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Abstract: Flows in unsaturated medium are frequent in the field of civil engineering and more
particularly in geotechnics. The study undertaken here tries to solve the unsaturated transient flow
equation in porous media using the finite element method. Numerical solution of a finite element
discretization is used along with an implicit integration scheme of the time stepping. A functional
one that makes it possible to find the distribution of the hydraulic load has been proposed and a
calculation program has been developed. The results obtained by this program called TFAP
(Transient Flow Analysis Program) are compared to other previous work in the subject. The authors
show the importance of this study through two real examples. Liakopoulos conducted several
experiments on the water drainage through a vertical column filled with Del Monte sand. One of
these experiments was chosen to perform a simulation by the model. The results of the calculation
are compared with the experimental data as well.
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1. Introduction

Solving flow problems is of vital importance since it concerns almost all science and water
engineering: civil engineering for flow in dikes and earth dams and underground work, the
hydrogeology for the estimation and management of water resources in aquifers; hydrology for
the coupling between surface water and groundwater; agronomy for interactions between water,
plants and soil, irrigation of cropland and drainage of flooded soils. The distribution of water in
soils depends on the hydrogeological conditions of the site considered. In general, the porous
media involves both the saturated zone, where the pores are completely filled with water, and the
unsaturated zone. The saturated portion which extends to the substratum is limited upwards by the
free surface, defined as the locus of points where the water pressure is equal to the atmospheric
pressure. Beyond the free surface, negative pore water pressures (suction) exist, and experience
shows that the further away from the free surface, the smaller the degree of saturation Sr (or
volumetric water content 6 decreases). A review of a water current profile of a solid leads to the
distinction of a near-saturated area located in close proximity of the free surface called the capillary
fringe. This paper presents a numerical formulation (variational principle) of transient flow in
unsaturated porous media.

2. Background, previous work and problems

The equations of the model do not take into account the interaction of the deformations of the
skeleton, it is only about the water aspect, and that is to say the flow of water and air as well as the
movement of dissolved air in water. The numerical solution of these equations associates the finite
element method to discretize space and an implicit integration scheme to time-stepping.

The modeling of the water behavior of unsaturated soils has inadequate consensus among
geotechnical specialists. The extension of Darcy's law, as proposed by Darcy in 1956 as a
framework for describing the movement of water in soils, has been the subject of various
criticisms, often supported by laboratory experimental results [1, 2, 3, 4]. Its generalization, like
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those of Buckingham [5], Richards [6], Childs and Collis-George [7], seems to provide a more
complete answer and better describe reality through physical modeling with two variable fields.

Different theoretical and numerical models based on physical models have long existed, such as
those of Philip, [8], Bruce and Klute [9], Vachaud [1], Philip [10, 11], Childs [3], and Morel-
Seytoux and Billica [12, 13].

Currently, the equations used to describe the flow of fluid through porous media are mainly based
on the semi-empirical equations given by Buckingham [5], and Richards [6]. Despite limitations
and disadvantages, the Richards equation is still the most widely used equation for modeling
unsaturated soil flow [14] both numerically and experimentally. Due to the large and diverse
applications of the problems, much research has been devoted to an adequate assessment of the
various forms of the Richards equation. Both analytical and numerical approaches have been
studied in the literature. However, the analytical solutions of the Richards equation are rather rare
and are generally limited to particular cases [15, 16, and 17]. This is mainly due to the dependence
relationship between the hydraulic conductivity and the suction storage [15, 16, and 18].
Consequently, the uses of many numerical methods to the solution of Richards’s equation with
various applications in civil engineering have been identified in previous work. Finite element
methods and finite difference methods have been adopted by several researchers [19, 20, 12, 13,
21, 22, and 23]. Ross [24] introduced an efficient non-iterative solution for the Richards equation
using soil property descriptions as proposed by Brooks and Corey [25]. In this method, Ross used
a discretization scheme of space and time to derive a set of tri-diagonal linear equations that were
then solved in a non-iterative manner. Varado et al. [26] later carried out an in-depth evaluation of
Ross's methodology and concluded that the model provides robust and accurate solutions to
available analytical ones [27].

Although different quasi-analytical approaches have been developed in the literature, they are
applicable only to initial conditions and to particular limitations rarely encountered in practice.

