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An original approach to the theoretical calculations of the heat conductivity of crystals based on the first principles molec-
ular dynamics has been proposed. The proposed approach exploits the kinetic theory of phonon heat conductivity and permits
calculating several material properties at certain temperature: specific heat, elastic constant, acoustic velocity, mean phonon
scattering time and coefficient of thermal conductivity. The method has been applied to silicon and phosphorus doped silicon
crystals and the obtained results have been found to be in satisfactory agreement with corresponding experimental data. The
proposed computation technique may be applied to the calculations of heat conductivity of pure and doped semiconductors

and isolators.
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1. Introduction

Silicon crystals doped with phosphorus, alu-
minium, boron, or arsenic are the materials fre-
quently used in electronics. The problem of heat
removal from the functional elements is crucial in
the devices of high power electronics [1]. From
this viewpoint, the thermal characteristics of cor-
responding materials and interfaces between them
are therefore of great interest [2—8]. That is why
the choice of adequate methods for the calculation
of thermal conductivity and related values is signif-
icant for resolving different materials problems in
this field.

Numerous theoretical techniques for determin-
ing lattice thermal conductivity have been reported
in the literature and applied to a wide range of
materials [9]. The molecular dynamics (MD) tech-
niques may be divided into two main groups: (1)
equilibrium and (2) non-equilibrium methods. In
an equilibrium MD simulation, the system under
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investigation has a constant average temperature
and an average heat flux of zero [9]. However,
at each instant of time, a finite heat flux exists
due to instantaneous fluctuations in temperature.
The popular Green-Kubo method [10, 11], based
on the general fluctuation-dissipation theorem [12],
relates lattice thermal conductivity of a system to
the time required for such fluctuations to dissipate.

In the non-equilibrium MD methods, a heat
flux through the structure under study is applied
and the temperature gradient that develops as a
consequence of the imposed flux is determined.
For example, in the version of the reverse non-
equilibrium molecular dynamics (RNEMD), the
heat flux is introduced by continuously transferring
energy from a “cold” slab, located in the middle of
the simulation cell, to the “hot” slabs, located at the
ends of the simulation cell. This is accomplished by
exchanging the velocities of the hottest atom in the
cold slab with the coldest atom in the hot slab [13].

We present the results of ab initio equilibrium
molecular dynamics study of the thermal conduc-
tivity in pure silicon and phosphorus doped sili-
con crystals. An original approach to calculation
of the values related to the thermal conductivity
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of materials by using the ab initio molecular
dynamics method (AIMD), based on the den-
sity functional theory (DFT), has been proposed.
The method permits calculating the specific heat,
acoustic velocity, mean phonon scattering time and
coefficient of thermal conductivity of the materi-
als at different temperatures. This approach uses
the relation for the thermal conductivity coeffi-
cient derived from the kinetic theory of phonon
propagation and is based on the calculations of
standard molecular dynamics values: root mean-
square atomic deviation, mean-square atomic dis-
placement and spectral density of states. Results
of the thermal conductivity characteristics in the
obtained silicon and phosphorous doped silicon
crystals have been found to be in good qualitative
and satisfactory quantitative agreement with corre-
sponding reference data.

2. Method of computations

According to the kinetic theory of phonon trans-
port [14], the coefficient of thermal conductivity
K is proportional to the mean phonon scattering
time Ts:

Kk = pCv?t,/3 (1)
where p is density of a material, C is the specific
heat, and v is a mean acoustic phonon velocity.
Three temperature dependent values, C, v, and T
may be determined separately from the results of
ab initio MD calculations.

The AIMD simulations of silicon have been
performed in the framework of the DFT using
the VASP package [15]. The projector augmented-
wave (PAW) method with a plane waves cutoff en-
ergy of 300 eV was employed [15, 16], together
with the corresponding pseudopotentials. For the
exchange and correlation terms, the gradient cor-
rected Perdew-Burke-Ernzerhof (PBE) functional
was used. Taking the relatively large diamond su-
percells 3 x 3 x 3 of Si into account (3a = 16.29 A)
only the I' point in the Brillouin zone was con-
sidered for geometry optimization. The optimized
structures were used as an input for the computa-
tion of MD trajectories.

