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Existence of Solutions for Some Nonlinear Elliptic Anisotropic
Unilateral Problems with Lower Order Terms

YousseF AKDIM 1, CHAKIR ALLALOU 2! AND ABDELHAFID SALMANT ¢

ABsTRACT. In this paper, we prove the existence of entropy solutions for anisotropic elliptic unilateral
problem associated to the equations of the form

N N
=Y 0uai(x,u, Vu) =Y 0i¢;(u) = £,
i=1 i=1

where the right hand side f belongs to L!(Q). The operator — Y- | 8;a;(x, u, Vu) is a Leray-Lions anisotropic
operator and ¢; € C°(R,R).
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1. Introduction

Let () be a bounded open subset of RN (N > 2) with smooth boundary and let 1 < py, ..., py < +cobe a N real
numbers and 7 = (p1, ..., PN)- We consider the obstacle problem associated with the following elliptic equations

{ Au —divp(u) = fin Q

u = 0 on dQ), (1.1)
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172 Y. AKDIM, C. ALLALOU AND A. SALMANI

where A is a Leray-Lions operator from anisotropic space W&’7(Q) into its dual W_l'?(Q) defined by Au =
—diva(x,u, Vu) and ¢ = (¢1,...,¢n) belongs to C°(R,R)N. As regards the second member, we assume that the
datum f belongs to L'(Q).

In recent years an increasing interest has turned towards anisotropic elliptic and parabolic equations. A special
interest in the study of such equations is motivated by their applications to the mathematical modeling of physical
and mechanical processes in anisotropic continuous medium. We refer to the recent works [4, 5, 21] where it is
possible to find some references.

In [1, 7, 13] the authors proved the existence of the solutions for some unilateral nonlinear elliptic problem

ﬁ
in the classical Sobolev space Wg’p (Q) and in the Orlicz spaces with f € L'(Q) + Wg’p (). L. Boccardo in

[12] proved the existence of solutions of some nonlinear Dirichlet problem in L! involving lower order terms in
divergence form.

Boccardo et al. in [11] studied the existence of weak solutions for nonlinear elliptic problem (1.1) with Au =

YN, axl (| aa;?, |Pi—2 a“ ), ¢i(u) =0 fori=1,..,N and the right-hand side is a bounded Radon measure on Q). In

the case where Au = — Zl 1 ax a;(x, g}(’ ), ¢i(u) =0fori=1,.., N and the right hand side f = (fi,..., fu) ' is
vector-valued Radon measure on ) of finite mass, existence solutions of (1.1) is proved by Bendahmane et al. in
[5]. We cite some papers that have dealt with the equation (1.1) or similar problems, see [4, 5, 14, 15, 16, 21]. Note
that in the isotropic case, there are large works in the direction of problem (1.2) can be found in [3, 6, 7, 8, 23].

The objective of our article is to study the anisotropic unilateral nonlinear elliptic problem associated with the
nonlinear problem (1.1). More precisely, we prove the existence of entropy solutions for the following unilateral
anisotropic problem.

u>1ae. in (),

Te(u) € WP (Q) Wk >0,

N N . .

) / a;(x,u, V)i Ti(u — v)dx + ) / ¢i(1)0; Ty (u — v)dx < / FTi(u —v)dx,
i=17/Q =170 70

Vv € qu N LDO(Q),

(1.2)

where Ky = {u € WS’?(Q), u > a.e. in Q} with ¥ is a measurable function on Q) such that y* € W&’?(Q) N
L*(Q)) and Ty is the usual truncation function. Note that the existence result is proved by assuming only ¢ is
continuous function. If we take i = —oo, we obtain the existence results of problem (1.2) in the case of equation.
The integrals in (1.2) are well defined: Indeed under the condition (3.2), the function a;(x, 1, Vi) is belongs to
LYi(Q) and since 9;Tj(u — v) is belongs to LPi(()), the first integral in the left hand in (1.2) is well defined. For
the second integral in the left hand in (1.2), since ¢;(1)9;Ti(u — v) = 0 on {|u| > ||v||c + k} and ¢; € CO(R,R),
¢;(u) is bounded in {|u| < ||v]|w + k}, then the second integral is well defined. Moreover since f € L'(Q) and
Ti(u — v) € L*(Q)), the integral in the right hand is well defined.

Since the function ¢; (1) does not belong to Lllo (Q) in general, the problem (1.1) does not admit weak solutions.
To overcome this difficulty, we use the entropy solutions in this work which introduced for the first time by Bnilan
et al. in [8]

This paper is organized as follows: Section 2 is devoted to introduce some preliminary results including a brief
discussion on the anisotropic Sobolev spaces. Section 3 is devoted to give some important Lemmas. Section 4
contains the main result. Section 5 will be devoted to show the principal proposition concerning the existence of
solutions for approximate problems.