Several other iterative solutions have also been cited in the literature, for example by Farthing and al.
[28], who used the well-known pseudo-transient continuation approach to solve the nonlinear transient
water infiltration problem, The authors recommended stability diagrams for the exact solution of the
Richards equation. In geo-environment applications, Bunsri et al. [29] solved the Richards’s equation
with advection-dispersion and solute transport equations by the Galerkin technique.

Witelski [30] used perturbation methods to study the interaction of wetting fronts with
impermeable boundaries in stratified soils governed by the Richards equation by comparison with
numerical solutions, Witelski concluded that disturbance methods are capable of giving very
precise solutions of the Richards equation [30]. In 2009 Zadjaoui [31, 32] studied the same
problem in an experimental way. The results were consistent with those of Witelski's work.

Each method mentioned above makes it possible to solve Richards’s equation in a different way.
Frequently, hypotheses are formulated and empirical models are implemented in order to
overcome difficulties in solving the equation linked to the strong interdependence of some of the
parameters involved, often resulting from experimentation. Analytical solutions are part of
classical perturbation methods [33, 34, and 35]. However, as with other analytical techniques,
some restrictions bounds the large-scale application of disturbance methods, the most important is
the interdependency of the parameters (conductivity and capillary capacity) of the desired variable,
namely suction and/or the volume water content. This complicates the strong non-linearity as the
parameters do not seem to follow a strict rule. In addition, the approximate solutions solved by the
perturbation methods are valid, in most cases. At this level it is important to mention two powerful
analytical methods, namely Homotopy Perturbation Method (HPM) [36, 37, 38, 39, 40, and 41]
and the Method of Variational Iteration (VIM) [42, 43, 44, 45, and 46] which have been used to
solve the problem of one-dimensional infiltration of water in unsaturated soil governed by the
Richards equation [47]. HPM is a coupling of the perturbation method and the homotopy method,
which eliminates the limitations of traditional disturbance methods. He proposed a VIM method
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based on the use of restricted variation and correction functional. A broad application for the
solution of ordinary differential and partial nonlinear equations in general was found [42].

Shahrokhabadi et al. [48] proposed a fast-convergence solution for modeling transient flow in
variably saturated soils using the isogeometric analysis.

The results show that the model performs well over a wide range of unsaturated flows while higher
order finite element analysis model diverges especially in problems with high level nonlinearity.
Modeling unsaturated flow through porous media is of interest in many geotechnical engineering
problems. (e.g., [49, 50, 51], reinforced Earthen structures (e.g. [52]), and bearing capacity of
foundations (e.g., [53, 54]). Loss of suction and subsequent reduction in soil’s effective stress, due
to steady or transient flow can adversely impact the performance and integrity of variably saturated
slopes and earthen structures (e.g., [55, 54]).

The problem is to solve a transient problem in unsaturated soil. Despite the complexity of physical
phenomenon the authors have simplified the problem to a system of nonlinear equations.
Lipnikova et al. [56] are proposed and analyzed a new preconditioning strategy that is based on a
stable discretization of the Jacobian continuum. Unfortunately, this complex proposition does not
find its place in the practice of the engineer.

3. Basic equations
3.1 Equations of conservation of mass in the two media: fluid and solid

The conservation of mass of water in an elementary volume of Qw expressed as the change in the
unit of time in the mass of fluid contained in Qw is equal to the algebraic sum of the mass of fluid
passing through the surface of the volume considered. This results in the following equation:

YV M € Qw we have:

. ad
div[py (M)vy, (M)] + = [pw (MInS, ] + py(M)qe = 0 (1)
In a similar manner the conservation of mass of the solid is:

YV M e Qs we have:

div[ps(M)vs(M)(1 —n)] + % [os(M)nS,] + py,(M)g, = 0 (2)

In these equations we use the following notations:

M - material point geometry;

Pw - mass volume continuous fluid,

s - volume of the solid mass continuous

ow(M) - density of water at the point considered;

ps(M) - density solid at the point considered,

Vs - vector of actual speed of the solid

Vw - velocity vector apparent water;

N - porosity;

Sr - degree of saturation;

Qe - volume flow from an external source.

For a soil in an adiabatic state with constant density the suction does not depend on the
temperature.