The AIMD calculations of Si were performed
in the microcanonical NVE ensemble for differ-
ent temperatures and initially optimized supercell
3 x 3 x 3 at the temperature T = 0 K. Most results
of the AIMD calculations have been obtained for
the simulation time up to 15 ps with the time step of
1.5 fs. For post-processing analyses, the post MD
calculation program nMoldyn 3.0 was used [17].

Using the obtained MD-trajectories, the mean-
square displacements (MSD) of atoms were calcu-
lated by the following relation:

N
o2 (t) = % Y wa (d2(1)) @)
o=1
where, (d2(t)) denotes the MSD for atoms of «-
type, dy(t) = Ry (t) — R (0), wy is the weight coef-
ficient and t is the time. The velocity autocorrela-
tion functions (VACF):

1 N
F,(t) = N Zl wea (e (0) - vg (1)) 3)

and the spectral density of states (SDOS) - G(w)
was calculated as Fourier transformation of F,(t):

G(w) = / exp|—iot|F, (1)dt )
0
According to the latter relation:
G(0) = Go — / Fu(t)dt = D )
0

that is the diffusion coefficient D of atoms [17].
In the case of relatively slow time dependent de-
crease of the amplitude of VACF (equation 3), cor-
responding to a large mean phonon scattering time
T, the time of MD simulation should be suffi-
ciently large to obtain reliable values of Gg (G at
w = 0) using the relation 5.

The other relation often used for calculations of
the diffusion coefficient D from MD studies is the
Einstein-Smoluchowski relation for spatial atomic
diffusion:

o’ = 6Dt (6)
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where t is the MD simulation time [18]. In the
present study of solid silicon, where the observed
diffusion of atoms is negligible, we have used the
latter relation to obtain the mean phonon scattering
time Ts:

o2

= (7)

5= 66,

where the meaning of the value o,” is explained

in the following chapter. Thus, the key point of
the present approach is the use of the Einstein-
Smoluchowski relation 6 for diffusion (but with the
special value 0,%) to the calculation of phonon scat-
tering time Ty, which afterwards may be used for
calculations of the corresponding thermal conduc-
tivity coefficient from the relation 1.

3. Results and discussion

By performing two sets of MD calculation cor-
responding to two temperatures T and T,, we can
evaluate the specific heat C:

_ E—E

== 8
m(Tz—Tl) ( )

where E| and E, are the corresponding total ener-
gies and m is the mass of a crystal supercell.

The acoustic velocity v may be calculated from
the elastic stiffness ¢ and density p of a crystal ac-
cording to the know relation:

9

To estimate the elastic stiffness ¢ from the re-
sults of MD calculations one can use presentations
of one atom energy in the forms of thermal energy
(A), 3kgT/2, and mechanical energy (B) (kinetic
plus potential energies) of the corresponding effec-
tive oscillator, kx2/2 + mv2/2 = kx2. Here, kg and
k are correspondingly Boltzmann and force con-
stants. The characteristic atomic deviation x may
be exchanged by the root mean square deviation
(RMSD) R obtained from MD calculations at a
temperature T:

3kgT

= kR?
2

(10)

The force constant k, if obtained, may be used
for estimation of the elastic stiffness c, according
to the relation:

cA = kL an
resulted from the definitions of k and c values (A
is an area and L is a length of the model paral-
lelepiped containing one effective oscillator). For
silicon diamond structure of the cubic symmetry
we use A = L2. For L value, one can take the near-
est neighbor distance dgj_g; = L = 2.35 A, that is
reasonable in terms of the oscillator model used.

Thus, on the basis of MD calculations per-
formed at different temperatures there is a possibil-
ity to estimate the temperature dependent specific
heat C(T), the elastic stiffness c¢(T) (equation 12)
and the acoustic velocity v(T) (equation 13):

_ 3kgT
- 2R2L (12)
_jc [ 3ksT
v = \/; =\ 228 (13)

The MSD o2 (0% = 2R?) of Si as a function
of temperature T is found to be close to the linear
dependence with small positive nonlinearity:

c*(T) = —3.77571-10°6 (14)

+1.17433-10°°- T+ 6.51337-10"'' . T2
where the magnitude of o2 is in nm? units. Ac-
cording to the relation 10 and relation 12, the de-
tected small positive nonlinearity of the depen-
dence 0%(T) 14 is an evidence of small tempera-
ture decrease of the force constant k and elastic
stiffness ¢ of silicon in the temperature range of
0 K to 1000 K.