2. Preliminaries

Let (2 be a bounded open subset of RN (N > 2) with smooth boundary and let 1 < py,...,py < co be N real

numbers, p* = max{p1,.., px}, p~ = min{py, .., pn} and 7 = (p1, ..., pn). We denote 9; = Fyo
1
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The anisotropic Sobolev space (see [22])
Im?@n:{uewmqm@ueman:szN}

is a Banach space with respect to norm

N
ltlygr 50y = Il + X2 diaelos o @D
i=1

L7
The space W,

(Q) is the closure of C°(Q)) with respect to this norm. Let us recall the Sobolev type inequalities,
foru € Wé’?(ﬂ), there exists a constant and C (see [22]) such that

<
lullia) < G H = o 22)
where g =p* = ? if p<Norgell,+oo] if p> N, whichimplies by (2.2)

llluscoy < 7 z 150 23)

When p < N, by (2.3), we have the continuous embedding of W(}?(Q) into L1(Q)) for every q € [1,p*]. The
space W3’7(Q) is separable and reflexive Banach space which satisfies the continuous imbedding W&j (Q) —
Wé’p* (Q)) and its dual (W(}?(Q))’ is denoted by W‘L?(Q).
Remark 2.1. As a consequence of the Sobolev imbedding and the continuous imbedding W&’?(Q) — Wé”f (Q)), the
imbedding Wé’7(0) — LP (Q) is compact.

Moreover, we consider the space

o
761’ P (Q) = {u measurable in Q, Ty (u) € W&’7(Q),‘v’k > 0},

s if |s] <k
Ti(s) = kﬁ if |s| > k.

where

3. Assumptions and Lemmas :

In this section, we give the assumptions of our problem and some technical lemmas. Let (2 be a bounded open
subset of RN (N > 2) with Lipschitz continuous boundary o).
The functions a;; Q x R x RN — R are Carathéodory functions satisfying the following conditions, for all
seR, eRN,Z eRN anda.e in O,

N
Y ai(x,s5,8)8 > ocZ |Gi|FE, (3.1)
i=1 i=1

la;(x,5,&)| < Bis(x) + |s|" + &P, (3.2)

(ai(x,5,8) —a;(x,5,&)) (& — &) >0 for & # ¢, (3.3)
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where «, B are some positive constants and j; is a positive function in LPi (Q).
Moreover, we suppose that
¢; € C°(R,R) fori=1,..,N. (3.4)
and
feLll(q). (3.5)
We consider the convex set
Ky ={uc W&’7(Q), u>1ae in Q}
where ¢ is a measurable function with values in R such that
pt e WH (Q)nL=(Q), (3.6)

Lemma 3.1. ([19]) Letg € L'(Q) and let g, € L"(Q), [Ignllrriq) < ¢, 1 <1 < +oo. If gu(x) — g(x) a. e. in Q, then
gn — g weakly in L (Q)).

The following lemma generalizes lemma 5 in [13] to the anisotropic case. We utilize the method used in [2]
and [13].

Lemma 3.2. : Assume that (3.1)-(3.3) hold and let (uy,), be a sequence in WS?(Q) such that u, — u in W3’7(Q) and

lim 5 (u(x,un,Vun) — u(x,un,Vu)>V(un —u)dx = 0. (3.7)

n——+o00

Then u, — u strongly in Wé'?(Q)for a subsequence.

Proof Let D, = [a(x, uy, Vuy) —a(x, un,Vu)} V(u, — u), by (3.3), D, is a positive function and by (3.7) ,

we have D, — 0 in L'(Q) as n — 4-c0. Since u,, — u in W3’7(Q), using Remark 2.1, we have u, — u strongly in

LP (Q). Then u, — u a. e. in Q and D, — 0 a. e. in () for a subsequence. Thus there exists a subset B of (), of
zero measure, such that for x € O\ B, u(x) < 400, |Vu(x)| < 400, [ji(x)| < 400, uy(x) = u(x) and D, (x) — 0.
We have

{al X, Uy, Viig) — a;(x, un,Vu)} [0;un — 0;u]
{al X, Uy, Vg )0ty + a;(x, uy, Vi )oju — a;(x, uy, Vuy,)ou — a;(x, un,Vu)aiun]
l

N
_azw%m+a2@w"ﬁ2bl—va+wuw}wm
i=1 i=1

—ﬁij[z )+ a7+ 2] 0.

N
> ) || —c(x [1+Z|aun|p1_1+2|aun|]
i=1 i=1 i=1
. c(x) c(x) c(x)
> 0;: pi — — — ,
= Z | zun| |:0€ N|aiun|”i N|aiun| N\aiunl”i‘l}

{i=1,..N:d;1, 0}
where ¢(x) is a function which doesn’t depend on n.

Since D, (x) — 0 a. e. in (), the last inequality implies that (aiun) is bounded uniformly with respect to 7.
n
Letting {7 be an accumulation point of (aiun) fori = 1,..,N, we have |¢f| < +oco and by the continuity of
n
a;(x,.,.), we obtain

(a,-(x, u, &) —a;(x,u, Vu)) <§l* - a,-u) =0.
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Using (3.3), we obtain ¢ = d;u for i = 1,..., N. The uniqueness of the accumulation point implies that Vi, — Vu
a. e. in (). Since the sequence (ai(x, Uy, Vun)) is bounded in LT";(Q) and a;(x, u,, Vu,) — a;(x,u, Vu) a. e. in
n

Q, by Lemma 3.1, we have a;(x, u,, Vu,) converges to a;(x,u, Vu) weakly in LPi (Q) and a. e. in Q.
As in [13], we have

a;(x, ty (x), Vi (x))0j1y — a;(x, u, Vu)o;u weakly in L1(Q).
For fixed i = 1,..., N, we set v, = La;(x, un, Viy)oju, and y' = La;(x,u, Vu)o;u, using Fatou’s lemma, we get
/Q 2yidx < l%rgg}of (yn +y - 7 [0jtn — aiu|”i>dx.