From this, we can say that the equation of thermodynamic state of soil can be neglected when
trying to solve the flow problem in homogeneous and anisotropic soil in adiabatic state.
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3.2. Darcy general equation

It was verified experimentally that the flow at low Reynolds number in unsaturated soils obey the
law of Darcy. It connects linearly the flow velocity and filtration in the hydraulic gradient in a
linear fashion through the permeability tensor. This is the fundamental equation that translates at
the macroscopic scale, the flow in a porous medium. However, it is established under certain
assumptions, the main ones out below:

- The kinetic energy is negligible.
- The flow is laminar.
- The flow regime is permanent.

Subsequently, we therefore assume the validity of Darcy's law which, in its general form, is written
[21, 58, and 59]:

Vy — NS Vs = —Kpsqrgrad(h) (3)

Haverkamp [19] reported in the case of a partially saturated soil, that the tensor knsat may be
expressed directly as a function of the water content (£). However, the experimental determination
of this relationship is difficult and imprecise especially at low water contents. To define a direct
relationship between permeability and bijective and sucking, we neglect here the hysteresis
phenomenon between the two processes of wetting and drainage.

We assume, moreover, that the porous medium can be studied fully characterized by two functions
s(6) and Knsat(s).

The numerical point of view, as the water content undergoes a discontinuity, the use of quantities
s(#) and knsat(S) is impractical for modeling problems infiltration and evaporation in a separate
domain in two areas saturated and partially saturated.

According to Humbert, [20] knsat tensors and ksat are homothetic. The homothetic ratio k«(s) is a
scalar function, its use overcomes the difficulty in question. It follows.

knsat = kv ($)ksqar 4)

ke(s) is the relative permeability which reflects the effect of the non-saturation and permeability
tensor Ksat.

Unlike flows in a saturated environment, which are mainly due to the total potential resulting from
the gravitational potential, the matric potential which expresses the capillary forces and adsorption
potential is a function of the water content. Therefore, due to the tendency of energy balance, the
flow is oriented from low suctions areas to high suctions areas. Furthermore, the ratio between
flow rate and water content increases with decreasing water content.

The phenomenon of unsaturated flow can occur under a variety of complex conditions and it is
important to outline the particular situation to which this work applies. For this research, the
behavior of the air pressure is atmospheric everywhere at all times. The soil domain in which flow
takes place is homogeneous, anisotropic and non-deformable. The water is incompressible and the
flow regime is laminar. Temperature changes may in fact influence the behavior of unsaturated
flow since the water can be transferred as vapor as well as liquid. It is assumed in this work that
isothermal conditions exist. The hysteretic form of some of the soil parameters is not included in
this paper. Those were mainly the limitations and assumptions of this contribution.

3.3. Coupling of the basic equations

If we introduce the concept of a field derived particulate from the backbone, assuming pw and ps
are invariable in space and by using the Eq. (1), (2) and (3) we find the following equation:

. d
dw(kr (s)ksatgrad(h)) = (cw + ¢ + cp) d—i +q, (5)
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equality in which :

Ccw = NS, Lu cr = nS,Br cp = NSy By
Bw = pic%" (Coefficient of water compressibility)
w
Br = pi% (Coefficient of backbone compressibility)
By = Si% E ﬁ 2—2 (Coefticient of porous media compressibility)

We have s =y,,(h — z), then Eq. (5) becomes:

divlk, (s)ksacgrad(h)] = S; 5= + q. (6)

Ss = Yw (CW + ¢ + cp) is called the coefficient of specific storage. It is equal to p;C(S)

For suction based method, the governing differential equation for moisture movements in soils is
defined in terms of suction by Richard’s Equation:

a ds 0 ds ds

7 (k©5) +@<k<s) &+ 1)) = p4-C(8) 5, + e (7)
Where K(S) is the coefficient of hydraulic conductivity for unsaturated soils, which is a function of
matrix suction S, C(S) is the specific water capacity, which is also the slope of soil water
characteristic curve dw/ds, pd is the dry density of the soil and w is the water content.

Eq. (7), often known as the Richards equation, has been used in geotechnical engineering and
governs the transient flow of water in saturated and unsaturated porous medium.