The temperature dependence Go(T) is a grow-
ing function with a clear positive nonlinearity
(Fig. 1). Having the values 02 and G calculated,
we have supposed that the corresponding mean
phonon scattering time Ts, necessary for calcula-
tion of the coefficient of thermal conductivity k (1),
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may be estimated from relation 7, which is simi-
lar to the Einstein-Smoluchowski relation for dif-
fusion 6. In the present case, no diffusion of Si
atoms takes place and therefore the value Gq re-
flects the deviation of crystal structure from the per-
fect atomic distribution caused by the finite tem-
perature and imperfections. Using the above sup-
position, we have calculated the dependence T5(T)
using the dependences 02(T) and Go(T) obtained
from the AIMD calculations. Afterwards, the cor-
responding temperature dependence of the thermal
conductivity coefficient k(T) was calculated using
the relation 1. We have found that the dependence
k(T) is a decreasing function, similar to the ex-
perimental one, but the calculated absolute value
|AK/AT)| is several times smaller than the corre-
sponding experimental magnitude.

10
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Fig. 1. Temperature dependence of SDOS Gy (T) of sil-
icon.

On the other hand, very close similarity of the
calculated and experimental temperature depen-
dences of k(T) for silicon has been obtained when
the temperature independent value of MSD, o,>
was used for calculation of the scattering time T
using the relation 7. By comparing the calculation
and experimental data on silicon we have found
that the corresponding constant value of o, should
be taken as MSD at the temperature T = T, cor-
responding to the acoustic frequency v, in accor-

dance to the Debye relation [19, 20]:
hv, = kgT, (15)

The value v,, in turn, was taken close to
the high frequency edge of the acoustic branch,

v, = 74 THz < 246.8 cm™!, related to the
SDOS G(v) (Fig. 2). This choice is grounded on
the known fact that the phonons from the acous-
tic branches of the phonon dispersion relation
w(q) transfer mainly the heat in solids [21]. Es-
pecially, the acoustic velocity v, taken in the re-
lation 1, is calculated as the group acoustic ve-
locity v = (dw/dq)q = o at ¢ = 0. The velocities
dw/dq of the optical branches are much smaller.
Thus, acoustic vibrations in the frequency range of
0 THz to 7.4 THz have been taken into account
for estimation of the corresponding characteristic
temperature T,, which then has been used for cal-
culation of the corresponding value o,2. From the
viewpoint of the known inverse proportional de-
pendence of the mean phonon scattering time T
and temperature T of a material and taking into
account similar dependence of the inverse value
Go~ }(T) obtained (Fig. 1), it looks reasonable that
the value 0,2, used here for calculation of the
phonon scattering time T by the relation 7, should
not be a temperature growing function, like the
dependence o(T).
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Fig. 2. SDOS as a function of frequency v for silicon at
different temperatures.

We have found that the temperature dependence
of the coefficient of silicon thermal conductivity
K(T) in the temperature range 300 K to 1000 K is
determined mainly by the temperature dependence
of the mean phonon scattering time T4(T). The de-
pendences on temperature of other values from the
relation 1, p(T), C(T) and v(T), are much smaller
in comparison to that for T4(T).
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The distributions G(v) for different temper-
atures are similar (Fig. 2) and are in good
agreement with the reference data for silicon [22].
However, a clear low frequency shift is observed
with increasing temperature on the normalized de-

Q

pendences 5 — plot vs. v (Fig. 3). The observed

temperature dependent shifts of SO gistributions
indicate the decrease of the force constant k and
elastic stiffness ¢ of the material because of the
known relation for the corresponding resonance an-
gular frequency, wy?> = k/m. As a consequence,
the elastic stiffness c is expected to be a slightly
decreasing function of temperature T. This expec-
tation has been confirmed by calculations using
the corresponding MSD data and the relation 10,
relation 11 and relation 12. We have found that
the small decrease in the elastic stiffness cq; from
c113%K) = 151 GPato ¢1; 1% ®) = 141 GPa with
temperature, is in a good agreement with the ref-
erence data [23] (difference is about 10 %). Tak-
ing into account also the temperature decrease of
silicon density p (near several percent) and the re-
lation 9, one can expect almost 7 % temperature
decrease of the corresponding longitudinal acous-
tic velocity v in the range of 300 K to 1000 K.

