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Partial Sums of Certain Classes of Meromorphic
Functions Related to the Hurwitz-Lerch Zeta
Function
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ABSTRACT. In the present paper, we give sufficient conditions for a function f to be in the
subclasses ¥S; (A4, B, o, 8) and ¥, s (4, B, a, ) of the class ¥ of meromorphic functions which
are analytic in the punctured unit disk U*. We further investigate the ratio of a function related
to the Hurwitz-Lerch zeta function and its sequence of partial sums.
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1. Introduction and Preliminaries

Let ¥ denote the class of meromorphic functions f(z) normalized by

flz) = % +3 at, (1)

which are analytic in the puntured unit disk

U'={2:2€C and 0<|z| <1} =U\{0},
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C being (as usual) the set of complex numbers. We denote by ¥5*(3) and XK(5) (8 =

0) the subclasses of ¥ consisting of all meromorphic functions which are, respectively,

starlike of order § and convex of order /5 in U* (see also the recent works [19] and [20]).
For functions f;(z) (j = 1,2) defined by

JR— k .
Z) - ; + Zak,jz (.] - 172)7 (2)
k=1
we denote the Hadamard product (or convolution) of fi(z) and fa(z) b
(fi* f2)(2 :_+Zak1ak22 (3)
Let us consider the function ng(a, B; z) defined by
oo —1+§3
I’
=

(BGC\Z(;;(XG(C),

k+1 k
4
k+1 ( )

where
Zy ={0,-1,-2,---} =Z U{0}.

Here, and in the remainder of this paper, (\), denotes the general Pochhammer symbol
defined, in terms of the Gamma function, by

T'(A+ k) {)\()\+1)~--()\+n—1) (k=n€eN; A\eC) 5

(A)szwz ) (k=0; Ae C\{0}),

it being understood conventionally that (0)g := 1 and assumed tacitly that the T'-
quotient exists (see, for details, [18, p. 21 et seq.]), N being the set of positive integers.

It is easy to see that, in the case when a;, = 1 (kK =0,1,2,---), the following rela-
tionship holds true between the function ¢(«, 5; z) and the Gaussian hypergeometric
function [8]:

Bla i) =~ oFr(1 s 52). ©

Very recently, Ghanim ([3]; see also [4]) made use of the Hadamard product for
functions f(z) € ¥ in order to introduce a new linear operator L:(c, 8) defined on ¥
by

Li(a, B)(f)(2) = 6(a, B; 2) # Gya(2)

1 > O{k+1<&+1>s k %
:_+§ apz z € U"), 7
S (B)rrr \a+k ’ ( ) @)
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where
Gsa(2) == (a+1)* [CD(Z, s,a) —a ®+ z(a—%l—l)s
(i) e )

k=1

and the function ®(z,s,a) is the well-known Hurwitz-Lerch zeta function defined by
(see, for example, [13, p. 121 et seq.]; see also [11], [12], [15], [16], [17] and [14, p. 194
et seq.])

k

D(z,8,a) = kz_% 0 i o) 9)

(a € C\ Zg; s € Cwhen |z] < 1; R(s) > 1 when |z] = 1).

Silverman [9] determined sharp lower bounds on the real part of the quotients be-
tween the normalized starlike or convex functions and their sequences of partial sums.
Also, Cho and Owa [2], Latha and Shivarudrappa [7], Ghanim and Darus [5] and
Ibrahim and Darus [6] have investigated the ratio of a function f € ¥ to its sequence
of partial sums given by

1 ~—
fm(z) = ; + kg_l apz .
Let the following classes:

¥S, (A, B,a,B), YK.s(A B,a,pB) (-1 A<B=1, peC\Zy; a€C)

and
2:75(14,3,04,6) (—1§A<B§1’ﬁGC\Za’aec)
be the subclasses of functions in ¥ satisfying the conditions given by

(eenren) 1
L(@AfG) |~ 1+ B

(a € C\Zy; z €U s € Cwhen |z] < 1; R(s) > 1 when [z] = 1),
_ {Z(Li(a,ﬂ)f"(Z))} L 1rae
L (e, B) f'(2) 1+ Bz

(a € C\Zy; z €Uy s € Cwhen |z] < 1; R(s) > 1 when |z| = 1)

(10)

(11)

and
1+ Az
2 S /
- L ) <=
2 (Ll () =
(a € C\Zy; 2 €U s € Cwhen |z] < 1; R(s) > 1 when |z = 1),
respectively.
The classes XS, (26 — 1,1, a,a) and YK, (28 — 1,1, a,a) are, respectively, the
well-known subclasses of ¥ consisting the meromorphic starlike functions of order [,

(12)
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the meromorphic convex functions of order  and meromorphic close-to-convex func-

tions of order 5 denoted by XS8*(3), XK(5) and X* (/3), respectively.

In the present paper, we give sufficient conditions for a function f to be in the sub-
classes XS; (A, B,a, 8) and ¥, (A, B, a, 3). We further investigate the ratio of a
function of the form (1) related to the Hurwitz-Lerch zeta function and its sequence of
partial sums when the coefficients are sufficiently small to satisfy the following condi-

tions:
Y @iy (0+1Y] |, o p
;[k(1+B)+(1+A)] (B)k+1(a+k) <B4
and
S ()pyy (a+1)°
DK+ B+ (1+4) wﬂl(m) awl<B_A

Also, we will study sharp lower bounds for

%{ Li(a, B) f(2) } %{LZ(Q,B)fm(z)} ER{ Ly, B)f'(2) }
Li(a, B) fm(2) ] Li(a, 8)f(2) J~ Ly (o, B) f,(2)
and
{ a2\
Li(a, B)f'(2)
Moreover, we will demonstrate an interesting property for the partial sums of cer-

tain integral operators in connection with functions defined by the linear operator
L (e, B)(f)(2) given in the form (7).

