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ABSTRACT

An approach to approximate equations of state for water and steam (IAPWS-95) for the calculation of three-dimensional 
flows of steam in turbomachinery in a range of operation of the present and future steam turbines is described. Test 
calculations of three-dimensional viscous flow in an LP steam turbine using various equations of state (perfect gas, 
Van der Waals equation, equation of state for water and steam IAPWS-95) are made. The comparison of numerical 
results with experimental data is also presented.
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INTRODUCTION

Throughout the last 10-15 years, the methods of viscous 
flow modeling based on Reynolds equations [1, 2, 3] have 
been widely applied in calculation, design and optimization 
of turbomachinery parts, including steam turbines. Adopting 
such approaches has made a significant improvement in gas 
dynamic efficiency of turbomachinery, especially with the 
use of 3D modeling of blade channels, including blade lean, 
sweep, end wall contouring, radial-axial stages. There are still 
a number of difficulties in numerical integration of the set 
of Reynolds equations related to the accuracy and stability 
of different schemes, formulation of boundary conditions, 
closing equations (turbulence modeling, equation of state 
etc.). Most of the application packages use rather simple 
state equations such as the equation of state for perfect gas, 
Tammann or Van der Waals equations. In many cases their 
use is justified and appropriate. However, in relation to the 
processes in which a phase transition in the working medium 
occurs (for example in low-pressure cylinders and condensers 
of conventional, nuclear and marine steam turbines), the use  

of simple state equations allows modeling of flow structures 
and rough assessment of kinetic energy losses, but may 
produce significant uncertainties in the determination of 
quantities like temperature, mass flow rate and turbine power. 
In order to describe thermodynamic properties of water and 
steam using simpler computation methods (one-dimensional, 
quasisymmetric), one can implement state equations based 
on the Mayer and Bogomolov equation [4] whose viral 
coefficients are found by correlation with the experiment. 
At present, two international standards of state equations for 
water and steam are used: IAPWS-95 formula [5] for scientific 
calculations and its simplified version - IAPWS-IF97 formula 
[6] for industrial calculations. It is difficult to use these state 
equations in three-dimensional calculations on present-day 
computers since they increase the required computational 
time by 1 to 2 orders of magnitude. The most frequently 
used state equation nowadays in three-dimensional models 
is the equation with two terms of compressibility coefficient. 

This paper presents an approach to the approximation 
of state equations IAPWS-95 with the use of cubic curves 
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for the given arrays of thermodynamic functions. The idea 
of a similar approximation was first presented in [7]. This 
method assures a sufficient accuracy of determination 
of thermodynamic quantities within the whole range of 
operation of steam turbines (the maximum error does not 
exceed ± 0,1 %). In the paper, three-dimensional calculations 
of flow in LP turbines using numerous equations of state are 
presented and compared with the available experimental data.

METHODS FOR THE CALCULATION 
OF THREE DIMENSIONAL VISCOUS FLOW 

IN TURBINES

The calculation is carried out using the application package 
FlowER [3] and is based on the integration of the Reynolds 
equation. In order to determine turbulent effects, the Menter 
SST model is used [8]. The governing equations are solved with 
the use of implicit Godunov-type ENO scheme [9]. In order to 
close the Reynolds equations, equations of state for a perfect 
gas [10], Tammann equations [11] or Van der Walls equations 
[4] with constant or variable specific heats are available in the 
application package FlowER. A number of thermodynamic 
dependencies, which shape depends on the used state equation, 
are applied in the process of computation and post processing 
of results such as:

 ( )ρ= ,pTT  - temperature;

 ( )Tp,ρ=ρ  - density;

 ( )ρε=ε ,p - internal energy;

 ( )ρε= ,pp - pressure; 

( )ρ= ,paa - speed of sound;

 ( )ρ= ,pii - enthalpy;

 ( )ρ= ,pcc vv  - specific isochoric heat;

 ( )ρ= ,pcc pp  - specific isobaric heat;

 ( )ρ= ,pSS  - entropy;

  - partial derivative of internal energy 
with respect to pressure at a constant 
density;

  – partial derivative of internal energy 
with respect to density at a constant 
pressure;

  – partial derivative of entropy with 
respect to pressure at a constant 
density;
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p    – partial derivative of temperature 
with respect to pressure at a constant 
density;
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,pTT   – partial derivative of temperature 
with respect to density at a constant 
pressure;

 ( )Cpii ,,** ρ=  – total enthalpy;

 ( )CpTT ,,** ρ=  – total temperature;

 ( )Cppp ,,** ρ=  – total pressure;

 ( )Cp ,,** ρρ=ρ  – total density;

  – isentropic density;

  – isentropic pressure, 

where  C – speed. Closing thermodynamic functions for 
perfect gas, Tammann and Van der Walls equations of state 
are presented in [12].