4. Digital presentation of the Richards equation
Richards Eq. (7) is valid in the field Q It is associated with two types of boundary conditions on
the contour A:

A Dirichlet boundary conditions which impose the restriction that the potential is some value at
some location: h = h(P) on AneA ;

A flow condition or requirement imposed or Newman’s condition:

oh _
—kl]a—x]nl = q(P) OIIAq S AO

With h(P): imposed potential at point P on the edge portion Ax;
ni: components of the normal vector and g(P) : imposed flux at point P on the edge portion Aq

The approach to reach the formulation finite element is a two-step process: we first reduce the
problem of solving a differential system (Eq. (7)) by minimizing the functional (variational
principle)

Then to solve the problem numerically, we seek an approximate solution. In finite elements this
solution is defined by the data:

1. of a mesh of the computational domain

2. of an interpolation on each element of the mesh.
4.1. Variational formulation on the hydraulic aspects

Based on the different functional used for steady flow in saturated media and by analogy to
problems of heat transfer, it appears that we are able to offer a functional which makes finding the



23

distribution of hydraulic head. Obtained at the elementary level language that can be written as a
first step in the form:

dll = fg {[kr(s)ki]‘h,j] + [nﬁwyw (Sr(S) - dsd;s(s)) - ]/Wi%(;)z—:] Z—r;} dh.dQ —

J, {ke($)kijh,jn;}6hdA = 0 )

This equation can be written as:

dil = [, [l ()kijhy; |0h; dQ+ [ 1S (5) S 6h.d — [, ny, 222 5h 0

fo 288 5p.da + [ q,6hdA )

W 1-n ds ot

The physical significance of five terms of this expression is given below:

Table 1
Physical significance of five terms of Eq. (9)
Term 1 Term 2 Term 3 Term 4 Term S
Xf? gvy;?e% ﬁlletk\l/: fume Varying the volume Variation in water
Volume of water out yig volume due to Volume of water
element due to the | of water pores . .
of the element compressibility of | desaturation deformation of the entering the element
flui p Y voids
uid
Flow rates Source of water storage rates imposed
internal exchanges external inputs

Equality (8) satisfies both boundary conditions and initial conditions. The term ch/ot should be
considered as fixed for the variation.

The finite element approximation is obtained by:

hé(x,y,z,t) = N(x,y,z)H®(t)
Where H{(t) is the hydraulic head of the node i of the element (e) and Nf(x,y,z) is the
interpolation function of node i of the element (e).

If we know the values of H at the nodes of the element then the function h can be uniquely defined
across the entire domain.

Differentiating these equations thereafter, we obtain a system of equations that can be put in the
following matrix form:

—Kg(S)Hg(t)6Hg — Mg(S,)Hg(t)Hg — Qg (£)8Hg = 0 (10)

Where Kz (S) = f ky(SIN,] kiiN,; dQ
Q

elementary conductivity Matrix

Mp(S,) = fﬂ Yoo Pel =B S,2(S) + Cre(S)INT N

storage hydraulic matrix

Er) = <NdA
Q5 (D) qu

hydraulic intake external vector

With: kre(Sr): vector of the present values of the relative permeability at points of integration.
Sre(S): a vector of the present values of the degree of saturation at the point of integration.
Pe: vector of present values of porosity integration points.

Cre(s): vector of present values of the derivative at the points of integration and N,i: designating
the derivative matrix of interpolation functions.
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After assembling the Eq. (10) allows to write the global matrix system as:

Ke(WH(®) + Mg(WHg + Qg (h, ) = 0 (11)
Where Kg is the matrix overall flow, Mg the total matrix storage hydraulic and Qg global hydraulic
intake external vector.

4.3. Integration problem in time

In this approach, we are interested in using the sum general integration by introducing a coefficient
a, which allows depending on the value (data file) an implicit scheme (a¢=1) where semi-implicit
(a=0.67). This allows writing the Euler formula in the time interval [ti, ti+1] as:

H =(1-0) Hi + a Hi+1 (12)
the vector of external inputs is approached in a manner similar to the hydraulic head, either:
Q=(1-a) Qi + a Qi+1 (13)

We finally obtain the expression of Euler
[M + (l.Ki+1At]Hl'+1 = [M - (1 - Qf)KlAt]Hl - [(1 - Qf). Qi + «a. Ql]At (14)

We find the Euler method when a=0 and when a=1/2 we obtain the widely used Crank-Nicholson
algorithm.

