatigue life.

This work is aimed at comparison of  results of fatigue life 
calculation obtained for the load spectra prepared with the 
use of the selected cycles counting methods as well as the two-
parameter fatigue characteristics. The calculations have been 
carried out by means of the equivalent load spectra of a block 
form , produced on the basis of the two-parameter fatigue 
characteristics described in the subject-matter literature as: 
the model IM, model II, model III and model IV. 

This work contains characteristics of operational loads 
which make it possible to assess load spectrum breadth as well 
as to conduct counting the cycles by means of the following 
methods: the full cycles counting method (FCM) and the 
rainflow counting method (RFM) [2, 3]. The produced load 
spectra 2D have been converted into block spectra 1D on the 
basis of which fatigue life has been determined.  Results of the 
calculations have been subjected to a comparative analysis 
allowing to formulate final conclusions. 

OPERATIONAL LOAD 

In Fig. 1 are presented runs of stress changes in a structural 
element , which were recorded in operational load conditions. 
Because they are intended for application to fatigue life 
calculations they are given in the relative form Si/Smax where 
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Smax stands for maximum value of stress change occurring 
in a load run. 

A cursory analysis of the assumed runs reveals significant  
differences concerning frequency of load changes as well as 
occurrence of cycles with large amplitude values. An analysis  
of static and dynamic load components has been conducted on 
the basis of statistical parameters ,  i.e. mean and variance.  Their 
values are presented in Tab. 1. For the assumed runs the mean 
value is close to zero (Tab. 1, col. 2), however variance values show 
differences between runs. It implies a different form of loads 
in the range of amplitudes of cycles covered by their content.

Fig. 1. Fragments of runs (courses) of stress changes in the form of the relative 
values Si / Smax

Tab. 1. Values of  the selected statistical parameters of the load Si / Smax

Values of skewness and kurtosis are also given in Tab. 1.  
Skewness represents a degree of asymmetry of a distribution 
around its mean , and kurtosis determines a relative peak or 
flat form of a distribution in relation to normal distribution 
[1]. Therefore on the basis of the presented results (Tab.1, col. 4 
and 5) as well as of an analysis of values in load runs (not given 
in this paper due to its restricted volume) it can be assumed 
that the distribution of values in the runs is close to normal.

(a)

(b)

Fig 2. Spectral power density for runs of Si/Smax loads: 
a – the run A, b – the run B

A complex frequency structure of the analyzed load runs 
is illustrated by spectral power density function diagrams 
shown in Fig. 2. The range of significant frequencies for the 
run A is 0 < f < 47 Hz, and for the run B -  0 < f < 12 Hz. 
The observed differences in frequency structure and values 
of variance (being a measure of stress amplitudes) of load 
runs are connected with excitation factors which occur 
during operation. The analyzed load runs can be numbered  
among the group of broad-  spectrum loads, that is implied by 
a characteristic form of the diagrams of spectral power density 
functions. 

Another way of assessing the load spectrum breadth which 
does not require using a complex statistical analysis, is to 
determine value of the factor I expressed as follows: 

In Eq. (1) Ni is number of intersections of mean value level 
by increasing and decreasing half-cycles, and Ne is number 
of local extrema occurring in a run ( sum of minimum and 
maximum values ).  The method is described in [5]. The 
determined values of I- factor are the following : for the run 
A - IA = 0.8411, for the run B – IB = 0.3828. On this basis 
the assumed load runs can be numbered among the group 
of broad-spectrum loads. The conclusion is in line with that 
resulting from statistical analysis. 

(a)

(b)

(1)
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BLOCK SPECTRUM OF  LOADS

Load runs were subjected to a procedure of determining 
the set of sinusoidal cycles. 

The following cycles counting methods were assumed: 
full cycles counting method (FCM) and  rainflow counting 
method (RFM) [2, 3]. 

The determined data sets contained sinusoidal cycles of the 
parameters Sai/Smax and Smi/Smax from the range of the stress 
ratio -∞ < R < 1.0, that is characteristic for broad -spectrum 
loads. Based on the collected data , were prepared the cycles 
sets having Sm= 0 and the equivalent amplitude Saz  determined 
on the basis of two-parameter fatigue characteristics.  

METHOD FOR DETERMINING THE EQUIVALENT LOAD 
SPECTRA 

For determining the equivalent amplitude Saz i the 

two-parameter fatigue characteristics (TFC) is used. 
For purposes of this work the two-parameter fatigue 
characteristics  called :

 the model IM (Fig.3a) [6], model II (Fig.3b) [6], model III 
(Fig.3c) [6] and model IV (Fig.3d) [6] were used. The method 
for determining the equivalent amplitude Saz i consists in 
determining a line of constant fatigue life (N = const) for 
an arbitrary sinusoidal load cycle of the parameters Sm i 
and Sa i (the point G in Fig.3), by using the two-parameter 
fatigue characteristics.  The point G is interpolated to the 
point of intersection of the constant fatigue life line and the 
axis of ordinates of the TFC coordinate frame ( the point 
C) for which the mean stress value is equal to Sm = 0. In this 
way the equivalent load cycle of the stress ratio R = -1 was 
determined.  It should be stressed that all load cycles located 
on the constant fatigue life line (N = const) have the same 
equivalent amplitude Saz i regardless of in which TFC zone 
they are located.  