1.0
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GIG
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0.0 T
v/THz

Fig. 3. Normalized SDOS G/Gpax as a function of fre-
quency Vv for silicon at different temperatures.

The temperature dependence of specific heat
C(T) of silicon at a constant volume V, calcu-
lated with using the relation 8, is found to be
a slightly increasing function in the range of
300 K to 1000 K, that is in satisfactory agree-
ment (up to 30 %) with corresponding experimental

observations for the specific heat at a constant
pressure [24, 25].

According to the Debye relation 15, the cut-
off acoustic frequency of silicon v,(!) = 7.4 THz
corresponds to the temperature T, = 355 K.
According to the relation 14, this tempera-
ture T, corresponds to the value of MSD
0%(Ty) = 0,> = 4.213-107* nm?, which is used
for the calculation by equation 7 of the tempera-
ture dependent mean phonon scattering time A
for v,(!) = 7.4 THz (Fig. 4). For the cutoff acous-
tic frequency v,(2) = 6.0 THz the value 0,2 is equal
to 0,2 = 3.416-107* nm? and the corresponding
mean phonon scattering time T,(®) is smaller than
(1) for v,() = 7.4 THz (Fig. 4). Taking into ac-
count the above analysis of the MD data for silicon
and the relation 1, one can conclude that the ex-
pected temperature changes of the thermal conduc-
tivity coefficient k are caused by the correspond-
ing changes, mainly of the mean phonon scattering
time Tg. This is confirmed by the temperature de-
pendences T4(T) (Fig. 4) calculated using the rela-
tion 7. The values of T, decrease more than 4 times
when temperature increases from 300 K to 1000 K
(Fig. 4).
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Fig. 4. Temperature dependences of mean phonon scat-
tering time T4(T) of silicon calculated for two
values of cutoff frequency v,(1) = 7.4 THz and
v, = 6.0 THz.

The calculated temperature dependence of the
coefficient of thermal diffusivity D(T):

D; = (16)

—V T

3
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obtained for pure silicon (Fig. 5) is found to be
close to the reference data [26], that supports
robustness of the present approach for calculations
of the materials properties related to the thermal
conductivity. On the basis of the thermal diffusiv-
ity data obtained for silicon (Fig. 5) and using the
corresponding reference values for the specific heat
(C = 700 J-.kg~'-K~! [22]) one can calculate by
the relation 1 the coefficients of thermal conduc-
tivity k; = 171.2 W-m~-K~! (v,(V) = 7.4 THz)
and k, = 138.0 W-m™"-K~! (v,() = 6.0 THz) at
the temperature of 300 K, which are close to the
reference data [27].
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Fig. 5. Temperature dependences of diffusivity D(T)
for silicon: squares experiment [26], cir-
cles calculations for the cutoff frequency
v, = 7.4 THz, triangles calculations for the cut-
off frequency v, = 6.0 THz. Sound velocity
v = 8430 ms~! [23] was taken for both calcu-
lated dependences.

We have applied the presented approach to the
calculations of thermal conductivity characteristics
of phosphorus doped silicon crystals. Five different
concentrations of phosphorus atoms in five silicon
based samples have been created and studied: 1, 3,
9, 18, and 27 silicon atoms were subsequently sub-
stituted by phosphorus in the 3 x 3 x 3 supercell of
silicon (216 atoms). The phosphorus atoms substi-
tuted the silicon ones in different places of the su-
percell, thus a homogeneous distribution of phos-
phorus has been ensured. Similar MD calculations
(like in the case of the undoped silicon) have been
performed for these five phosphorus doped silicon
samples at two temperatures, 300 K and 700 K,

which enabled us to calculate the heat conductiv-
ity characteristics of these materials.

An increase of the phosphorus atoms concen-
tration leads to several distinct changes in the fre-
quency distributions of SDOS G(v) (Fig. 6): (1)
the low frequency shifts of G(v) dependences; (2)
the opposite character of SDOS changes in the fre-
quency regions of acoustic (around 4 THz) and op-
tical (around 14 THz) vibration bands as a result of
the change in relative phosphorus atoms concentra-
tion; (3) the increase of SDOS Gy (G at v = 0).
Similar changes take place for the temperature
of 700 K.