5. Calculation program TFAP

A Transient Flow Analysis Program, baptized TFAP was developed in the Department of Civil
Engineering, Faculty of Engineering Sciences, University of Tlemcen (Algeria).

The program allows the modelling of a large number of civil engineering problems. It consists of
four units and is a code of finite element analysis.

However, the program is better suited for the analysis of flow problems in porous media. This
particular program allows describing the flows in the whole massif, while considering the
continuity between unsaturated and saturated zones. It allows, moreover, studying both the
evolution of the flow characteristics in transient time and the resolution of the current problem.
The theoretical formulation is based on the approach of monophasic Richards, 1931, which
generalizes the equation of flow to both areas of positive and negative water pressure. The
discretization is an isoparametric four-node quadrilateral element.

5.1. Impoundment dam

5.1.1. Overview of Testing

A first test was performed on the filling of a dam built on compressible clay soils. The calculation
used to evaluate changes in hydraulic head at the interface AB Figure 01.

Table 2 presents all the data entered into the calculation already used by Ould Amy and Magnan
[57]. The initial state corresponds to the hydrostatic state in the foundation. The origin of the
ascending axis consists of bedrock. It is assumed that the filling is done instantly.

The lower limit of the dam foundation is an impermeable; therefore a zero flow condition is
considered. A hydraulic load is imposed to the two limits on the left and on the right. On the other
hand, upstream of the barrage, as the filling takes place instantaneously, the hypothesis of imposing
load is acceptable. No conditions at the AB interface are taken.

The numerical characteristics of mesh are 44 nodes and 30 elements. Each element is of
quadrilateral type with 4 nodes.
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Fig 1 - AB interface between the ground and the dam with mesh and conditions to the limits

Table 2

Characteristics of the clay

Characteristics Units

Specific gravity of the water yw kN/m’? 10
Porosity n 0,4
Compressibility of water By kPa! 1073
Hydraulic Conductivity m/day 10
Volumetric water content gy 0.4
parameter ................. Ar 1073
parameter .................. Br 0,4
parameter .................. Dr 1073

5.1.2. Analysis of results

We study the evolution of the hydraulic load on the interface AB. In order to compare the results,
we draw on the same figure the hydraulic head at different times: t=1month, t=6months, t=1year
and t=10years (Figure 2).
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Fig 2 - Evolution of the hydraulic load on the interface AB
a-t = 1 month, b-t = 6 months, c-t =1 year, d-t = 10 years

This test numerically quite severe (flooding instantaneous) relatively well converged. When the
dam is impermeable, the convergence is achieved in four iterations, the foundation is completely
saturated. The boundary conditions automatically cause the gradual establishment of a transient
flow. The first moments, the results are quite comparable. Six months after impoundment, the
difference between hydraulic loads increases significantly, especially in the upstream interface.
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The conclusion of this test is that the seal inhibits the infiltration of water inside the dam and
produces a pressure drop at the interface. Further studies may be undertaken to analyze the
hydrodynamic coupling to analyze the effect of the consolidation on this type of problem.

5.2. Unsaturated soil column

5.2.1. Presentation of the test

Liakopoulos [58] and Thomas [59] carried out several experiments on the drainage of water in
vertical columns filled with sand from Del Monte. These experiments have been used for many
comparisons of computational models. We have modeled one of them in order to contribute to the
validation of our model of calculation and its programming in the program of calculation in finite
elements TFAP.

The experiment was carried out on a sand column of Del Monte, one meter high (H = 1 m).
Tensiometers have been installed to measure water pressure at different levels. The experiment
was carried out in several steps: for t < 0, water was continuously poured at the top of the column,
allowing it to escape freely at the bottom of the column until a steady state is established on the
height of the column. At time t = 0, the top water supply was stopped but water could still flow
freely to the bottom of the column. Liakopoulos then measured the capillary tension at different
times by means of tensiometers.

This test has the advantage of its simplicity and there is both experimental and numerical result.