Fig. 3. Schematic presentation of the mathematical models of TFC characteristics : a – model IM [6], a – model II [4], c – model III [4], d – model IV [4]

The model IM of the two-parameter fatigue characteristics 
(Fig.3a) is a modified model I [6] which represents 
a generalization of the Serensen’s limiting stress diagram over 
the  HCF and LCF ranges. In Fig 3. figures 1 through 4 stand 
for the variability ranges of the cycle stress ratio R. Form 
of the expression describing the constant fatigue life lines 
(N = const) for  particular TFC zones is as follows :

- zone 1

for 0 < R < 1
(2)

- zone 2

for -1 ≤ R ≤ 0

- zone 3

for -∞ < R < -1

(3)

(4)
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- zone 4

for 1 < R < +∞

The model II [4] is a generalization of the  Goodman’s 
formula over the limiting fatigue life ranges  LCF and HCF. 
The constant fatigue life line ACE corresponds to a constant 
fatigue life for sinusoidal load of varying parameters Sm i and 
Sa i contained in the range -∞ < R < 1,0.  The mathematical 
model of the characteristics is of the following form:

The Gerber’s mathematical model was applied to forming 
the model III [4] of the two-parameter fatigue characteristics.  
The constant fatigue life line (N = const) is described by the 
following formula:

The model IV [4] was formed on the basis of  ellipse 
equation describing the limiting stress line. The mathematical 
model of the characteristics is of the following form:

(5)

(6)

(7)

BLOCK LOAD SPECTRA 

By applying the above described method for determining 
the equivalent amplitudes Saz, block load spectra were 
determined for the assumed operational runs. It was based 
on sets of sinusoidal cycles produced by means of the assumed 
cycles counting methods. The applied two-parameter fatigue 
life characteristics were made for C45 steel with the following 
properties [7] in  loading conditions: 

- static ones: E = 211029 MPa, Rm =  Sy = 682 MPa, Re =  Su = 458 MPa, 
- cycling ones : m(-1) = 9.80, C(-1) = 1.054.1029,
   Sf(-1) = 223.5 MPa, k = 0.1378, ψN = N-k.

The block load spectra used in fatigue life calculations were 
determined separately for each of the assumed values of Smax 
contained within the variability range: 200 MPa ≤Smax ≤ 600 
MPa. Because of a limiting volume of this paper  only the 
example block load spectra for Smax = 400 MPa are presented 
for the stress change runs marked: A (Fig.4) and B (Fig.5). 
In the below attached tables are additionally given values 
characteristic for the block load spectra: in tab. 2 – spectrum 
filling factor ζ, in Tab. 3 – values of maximum equivalent 
amplitudes Saz max.

(8)

Fig. 4. Block load spectra for Smax = 400 MPa, determined for the run A by using the following cycles counting methods: 
a-d – full cycles counting method (FCM), e-h – rainflow counting method (RFM)
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Fig. 5. Block load spectra for Smax = 400 MPa, determined for the run B by using the following cycles counting methods: 
a-d – full cycles counting method (FCM), e-h – rainflow counting method (RFM)

Tab.2. Values of the spectrum filling factor ζ

Tab. 3. Values of the maximum equivalent amplitude Saz max

From the analysis of the parameters contained in Tab. 2 
and 3 it may be concluded  that as a result of cycles counting 
by means of the methods : full cycles counting method (FCM) 
and rainflow counting method (RFM), were determined the 
data sets differing to each other by share of cycles (especially 
those of large values of Sa i/Smax) in spectrum for particular 
loads. This is confirmed by values of spectrum filling factor 
ζ (Tab.2) as well as values of maximum equivalent amplitude 
Saz max (Tab.3).  In the case of the run A can be observed 
significant differences in load spectra (concerning both ζ and 

Saz max values), resulting from the assumed cycles counting 
method and used TFC model. In the case of the run B the 
differences in load spectra concern first of all  the used two-
parameter fatigue characteristics, whereas the cycles counting 
method did not have any influence on values either of ζ or 
Saz max.