Then, we have 0 < —limsup [ [0;u, — 0;u|Pidx. We deduce / |9;un — Jju|Pidx — 0 as n — +oo.
n—4oco /0 Q

Consequently, we conclude that u,, — u in W(}?(Q), the proof is complete.

N
Lemma 3.3. Ifu € WS’?(Q), then Z/ o;udx = 0.
=179

Proof: Since u € Wé?(ﬂ), there exists u; € C°(Q)) such that u; — u strongly in W&’ﬁ(Q).
Moreover, since uy € Cy° (Q)), by Green’s Formula, we have

N
Z/ aiukdx :/ uk.ﬁds =0. (3.8)
= /a a0

Since 9;u; — d;u strongly in LPi(Q)), we have 9;u — d;u strongly in L!(Q).

N
We pass to limit in (3.8), we conclude that Z / djudx = 0.
—1/Q

4. Main result

Definition 4.1. A function u € Tl’?(Q) such that u > i a. e. in Q) is an entropy solution of the problem (1.1) if

2/ (x,u, V)0, T (u — @)dx + ¢p;(1)9; Ty (u — ¢)dx] < /ka u— @)dx

for all ¢ € Ky(Q)) NL®(QY).
Theorem 4.1. Assume that (3.1)-(3.6) hold. Then there exists at least an entropy solution of problem (1.1).

Proof:
Stepl. Approximate problems. We consider the following approximate problems

n € K.
uN 6. Y N )
; /Q a;(x, ty, Vg )0;(uy — v)dx + 1; /Q @ (1 )0 (up — v)dx < /Q fu(un —v)dx, (4.1)

i=
Vo € Ky and Vk > 0,
where f,;, = T, (f) and ¢} (s) = ¢;(Tu(s)).
Lemma 4.1. We consider the operator ®;, : Ky — W_l'ﬁ(Q) defined by

N —
< Quu,v >= Z/ ¢i(Tu(u))ovdx  forallu € Ky and v € Wé’p (Q).
= Ja
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The operator B, = A + @, is pseudo-monotone and coercive in the following sense; there exists vy € Ky such that

<Byv,o—vp> ;
\|UHWL7(Q> -t lf”UHWS 70— tooand v € Ky .
0

(@)
For the proof of Lemma 4.1, (see Appendix).
Proposition 4.1. Under the conditions (3.1)-(3.6), there exists at least one solution of the problem (4.1).

Proof. Thanks to Lemma 4.1 and Theorem 8.2 chapiter 2 in [19], there exists at least one solution to the
problem (4.1).
Step2. A priori estimate.

Proposition 4.2. Assume that (3.1)- (3.6) hold and if u,, is a solution of the approximate problem (4.1). Then there exists a
constant C such that

N
y /Q 19, Ty (1) |Pidx < C(k+1) Yk > 0.
i=1

Proof. Let v = u, — nTi(u;; — ¢*) where 7 > 0. Since v € Wé’7(0) and for all # small enough, we have
v € Ky. We take v as test function in problem (4.1), we have

N N

Y [ i, )i Tt — 9+ Y [ @) Tt — 9 < [ Tk - p*)dx

=1 =1

Which implies that l

N N

Y [ i, )i T =9 < [ Tt =95 )de+ Y [ 1) 90T — )
i=1 i=1

Since 9; Ty (u;} — ™) = 0 on the set {u;} — T > k}, we have

S + +
i 7 l’l/v n d < nT
D e g 00 V)i =) < [ ST — g

" (T — ot
0y /{u;_wgk} 0 o) 91— 9,

thus, we can write

2/{ ) lp+<k}ai(x,u,f,Vurf)8iun+dxg/ FuTe(uf — ™) dx—l—Z/ ; |7 (un )| |01yt |dx
=1 {un —ytr<

—y* <k}

Z/{‘u” l/)+<k} |¢1 Up HE) 1/;+|dx+2/ x M;T,VM ) ilp+dx

¢*<k}

Thanks to Young’s inequahtles, we obtain

+ +
Z/{un ¢+<k} S, V)0 dx</ fuTi(uyy — ¢ )dx

/ 14 N
n Pi = | Pi
+Cy () Z; /{u;_wgk} |97 ( Ty oo () [Pl + 6; /uj_wék} |95y [Pidx

N
* Z /{”n —pt+ <k} |4)ln(Tk+”‘/)Hoo (u”))HailPﬂdx

+ Z J{uf —ypt<k} ‘B[h
Thanks to (3. 2) we have

N n
i\ Ay 7 a +d </ T + _ T d
i_Zl/{ngb*Sk} ﬂI(X Uy Vun) iUy AXx < an k(un 1/] ) x

1
x) + |uf |7+ ) [P |0y T |dx
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+Co(a 2 gy 97 T o) Pt € 2 2, B Pidx