APPROXIMATION OF CLOSING 
THERMODYNAMIC FUNCTIONS ON 
THE BASIS OF THE EQUATIONS FOR 
THERMODYNAMIC PROPERTIES OF 

WATER AND STEAM IAPWS-95.

Equations of International Association for Properties of 
Water and Steam IAPWS-95 were formulated in 1995. They 
were determined on the basis of the fundamental Helmholtz 
equation ),( Tf ρ  and can be a combination of polynomials 
of up to 56 elements [5]. In most cases, it is impossible to 
find an analytical formula for thermodynamic functions 
necessary for closing the Reynolds equation. This makes 
the direct application of IAPWS-95 for modeling three-
dimensional flow ineffective in regards of computational 
cost. In an approach presented in [7] the closing functions are 
determined by interpolation of the already calculated arrays 
(tables) of base points of thermodynamic quantities. However, 
due to a significant nonlinearity of thermodynamic functions, 
storage of large arrays might be necessary in order to assure the 
acceptable accuracy in defining thermodynamic parameters 
in a wide range of variation of flow parameters (especially in 
the range of operating modes of steam turbines). 

Some hints how to decrease the dimensions of the stored 
arrays without a loss to the precision of interpolation are 
described below. In the case where the independent variables 
for determination of the thermodynamic values are pressure 
and/or density, it is justified to consider the pressure and 
density in a logarithmic scale as independent variables. This, 
for example, allows us to calculate 3D flow in the HP and LP 
cylinders of the steam turbine where the pressure changes 
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from 3·103 tо 2·105 Pа in the LP cylinder and from 3·106 tо 
2,4·107 Pа in the HP cylinder. 

Another idea to reduce computational costs and still 
assure the acceptable accuracy of interpolation of IAPWS-95 
equations is to rewrite the equations of state for a perfect gas 
with dimensionless compressibility coefficients depending on 
two independent variables, especially p and ρ. Range variations 
of these coefficients are much lower when compared with 
variations of the sought thermodynamic functions. Therefore 
it is justified to store the arrays of values of the dimensionless 
compressibility coefficients instead of values of the sought 
thermodynamic functions. The closing thermodynamic 
functions are then derived from analytical relations:

where – gas constant [5], , , ,

 , , ,  – 

interpolated dimensionless compressibility coefficients for the 
corresponding thermodynamic functions. While calculating 
the density, the independent variable T is replaced with the 
enthalpy, which facilitates the calculation in the two-phase 
flow regions. The formulas used to define the partial derivatives 
of internal energy, entropy, and temperatures are simplified, 
defined based on the assumption, that the compressibility 
coefficients remain constants. This simplification also increases 
the stability of numerical convergence of iterative processes 
for solving nonlinear equations. Values of dimensionless 
compressibility coefficients in base points are as follows: 

  

where the corresponding values  and 
are calculated with the use of IAPWS-95 formulations [5]. The 
interpolation of the compressibility coefficient is determined 

with the use of cubic polynomial curves. The entire iteration 
method is described in detail in [12].

EVALUATION OF APPROXIMATION 
ERROR FOR CLOSING THERMODYNAMIC 

FUNCTIONS. 

For the approximation of dimensionless compressibility 
coefficients and closing thermodynamic functions of two 
independent variables, two-dimensional arrays of base points 
(4001×2001) are used. A solid line in Fig. 1 shows the area for 
the evaluation of arrays of independent variables - pressure 
and density: 

500 Pа<p< 3,5·107 Pа; 4·10-3 kg/m3 <ρ< 210 kg/m3. 
In the same picture, a dashed line surrounds the working 
area of steam turbines. Relative approximation errors (an 
average error based on 1000 points randomly selected 
from the considered area, or a maximum error) in 
defining thermodynamic functions were calculated as 
relative deviations of the value found from the proposed 
approximation from the value obtained with the help of 
IAPWS-95 tables: 

The average approximation error for all the calculations 
does not exceed 0,05 %, the maximum error - 0,8 %. Within 

the working area of steam turbines, the average approximation 
error does not exceed 0,01 %, maximum - 0,1 %, with the largest 
errors appearing in the region of low pressure and wet steam.