RESULTS OF CALCULATIONS 

The fatigue life calculations were conducted  in stress 
mode by using Wöhler fatigue life diagram  experimentally 
determined under load of  R = -1.  Its equation is of the 
following form:

In the calculations the Palmgren-Miner’s hypothesis on 
linear fatigue damage summation was used [8]; expressed 
as follows:   
   
 

and, results of fatigue life were presented in the form of 
a number of used load blocks , calculated from the equation:
       

(6)

(7)

(8)
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The calculations performed with the use of the equivalent 
load spectra made it possible to produce fatigue life diagrams 
in the coordinate frame Smax = f(λ), where  Smax is maximum 
stress value in load run. In Fig. 6 results of the calculations 
are presented in the form of fatigue life diagrams for the 
runs A and B. 

Their preliminary assessment (Fig. 6) shows  that the 
smallest fatigue life has been obtained for the load spectra 
determined by using the PCM method for the run A, that 

results from the greater value of the equivalent amplitude 
Saz max. The largest fatigue life has been reached for the run 
B and the RFM cycles counting method. Comparison of 
the results in the context of application of two-parameter 
fatigue characteristics  to determining the equivalent load 
spectrum, shows that the smallest fatigue life was obtained 
for  TFC model II , and the fatigue life values for the models: 
IM, III and IV are close to each other. 

Fig. 6. Results of fatigue life calculations for load spectra determined by using two-parameter fatigue characteristics: 
a – model IM, b -  model II, c – model III, d – model IV

ANALYSIS OF RESULTS OF THE RESEARCH 

Differences between calculation results obtained for the 
assumed load runs as well as the applied method of cycles 
counting  were determined on the basis of an analysis of 
value of the difference in relative fatigue lives δ(N), calculated 
from the equation:

Value of the fatigue life N(x) is that expressed by number 
of cycles determined from calculations, whereas N(R=-1) 
is that read from Wöhler diagram for value of the stress 
amplitude Sa (Sa = Smax). The results read from Wöhler 
diagram served as the reference point in the analysis. Values 
of relative differences between the analyzed characteristics 
are presented graphically in Fig. 7.

(10)
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Fig.7. Values of relative differences in fatigue life for the assumed operational 
loads subjected to cycles counting by means of the selected methods as well as 

two-parameter models of fatigue characteristics

A detailed analysis indicates that the hardest load 
conditions were obtained for the run A subjected to processing 
by means of  the full cycles counting method (FCM). Values 
of the relative differences in fatigue life are contained within 
the range from δ(N) II = 46.7 to δ(N) IV = 162.6. The largest fatigue 
life was reached for the model IV of two-parameter fatigue 
characteristics  and all the block load spectra. In the case of 
the models: IM, III and IV similar results of fatigue life were 
obtained for particular equivalent load spectra. It results from 
rather small differences in values of the spectrum filling factor 
ζ and equivalent amplitude Saz max. The smallest value of fatigue 
life was obtained for the model II of TFC characteristics as 
a consequence of occurrence , in the equivalent load spectrum 
, of cycles of significantly higher amplitude values in relation 
to the spectrum determined for the models: IM, III and IV.

The presented results of calculation of the relative 
differences δ(N) make it also possible to determine relations 
between the assumed cycles counting methods. For the 
load run A  the difference in fatigue life results , obtained 
during calculations performed according to the models: IM, 
III and IV, shows increase of fatigue life by about 100% for 
equivalent load spectra determined by using the rainflow 
counting method (RFM) in relation to the full cycles counting 
method (FCM). In the case of the load run B an increase in 
fatigue life also occurs but it reaches only about 40%.  

SUMMARY
 
The way of preparing the equivalent load spectra , combined 

with application of the selected cycles counting methods (full 
cycles counting method and rainflow counting method) and 
two-parameter fatigue characteristics , revealed differences  
in results of fatigue life calculations. It may be stated that 
the calculation results are influenced by the assumed cycles 

counting method and TFC model. In view of the close fatigue 
life results obtained for the models: IM, III and IV it is possible 
to use one of them for preparing the equivalent load spectra 
to be applied to calculations for a given kind of structural 
materials [4].     

The presented set of fatigue life calculation methods 
makes it possible to take into account mean value of load 
cycles (having stress ratio values different from R = -1) in 
calculations where Wöhler fatigue life diagram determined 
for R = -1, is used. It is of a great importance in the case of 
estimating fatigue life of machinery elements working in 
conditions of broad - spectrum operational loads. 

Choice of a model for determining the equivalent load 
spectra is associated with cyclic properties of a considered 
material. For example, the cyclic properties of S355J0 steel 
can be described by means of the model: IM, III and IV of  
two-parameter fatigue characteristics [4]. On this basis it is 
advisable to apply the above mentioned models of fatigue 
characteristics to calculations conducted in the preliminary 
stage of structural design process.  

ABBREVIATIONS:
FCM – full cycles counting method, 
PCM – peak counting method,
RCM – simple-range counting method,
RFM – rainflow counting method,
RPM – range-pair counting method,
TFC – two-parameter fatigue characteristics,
HCF – range of high cycle fatigue,
LCF – range of low cycle fatigue.
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