F -yt <k}

Z/{”n —yp* <k} |4)l k+”ll’\|oo(u”))||a¢+|dx+ﬁz/ + lP+<k} ()|a¢+‘dx
52 e

{wr =+ <k}
Using young’s 1nequahty, we get

N
Z/{u+ <k} ai(x/unrvun)aiuidx S/ fnTk(u:{ —lPJr)dx
i=1 n—

i 1o w+|dx+52 ) N C U

uf —yp+ <k}

o Z Jauf —p <k} o Tk*"w”w(u"))|pldx+ Z/ w5~y <k} 014y |l
i T/l . Wt
+Z/{un ¢+<k}|¢l (Tt i1 ()19 Idx+52/ ey lji (x)[[0:p |dx
+
+ABC4 Z/ ¢+<k} +ﬁ6ﬁ Z/ —l[J+<k} | zlp |dx

+‘87:B Zi /u+,¢+<k} o Mﬂp’dx T Csla Z /{u —ypt<k} |ai¢+|pidx

i= n S n >

Using (3.1), (3.4), (3.5) and (3.6), we get
N
Z/{ e 9 |Pidx < Ck+C' 4.2)
I Uy _lP <

Since {x € Q, ut <k} C{x€eQ, um —¢* <k+|¢"|}, then

N
Y. [ It vw—z/
i=1 O

<) 0,17 |Pidx < Z/ |0;u,} |Pidx.

{ut =gt <k+[lp*le}
Thus, by (4.2), we obtain

2/ 10T (1) |Pidx < (k+ || [|leo)C +C' Wk > 0. 4.3)

Similarly, taking v = u,, + Ty (u;, ) as test function in approximate problem (4.1), we obtain

Z/ 10T (1) |Pidx < C"(k +1). (4.4)
Combining (4.3) and (4.4), we get
N
Z/Q 10T () [Pidx < (k+ [ [loo +1)C" VK > 0.
i=1

Step3. Strong convergence of truncations.

Proposition 4.3. If u, is a solution of approximate problem (4.1). Then there exists a measurable function u and a
subsequence of uy such that
ﬁ
Ty (tn) — Ti(u) strongly in W&’p (Q).

Proof. Using Proposition 4.1, we obtain

ITeCa) 15 g < CO+ 7 s + 17 (45)

<
(@) —
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Now, we will prove that (u,), is a Cauchy sequence in measure in Q). For all A > 0, we have
{lwn = wm| > A} C {[un| >k} U {{um| >k} U {[Ti(un) = Te(utm)| > A}
which implies that

meas{|uy — um| > A} < meas{|u,| >k} + meas{|uy,| > k} (4.6)

+meas{| Ty (uyn) — Tx(ttm)| > A}
By Holder’s inequality, Remark 2.1 and (4.5), we have

k. > k) = T (1) |d </ To(,)|d
meas{fun >k} = [T ldx < [ [T dx
1

< (meas(Q))F||Tk(”n)||Lp*(Q)

1
< C(meas(Q)) 7 || Tec(un) |l 17
0
1
< Clk+ [ flo +1) 7.
1 L+ ([t oo 5=
Then meas{|u,| > k} < C(k*ler* + re )” — 0 as k — +oco. Which implies that, for all ¢ > 0, there
exists kg such that Vk > kg, we have

(@)

meas{|u,| >k} < g and meas{|uy| > k} < g 4.7)

Moreover, since the sequence (Ti(uy)), is bounded in WS?(Q), there exists a subsequence (Ty (1)), such that

Ty (1n) converges to v a.e. in (), weakly in Wé’ (Q) and strongly in L? (Q)) as 1 tends to +co. Then the sequence
(Tyx(un))n is a Cauchy sequence in measure in (), thus VA > 0, there exists 1y such that

meas{| Ty (un) — Tx(um)| > A} < g, Vn, m > ny. (4.8)
Combining (4.6), (4.7) and (4.8), then for all A > 0 and for all € > 0, we have
meas{|u, —um| > A} <e Vn,m > ng.

Then (uy), is a Cauchy sequence in measure in ), then there exists a subsequence denoted by (1), such that u,
converges to a measurable function u a.e. in ) and

Ty (1tn) — Ty(u) weakly in W(}?(Q) and a.e. in Q) Vk > 0. (4.9)

It remains to prove that

N
nli_r)r;oZ/Q (ui(x, T (), Vi (11)) — a:(x, Tk(un),VTk(u))) (aiTk(un) —aiTk(u))dx ~0.
i=1
(4.10)

Let us take v = uy, + T (uy — Tru(uy))~ as test function in approximate problem (4.1), we obtain
N N
-y /Qa,-(x,un,Vun)aiTl(un — Ty(it))~dx — Z/pry(un)ain(un — Tyu(un)) " dx
i=1" i=1

< —/anTl(”n — Tin(un)) dx.