This is a soil column height 1 m and 0.20 m wide. Hydraulic conductivity of the soil is derived
from the semi-empirical equation as follows [60]:

3 10%2
3 1022 4+ |uW|18.25
The volumetric water content directly affects the hydraulic storage coefficient. In this case the

compressibility of water is assumed to be zero in order to obtain a formulation similar to Benyelles
[60], ie only the storage due to the desaturation is taken into account. In this case, we have:

Knsqr = 0.106

12 10°
0(u,) = 0.357 12 106 + [, |52 + 0.02
and
ds, 5.82 12 10°
”auw = 0357 (12 10° + |u,,|>82)2

5.2.2. Initial conditions and boundary conditions

The initial state corresponds to the saturated state (Sr=1) and to the hydrostatic equilibrium of the
water in the column. The water pressures in the column are given by the following relations:
M (H-z), the pressure of air equals that of atmospheric pressure. With H the height of the column.

For t > 0, the bottom of the column is in contact with a reservoir of water at atmospheric pressure.
As a result, at the base of the column (for z=0), the water pressure is zero. It is also considered that
the flow of water entering the top of the column is zero. On the other hand, the flow of water
leaving at the base of the column is free.

5.2.3. Results and Comparisons

Figure 3 shows the changes over time of pore pressure on the height of the column. This figure
contains the results of TFAP, Liakopoulos [58], Thomas [59], Narasimhan [61] and Benyelles [60].
The short-term evolution (5 minutes and 10 min) pressure with depth clearly shows differences
between the four results due to numerical instability of the solution during the first minute of the
flow and some usual experimental reading imperfections. It is difficult to achieve, in this case,
similarity of the results for large depths (> 0.40 m).
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The comparison of numerical results of Benyelles [60] and TFAP and experimental results [58,
59; 60] shows a good consistency.

It is found that the numerical model adequately describes the observed evolution of suction over
time. Indeed, the difference between the experimental curves and the calculated curves remains
small, even if a greater difference is noted at t = 20 min. These curves show that the suction
continues to decrease over time, reflecting the phenomenon of emptying at the bottom of the
column. This phenomenon is somewhat accelerated at the beginning of the experiment but slowly
slows down over time to end up in the column at a water pressure in hydrostatic equilibrium.
This may be explained by the fact that the sand contains enough fines for the column to remain
saturated by capillarity, with a negative water pressure.

It is important to say at this level that the difference between the results of Benyelles [59] and
TFAP (this study) can only be due to the use of different laws of conductivity and water content.
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Fig 3 - Comparison of numerical and experimental results.
a-t =5 min, b-t = 10 min, c-t = 20 min; d-t = 60 min, and e-t = 120 min

6. Conclusion

Despite simplifying assumptions, the description of unsaturated flow processes is in general very
complex, because they often give rise to variations in soil moisture during flow. These variations
bring about complex relationships between water content, suction and hydraulic conductivity.
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This article has summarized the equations that have been used to develop a numerical model for
the analysis of unsaturated-water behavior. This model has been implemented in a finite element
calculation code.

The tests carried out in one and two-dimensional cases and on two different geometries showed the
aptitude of this model to satisfactorily reproduce the conditions of the tests close to the state of these
materials in situ. Its developments involve the improvement of the elementary equations, in order to
ensure a good representativeness of the results of the calculations. The strength of this proposal lies
in its simplicity and consequently its usefulness in the practice of the geotechnical engineer.

The unsaturation of the soil is directly linked to the parameter “knsa”’, which itself depends on the
volumetric water content and suction, this parameter only conditions the water content in the case
of steady-state flows. On the other hand, in the case of a transitional regime, the change over time
is conditioned by the storage coefficient (consolidation coefficient of the consolidation theory).

For the first test, it was found that the impoundment, operation and draining of the dam are strongly
influenced by the evolution of the hydraulic load and therefore of the pore pressure. A damping of
the flow was recorded at the interface AB especially as the steady state is reached.

For the column, we first recorded a very good coherence of the results with the previous work and
especially the effect of the desaturation on the evolution in time of the water parameters.

In the examples, a hydraulic gradient and flow calculation is intended to ensure safety against
piping and, above all, draining at the right time

The applications presented here allowed us to appreciate the degree of validity of our program.
Finally, the engineer must be able to estimate all the consequences of the evolution of the hydraulic
load within the infrastructure especially when a new flow regime is not reached.
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