Fig. 1. Working area for approximation of steam properties

COMPUTATIONAL RESULTS

The presented method of calculation of 3D flow was tested 
for the case of a low pressure cylinder of a five-stage steam 
turbine of 360 МW (Fig. 2). The obtained results were compared 
with the available experimental data [13].

Radial guide vanes are placed at the inlet to the turbine. 
The stator and rotor blades in all but one stage are shrouded 
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with shrouds equipped with typical labyrinth seals. The rotor 
blades in the last stage are free-tip. There are two extraction 
points downstream of stage 3 and 4. The scheme of regenerative 
extractions, tip-leakage and labyrinth seal flows in meridional 
view is presented in Fig. 2.

Fig. 2. Meridional cross section of the low pressure flow part of a 360 
MW steam turbine. The scheme of leakage and extraction flows, О1, O2 - 
regenerative extractions, T – tip leakage clearance over unshrouded rotor 

blades, U1-U4 – labyrinth seal slots at the upper contour, L1-L4 - labyrinth 
seal slots at the lower contour.

In order to define boundary conditions for the inlet and 
outlet of the computational domain, experimental data 
obtained in [13] are used:

• total pressure at the inlet - 519 kPa, total temperature 
at the inlet - 539 К; 

• static pressure at the outlet - 6,2 kPa. 
The initial data for modeling regenerative extractions and 

labyrinth seal flows were determined earlier in [14] using a 
one-dimensional approach. They are included in Table 1. The 
flow directions in the labyrinth seals are nominal and are also 
indicated in Fig. 2. The calculations are made on a structural 
H-type grid of about 4 million cells in total refined in the 
boundary layers, according to the assumed turbulence model.

The integral characteristics of flow in the third, fourth and 
fifth stage of the turbine are calculated first with the use of 
the equation of state for a perfect gas with variable specific 
heats (calculation 1), second with the use of the Van der 
Waals equation of state (calculation 2) and third with the 
use of the presented method of approximation of IAPWS-95 
properties (calculation 3). Figs. 3 and 4 show the comparison 

of experimental and calculated total and static pressure as 
well as pitch and swirl angle downstream of stage 3, 4 and 5.

a)

b)

c)

Table 1. Initial data for modeling regenerative extractions and labyrinth seal flows
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d)

e)

f)

Fig. 3. Total pressure (а, b, c) and static pressure (d, e, f) distribution along the 
channel height in stage 3, 4 and 5; 

   experiment,  –– - –– calculation 1, ––  ––  –– calculation 2,  
–––––– calculation 3

The presented examples prove consistency of the 
experimental and calculated data. It is clear that, the best fit 
belongs to calculation 3, that is to the method of approximation 
of IAPWS-95 properties. It should also be noted, that constants 
in the equations of state used for calculations 1 and 2 were 
found from experimental data, while it is not necessary to use 
these data for calculation 3. 

a)

b)

c)

d)
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e)

f)

Fig. 4. Pitch angle (а, b, c) and swirl angle (d, e, f) distribution along the 
channel height in stage 3, 4 and 5; 

   experiment,  –– - –– calculation 1, ––  ––  –– calculation 2,  
–––––– calculation 3

CONCLUSIONS

The paper presents an approach to approximate equations 
of state for water and steam (IAPWS-95) for the calculation 
of three-dimensional flow in an LP steam turbine. The 
comparison of numerical results with experimental data is also 
presented. The average approximation error of evaluation of 
thermodynamic functions within the working area of turbine 
is lower than 0,01 %, the maximum error remains below 0,1 %. 
Test calculations of three-dimensional viscous flow in an LP 
steam turbine are also made using various equations of state 
(perfect gas, Van der Waals equation, equation of state for 
water and steam IAPWS-95). It is shown, that the presented 
method of approximation of IAPWS-95 properties provides 
the best fit of computational and experimental results.
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