Then
N

N
a;(x, tn, Vit )0jutndx + Z/{ @i (1n)0jundx
i1/

(m+1)<up<—m}

I»Z%/{—<m+1>3uns—m}

< —/anTl(un — T(ug))~dx. (4.11)
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S
We set @} (s) = / ¢ (1) X {—(m+1)<t<—m}dt. Then by Green’s formula, we have
0 <t<

N N

Z /{ (m+1)<up<-—m} $ilotn)ittndx = Z /Q 9if (1n)dzx = 0.
i=171~ Stn<— i=1

Then, we get

N
;X{(m+l)<un<m} a;(x, un, Vitn )Ojutpdx < — /anTl(un — To(up)) " dx

By Lebesgue’s theorem, we have

lim limsup anTl(un — T (uy))"dx =0

m—>+o0o n— 400
Then, we have

N

lim limsup Z

/ a;(x, up, Vg )oiundx = 0. (4.12)
M=+ s too =1 J{—(m+1)<un<—m}

Similarly, taking v = u, — 5Ty (1, — Tu(un))™ as test function in approximate problem (4.1), we get

N

lim lim sup 2

/ a;(x, up, Vg )oiupdx = 0. (4.13)
M=o y_seo i=1 {m<up,<m+1}

We consider the following function of one real variable:
1 if |s| <m
h(s) =< 0 if |s| >m+1
m+1—1s| if m<|s|<m+1,

where m > k.
Let ¢ = uy — (T (un) — Tie(u)) T h (14, as test function in approximate problem (4.1), we obtain

ﬁ/ (%, thn, Vit )33 (Te (1) — Ty (14)) T (14 ) dx
i=17Q

N !
+y / 1%, 1, Vi) (T (1) — T (1)) Dsttnhty (it )dx
=170

N N |
i 1; /0 7' (un)0i (Tie(ttn) = Tie()) " (1)l + l; /O OF (1) Ojttn (T (1) — Ti(14)) " Py (140 dx

< /an(Tk(un) — Ti () " hom () dx (4.14)

By (4.12) and (4.13), we have the second integral in (4.14) converges to zero as n and m tend to +oco.
Since hy, (uy) = 0if |u,| > m+ 1, we have

N N
) 90 )i Tiitn) = Tya)) ) = > [ 1 )3 Tt~ Ty

Using Lebesgue’s theorem, we have ¢/ (Tyy,1(tn) ) (t4n) — ¢i( Tuga (1) ) (1) in LPi(Q) and 9; Ty (1) — 9;Tie(1)
weakly in LFi(Q)) as n tends to +oo, then the third integral in (4.14) converges to zero as n and m tend to +co.
Using (3.1), (4.12), (4.13) and Lebesgue’s theorem, we obtain

N
. . X pPi — + = 4.1
lim lim ) /{—(m+1)§u,,§—m} |01 [P (Tie (uy) — Tpe(u)) Tdx = 0 (4.15)

m——+00 nHJrooI._1
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and
N

. . ) i _ + _
lim lim Z[{mgungm+1}|alun| (T (1) — Ti(u)) " dx = 0. (4.16)

m——+00 n— 400 i=1
We deduce that
N
lim lim Z/Qai(x, ty, Vi )0 (Ti(un) — Te(u)) T hy (1 )dx <0,
1

m——+00 n—>+ool,

which implies that
N
lim lim )’

i(x, 1y, Vg )0i(Th - T h d
mﬁ+oon%+ooi_l/{Tk(un)—Tk(u)ZO,un|§k} (3%, ten, ¥ 40)8i(Tittn) = Tict)Yom ()

N
— lim lim Z

(%, un, Vuy )0 Tr(u)h dx <0.
m—3F00 n—+oo ;= ./{Tk(un)—Tk(u)ZO,\un\>k} al(x h Mn) ! k(u) m(”n) *

Since hy, (uy) = 0in {|uy| > m + 1}, we have

N
Z/m Ty 30 oy V)T (1) (i)
i=1 kun)—1(u)20,|uy

N
_ 2/{” oo 0;(%, Tyt (1), V Tt (1)) T (1) i (100 .
i:—l k\Un)— L (U) =20, Uy

Since (ai(x, T1(Un), VTm+1(un))>n>O is bounded in L”i(Q), we have a;(x, Tyy1(itn), V Tyi1 (ttn)) converges to

X!, weakly in L?i (). Then
N

mgTwngTwizl /{Tk(un)ka(u)20,|un|>k} 3% T (), ¥ T () )94 T (o (1) x
N .

I P i, _

= lim_ ; A oy KT () = 0,
which implies

N
im i : : - <o. .
Jm ”gTwizlf[Tk(un)—Tk(u)zo} a;(x, Te(un), VTi(1n))0i (Ti(ttn) — Tic(u) ) hm (un)dx < 0 (4.17)

Moreover, we have a;(x, Ty (i), V Ti (1) Y (1) — a;(x, Te (1), V Ty (1) ) (1) in LPi(Q))
and 9;(Ti(un) — Tr(u)) — 0 weakly in LPi(Q)), then
N
lim lim Z/
Mmoo n=+00; 23 J{Ti(un) —Tie(u) 20}

Combining (3.3), (4.17) and (4.18), we deduce

N
Iim lim Z (ai(x,Tk(un),VTk(un))—ai(X,Tk(un),VTk(M)))

=00 n—+00 i=1 ATk(”rl)—Tk(1‘>20}

a;(x, Ty (un), VTi(4))0i (Ti (un) — Tic(1t) ) m (1 )dx = 0. (4.18)

0i(Tic(un) — Ti(14) )i (un )dx = 0. (4.19)
Similarly, we take ¢ = uy, + (Ty(un) — Tg(1)) hm(uy) as test function in approximate problem (4.1), we obtain,