T=300K

1

2

nm'ps’

GNno*

v /THz
Fig. 6. SDOS G(v) of silicon (Sizj¢) and phospho-

rus doped silicon (P] Si215, P3Si2]3, PgSi207,
P1gSijog, P27Si189) at the temperature of 300 K.

An increase of the relative phosphorus concen-
tration np, (np; = Np/(Np + Ng;)) in the sam-
ples studied in the range of 0 to 0.125 leads
to the increase of MSD o2 and SDOS Gg val-
ues (Fig. 7). The corresponding relative increase
of SDOS, AGy/Gyp = 0.65, is more than three
times larger than the relative increase of MSD,
A(0?)/0? = 0.19. If we take into account the rela-
tion 7 and relation 1, these results substantiate the
decreasing dependence of the coefficient of thermal
conductivity k(np) (Fig. 8). It is remarkable that
pure silicon is characterized by much smaller val-
ues of Go and moderately smaller o2 (Fig. 7) than
similar values for the phosphorus doped silicon ma-
terials in the range of 0.0046 to 0.125 of np;. One
therefore may claim that an increase in the phos-
phorus concentration np; in the range of 0 to 0.0046
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should result in a large increase of Gy and moder-
ate increase of o in the doped silicon in compar-
ison to similar characteristics for the perfect struc-
ture of undoped Si. As a result, the largest decrease
of the dependences T(np;) and k(np;) is expected in
the range of np; from O to 0.0046. Another feature
of the obtained results is that the calculated value
of Gy for the undoped silicon at the temperature of
1000 K (Fig. 1) is found to be close to the simi-
lar value for the heavily phosphorus doped silicon
(np; = 0.125) at the temperature of 300 K (Fig. 7).
One, therefore, can compare two effects (temper-
ature increase and phosphorus doping) leading to
similar changes in the heat conductivity values.

T=300K
.
,,,,,, o 10
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. e -~ @~ i ®-c
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“g [ n 14 Q.
o 54 e =
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o ; B
42
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Fig. 7. Dependencies of SDOS G (left scale) and MSD
o? (right scale) of phosphorus doped silicon as
a function of the relative phosphorus content np,
at the temperature of 300 K.

The calculated dependence k(np) (Fig. 8)

agrees satisfactorily with the known ref-
erence data related to the study of the
most  heavily phosphorus doped silicon,

k(np = 5 x 10°° cm™3) = 57 W-m 1K~ [28].
Our results are not in contradiction also with the
heat conductivity studies of less heavily phos-
phorus doped Si [29, 30]. Besides, the obtained
values of k (Fig. 8) may be comparable with the
coefficients of thermal conductivity in the range of
38 W-m~1L.K~! =29 W-m~!.K~! obtained for the
surface doping of silicon by phosphorus in the dop-
ing range of 4-10"% cm™2 to 10 x 10"> cm~2 [31].

80 40
l\ | |
‘. i
60 --m--300K 430
°
- e L T T T [} K:
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= L T— . 3
2 -
E °- 700K o
»
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0 Y — L — 0
0.0 2.0x107" ,4.0x10” 6.0x107"

n, lem

Fig. 8. Dependencies of the calculated coefficient of
thermal conductivity of phosphorus doped sili-
con as a function of phosphorus doping concen-
tration k(np) at the temperatures of 300 K (left
scale) and 700 K (right scale). The open square
point corresponds to the experimental thermal
conductivity of the heavily phosphorus doped
silicon at the temperature of 300 K [28].

4. Conclusions

1. The relation similar to the Einstein-
Smoluchowski equation for atomic dif-
fusion in solids may be applied for the
calculation of mean phonon scattering
time T, when the temperature independent
mean squared displacement o, is used,
the value of which is determined by the
atomic displacements taking place in the
propagation of acoustic waves in the studied
material.

2. Using the results of ab initio equilibrium
molecular dynamics study of pure silicon
and phosphorus doped silicon crystals ob-
tained at different temperatures and phos-
phorus concentrations, the new approach for
calculation of the mean phonon scattering
time T and coefficient of thermal conduc-
tivity k of the materials has been proposed.

3. The temperature dependence of the coeffi-
cient of thermal conductivity k(T) of pure
silicon and phosphorus content dependence
k(np) of p-doped Si are determined mainly
by the corresponding dependences of den-
sity of vibration states Go(T) and Go(np) at
zero vibration frequency (v = 0).
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