N
lim | lim (3, Ty(itn), V() = ai(x, Ty(tn), V()

m—-+oo n—-+oo i=1 ~/{Tk(un)—Tk(M)§0} (

0; (Ty () — Tr(u)) iy (1t )dx = 0. (4.20)
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Combining (4 19) and (4.20) we get
lim lim Z / (3, Telttn), 9 Ti(un)) — a5(x, Teutn), VT (1))

m—+00 1’1*)4’00
a‘(Tk(un) - Tk(”))hm(un>dx =0. (4.21)

Now, we prove lim lim Z/ (x, T (un), VT (ttn)) —ai(x,Tk(un),VTk(u))>

m——+o0o n——+oo

i (Ti(ttn) — Ty (1)) (1 — hy(uy))dx = 0. (4.22)
Let ¢ = uy + T(un) ™ (1 — hm(uy)) as test function in approximate problem (4.1), we obtain

N . N B
_E/Qai(x,un,Vun)aiTk(un) (1—hm(un))dx+1§/0ai(x,un,Vun)aiunTk(un) W () dx
N N
_1; /Q ¢i(un)aiTk(Mn)_(1—hm(un))dx—|—;/Q¢?(un)aiunTk(un)_h;n(un)dx

- / ST (un) ™ (1 = hm(un))dx (4.23)

By (4.12) and (4.13), we have lim lim Z/ (x, tn, Viry)0iun Ty ()~ hyy, (1 )dx = 0. Then the second integral

Mm—+00 n—r+00
in (4.23) converges to zero as n and m tends to +oo. Since 0; Ty (uy)~ — 0;Tx(u)™ in LFi(Q)) and ¢;(Ty(un))(1 —
B (un)) — ¢i(Ti (1)) (1 — by (1)) strongly in L¥1(Q), we have

lim lim 2/ i ()i T (1)~ (1 — hiys (1) )dx = lim 2/ i (T (1))3; T (1)~ (1 — by (11) )dx.

m——+o0o n——+oo m——+oo

By Lebesgue’s theorem, we get

lim 2/ i (T (1))3;Te (1)~ (1 — by (1) )dx = 0.

m—»+o0
Then the third integral in (4. 23) converges to zero as n and m tends to +co.

We set @ (¢ / ¢;i(s) Ty (s)~h),(s)ds, by Green’s Formula, we have

N .
; /Q¢?(”n)aiunTk(un)_h;n(un)dx = ; /Q aiqD?(un)dx =0.

Then the fourth integral in (4.23) converges to zero as n and m tend to +co. By the Lebesgue’s theorem, we have
the integral on the right hand in (4.23) converges to zero as n and m tend to +co. We deduce

N
lim lim / 0%, 1, V)3, T (1t ) (1 — T (1) )l = 0. (4.24)
{u, <0}

m—>—+00 n—+00 =

Besides this, for 7 small enough, we take ¢ = u, — 5T (u;} — ) (1 — hy(uy)) as test function in approximate
problem (4.1), we obtain

N N
2/ a; (x, un, Vg )0; T (w5 — ) (1 — hyy (uy) )dx — Z/Qai(x, U, Vg )ity T (uyf — ¢ )0, (uy)dx
= Ja i—1

3 ; A + 3 n + +\1,/
+i_21/04>i (un)0; Ty (uy — ¢ )(1hm(un))dx;/0¢i ()11 T (1, — )L (10 ) dx
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< [ ATt = 9 ) (0= () (4.25)
By Holder’s inequality, (3.1), (4.12) and (4.13), we have
mgrﬂoo nLITOO Z/ @ ()it Ty () — ), (u)dx = 0.

Using young’s inequality, we obtain
N
Y [0ttt V)0 T — 97 ) (L= ) <
i=1

N

Z/{ (1)<t < }ﬂ(x i, Vidn )0ty Ty (1 — ) dx+/ Fu Ty — ) (1 — hy (1) )dx
=171 U1 Up<—m

FE oy #0  ate  ) 0 0n)0r* (1= i (1)

{u —yp+ <k}
(4.26)

By (4.12), we have the first integral on the right hand converges to zero as n and m tend to +oo. Using the
Lebesque’s theorem, we obtain the second integral in the right hand converges to zero as n and m tend to 4-oo.
Since

N
n P
i—zl/{un+—¢+§k} @i ()91t (1 = fi (1) )dlx

N
= ; /04’? (Tt 1y ooy} ()0 T+ oy y () (1 = P (1) ).

Since aiT{k_,,_Her”Lw(Q)} (M,J{) — aiT{k+|W+HLm(Q)}(u+) weakly in LPi(Q) and 4)1'-’(T{k+”¢+“m(m}(un))(l — hm(un)) —
gb,-(T{kJrHW”Lm(Q)}(u))(l — hy(uy)) strongly in LFi(Q)), we have

N
3 O T ) ()BT gy 05 (= B (1))

N
=) /Q PilT et g oo ) )T ooy} (1) (1 = P () )t - ().
i=1

By Lebesgue’s theorem, we have

lim )~ / Pi T g+ 00 )} ) T s gt oo 0y () (1 = P (1) )dx = 0.

Wl*}OO

Then, we have the third 1ntegra1 converges to zero as n and m tend to +co. Similarly as (4.24), we obtain

N
lim lim )’ [{un>0} a;(x, up, Vi) Ty (ttn ) (1 — By (un)) = 0. (4.27)

m——+0o0 n—>+o<>i71

Combining (4.24) and (4.27), we get

lim lim 2/ (x, ttn, Vg )0; Tie (i) (1 — hiy (1) )dx = 0. (4.28)

m——+00 n—-+00 !

Furthermore, we have

N
Y (a0 Tlu), VTia) = aiCx, Tilna), T() ) (33T (0a) = 3,Ti(w) )
i=1



GENERALIZED P-LAPLACIAN SYSTEMS VIA YOUNG MEASURES 183

i[;(:vnm»vnww>—muﬂuw»vnw»ﬂ@nwm—aanMAwwx

=1

+2/ (%, T (i), V T (10) )03 T (1t ) (1 — i (100 )l
- 2/ (%, T (1tn), V T (11)))0; T (1) (1 — I (1) )l

_2/ (3, Tiotn), T () (3T (1) = BiTic(w) ) (1 = Iy (1)) .

By (4.21) and (4.28), the first and the second integrals on the right hand side converge to zero as n and m tend to
+oco.
Since (ai(x, Ty (), VTk(un))) is bounded in L¥/(Q) and 9;Tjc(1)(1 — Iy, (14,)) converge to zero in LFi(Q)) as n
n

and m tend to +oo, hence the third integral on the right hand side converge to zero as n and m tend to +oco.
So, since a;(x, Ty (un), VT (1y))(1 — hm(un)) converges to a;(x, T (u), VT (1)) (1 — hy (1)) strongly in L¥i(Q) and
0; Ty (1) — 0;Tx(u) weakly in LPi(()), we obtain the fourth integral on the right hand side converge to zero as n
and m tend to +oo. Then, we get (4.10).
Using (4.9), (4.10) and Lemma 3.2, we obtain

Ty (uy) — Ti(u) strongly in W3’7(Q) anda.e. in Q) Vk > 0.

Step4. Passing to the limit. Now, let ¢ € Ky N L*(Q), we take v = u, — Tx(un — ¢) as test function in
approximate problem (4.1), we obtain

2/ (3, thn, Vit )0 T (1 dx+2/ 9! (1n)3i T (1 — @)dx

S/anTk(un—

N . N
) /Q a;(%, Tt g (#n) s V Tt oo (4n))0i Ti (i — @)dx + ) /Q $i(Tiq | p)leo (4n))9i Ty (un — @)edx
i=1" i=1

< [ fuimn -

Since Ty (uy) — Ty (u) strongly in W37(Q) and a. e. in 3 Vk > 0, we have
l/'l,'(x, Tk-‘quJHoo (un), VTk""H(PHoo (un)) — ai(x, Tk""H(PHOO(M)’ VTk"‘H(PHoo(u)) weakly in Lpi(Q),

(Ibi(Tk-i-H(PHoo (un)) — ‘Pi(Tk+|\<pHm(”)) strongly in LP:(Q) and E)iTk(un — (p) — 81-Tk(u — (p)
strongly in LPi(Q)) we can pass to limit in

which implies that,

un S Kq;
Z/ (x, up, Vuy)0; Ty — @)dx + Z/ ¢i' (un)0i Ty (un — @)dx

_AﬁnwwmmL
Vo € Ky NL®(Q) and Vk > 0,

this completes the proof of theorem 4.1.
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5. Appendix

In this section, we will show that the operator B, = A + &, is coercive and pseudo-monotone .
ﬁ
Proof of Lemma 4.1. We consider the operator @, : Ky, — W17 (Q) defined by

N
< QO u,v>= Z / ¢i' (u)o;vdx. By Holder’s inequality, we have, for all u,v € X,
~ Jo
N N L
| < Dpu,0> | < Z / 91(To () Pt ) 7 (/Q|E)iv\p"dx) g

<Z(/ sup [¢i( )|p§dx)plf/'(/0|aivpidx)’}’

| |[<n
S , i, 1
<Y ([ (sup lgts) -+ 1)7itx) 7 ([ foielrix) "
i=1 ~7Q |s|<n
N i
< - (sup i)+ 1) [ 10) ([ o)™
i=1 [s|<n
1 N 1
< PL | Pi Pi
< 1 (5up [95(5)| + 1) (meas(@) + 1) i_21</0|a'v| dx)
< C)loll15 -
[ <®uuv>|

which implies that < C(n). Moreover, let vy € Ky, thanks to Holder’s inequality and (3.2), we have

ol 7

|<Avvo>\§

i Mz
S

\a,(vav)Wzdx ”l / |0; vo|p1dx) Z
Q

/ )P+ [o]? + |90 )dx)

(
(c1+/ |av\r’z+/ 19;07)d

1
/ |9 vo|p1dx p’

1 1

”: (/ |0 Uo\pldx)pi’

= \\H

INA
=
M=z-

Il
—_

7
=
M=

I
—

IA
=
™=

Il
-

IN

=

@

N
I=11=
+ -

IN
=
8

1+4C 2/|av|r’f )"

\ A\

| /\
A /—\
—_
+
(@)
w
M
\
=Y
Q!
?

Hence

pi
‘<AU,U—Z)O >| Z/ |a vl dx ,BCZHUOH 17(0
> ot -
1ol 1.7 ol 0.7 oM7)
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_ BGGs / o+
9; pld
ol W7 (@ 2 [9:2] x ool W ()
Then
| < Av,v—1vg > |
e
;/Q |3iU|Pidx 8 N 19 'BCzHUOHW17(Q)
CK*”UH— |:1 - ;CZCS (Z A) |alv|pldx) P— ||Uo||wl/7(0):| _HUH—O (51)
WS’?(Q) i=1 0 Wé’?(ﬂ)

Additionally, by Jensen’s inequality, we have

1
ol ( / [ByoPix) 7 )
( / |0;v|Pidx)” T

< CZ/ |0;v|Pidx,
i=17Q

-

where
pt :{ p-if [[9iollriq) = 1
- p i [0y < 1.
N
Z/ |0;v|Pidx N
(@)
Then l|1\0\|— — +o0 and 2/ |0;0|Pidx — +o0 as ||v||w1'7(0) — +o0.
w7 (@) / 0
Using (5.1), we get | < Av,0 - > | — +o00 as HU||17 3 too.
7
Since < P00 > < Pt > are bounded, then we have

an
e C
<Byv,v—v9 > < Av,v—79> < Py0,0—09 >
el 1? 0) el 1? Q) [0l 1? Q) WL?(Q)
B,=A + CIDn is coercive. It remains to prove that the operator By, is pseudo-monotone. Let (uy ) be a sequence
in W, 7( Q) such that

— 400 as ||v]| — +o00. We deduce that the operator

uy — u  weakly in W3’7(Q)

Buyur — x weakly in W17 (Q)
limsup < Byug, ux > < < x,u>.
k—+o0

We will prove that x = B,u and < Buuy, up >—< x,u > as k — +oo. Since W&ﬁ(ﬂ) — L (Q), then uy — u
strongly in L7 (Q)) and a.e. in Q) for a subsequence denoted again (uy ). Since (u ) is bounded in Wg’ﬁ(ﬂ), by
(3.2), we have (a;(x, ur, Vuy))y is bounded in LPi (Q)). Then there exists a function ¢; € LPf(Q) such that

a;(x, ug, Vug) — ¢; as k — +oo. (5.2)
What is more, since (¢} (uy))x is bounded in LY (Q) and ¢ (ug) — ¢'(u) ae. in O, we have

¢i' (ux) — @i (u) strongly in U”ﬁ(Q) as k — +oo. (5.3)
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Forall v € W3’7(Q), using (5.2) and (5.3), we obtain
<X, 0 >= klim < Bpug,v >
—+o0

N N
= lim Z/ a;(x, u, Vug)o;odx + lim Z/ ¢i' (ug)0vdx
Q 0

k—+oc0 i1 k—+o0 i—1

N N
= Z/ q)iaivdx—i—Z/ @' (u)d;vdx.
=170 =170

Hence, we have

N N
limsup < Bpug, ux >= limsup {Z /Qa,-(x, g, Vg ) diugedx + Y /ngl-"(uk)aiukdx]
i=1

k—+oc0 k—+oo i

N
= limsupZ/ a;(x, ug, Vug)oupdx + Z/ ¢i (u)o;udx
k—+oo i=17€ i=170

< <xu>

N N
=Y [ gdwdx+ Y [ g duds
=170 =174
which implies that

N N
limsupZ/ a;(x, uy, Vuy)osupdx < Z/ @;0;udx. (5.4)
ko400 j—17/Q =/0

N
By (3.3), we have ) / (ai(x, ug, Vuy) — a;(x, ug, Vu)) (Q;uy — 9;u)dx > 0.
i—1- O
Then :
N N N
Z/ a;(x, u, Vug)ojudx > — Z/ a;(x, ug, Vu)ojudx + Z/ a; (x, ug, Vg )o;udx.
i/ =170 i=17Q

N
+Z /Qai(x,uk,Vu)aiukdx.
i=1"

Using (5.2), we get

légi?ofli /Q a;(x, uy, Vuy)ojupdx > 1%1/0 @;i0judx. (5.5)
Combining (5.4) and (5.5), we obtain
N N
kEng /Q a;(x, u, Vug)ojupdx = g /Q @;0;udx. (5.6)

N N
lim < Buug, up >= lim 2/ a;(x, u, Vug)djupdx + lim 2/ ¢i' (u)ojupdx
= Ja k—+eo = J0o

k—+o0 k—>+ool.
N . N .
:Z/@MM+Z/#WMMx
i=17Q i=1/Q
=< x,u>.

In addition to this, since a;(x, 1y, Vut) converges to a;(x,u, Vu) strongly in L¥i (Q)), by (5.6), we obtain
N
Z/ (ai(x, ug, V) — a;(x, uk,Vu)) (0jux — o;u)dx = 0.
=170

Using lemma 3.2, we get 1 converges to u strongly in Wg’?(Q) and a. e. in Q), then a;(x, uy, Vu) converges to

a;(x,1, Vi) weakly in LPi(Q)) and @7 (u) converges to ¢ (u) strongly in LYi(Q). Then for all v € W(}?(Q), we
have
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<X, >= klim < Bjug,v >

— 400
N N
kgrfwg/Qal(x,uk,Vuk)alvdx—l—kETwlg/()¢l(uk)alvdx
N N
= Z/ a;(x,u, Vu)o;vdx + Z/ ¢i(u)0;vdx
=170 =170
=< Byu,v >

which implies that B,u = yx.
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