2. A Set of Basic Results

Theorem 1. A function f € X is said to be a member of the class S} (A, B, a, 8) if

it satisfies the following inequality:

S (@)g41 (a +1 ) )
k1+B—%1+A’——i —— ) lan| £B-A 13

Sl B)+ 4 Gt (T ) e (13)

(aEC\Za; seC;, -1 A<B<1, ZGU*).
Proof. 1t suffices to show that

(L (B)f' ()
Liedfe) 11

A(La(@B)f ()
B ( T3 (@0) () ) +4

<1

or, equivalently,

' 2 (Lo )f(2) + Ly B)F (=) | _ (14)

Bz (L (a, B)f'(2)) + AL (v, 5) f(2)
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Rewriting the left part of (14) explicitly with the help of (7) yields

2 (Ll B)f'(2)) + Lie, B) f(2)
Bz (Ly(a, 6)f'(2)) + AL (o, B) f ()

e (o) a+1)\$ k
2 k41 G5 (7) awz

(B—A)—> (kB+ A) :11 (2EL) a2k

=1

ol

o0

(k+1) |G (25)" Ja
=l . (15)

(B - A) - g (kB + A) |G (1

A

|a|

The last expression in (15) is bounded by 1 if

S0 ()

k=1

- ‘ a)k+1(a+1>s

k:l (B)sa \a+k

which is equivalent to (13). O
In the same way, we can prove Theorem 2 given below.

Theorem 2. A function f € ¥ is said to be a member of the class ¥, s (A, B, a, )
if it satisfies the following inequality:

gk(k(lJrB)nL(lJrA))‘Eg;ﬁ(Zi;)s

(CLEC\ZS;SG(C; —1§A<B§1;ZGU*).

jak| = (B — A) (16)

3. Main Results

Theorem 3. If f of the form (1) satisfies (13), then

%{ LZ(@,ﬂ)f(Z) } > 2(m+1+A) (6>m+1 (a+m)s (17)
Li(a, B)fm(2) ] = 2m+24+ A4+ B |[(a)ms1 \a+1
The result is sharp for every m € N, with extremal function given by
1 (B —A4) (B)mir (a+m\°|
= — m 1
/) z 2m+24+A+B|(a)mt1 \a+1 : (18)

(aEC\Zg;SGC; —1§A<B§1;26U*).
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Proof. Consider

2m+2+A+ B [ Li(a,B)f(2) = 2m+2+2A
B—-A {Lz(a,ﬁ)fm(z) 2m—|—2+A—|—B}

s k41, 2m424ALB R (@gi1 fag1
aRpz” T+ —
a+k> B—-A ka1 (B+1 (a-‘rk

o (k41 (a+1\S gt
L2 ey () axe

S
) apzktl

14+ A(2)
14+ B(2)
Set
1+ A(z)  14+w(2)
1+ B(z) 1—-w(z)’
so that
A(z) — B
ooy A =BE)
2+ A(z) + B(z)
Then
(2 B ey G R
w(z) = — -
223 Gt (37) st e 3 G () wet
and
2m+2+A+B (@) at1)s
A o ()| lasl
w(z)] £ T = .
a +1\$ 2m+2+A+B o +1)%
2_2121 (B)Zii(h) L e ) (B):ii(ngk) ||
Now, clearly, |w(z)| < 1 if and only if
2m+2+ A+ B\ <= |(« 1\*
() X [ () e
p=a ) 2 |00 \ast
" |(a), & 1)3
<2-2 1 |agl,
- ; (B)ps1 \a+k
which is equivalent to
> |G (410 oy
1 (B)ppr \a+k
2m+2+ A+ B\ — |(a a+1\°
+( ) Z ( )k+1( ) |ak|§1-
B—-A P (B)esa \a+k

43
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It suffices to show that the left-hand side of (19) above is bounded by

G ()

o0

Z|:]€(1+B)+(1+A):|

B_ A ’akla
k=1

which is equivalent to

- {k(1+B)+2A—B+1' (Oz)k+1(a+1)s aal

£ B-A (B)psr \a + & g
1+B)—2m} (Oz)k+1(a+1)s >0
+k;+1|: B—A (B)e1 \a+k o] 2.0

To see that the function f given by (18) gives the sharp result, we observe, for

z = reﬁ,
that

LAIE) (B4 @ (+m>
Ls(a, B) fn(2) 2m+2+ A+ B |[(@)me1 \a+1
B[P (a2mY;
2m+2+ A+ B |(a)my1 \a+1
C 2mA1+A) B (atm
C 2m+2+ A+ B) [(Q)mi1 <a+1) ’
when r — 1. Hence, the proof of Theorem 3 is complete.

Theorem 4. If f of the form (1) satisfies (16), then

SECLICA
Ly, B) fm(2) } =

(2m+2) (m+ 1)+ m(A+ B) +24 | (B) s (a+m)s
(m+1)2m+2+ A+ B) (@) \a+1
The result is sharp for every m € N, with the extremal function given by
_1 (B_A) (ﬁ)erl a+m\’
fey=2+ m%w1<a+1)

2m+2+ A+ B
(aEC\Za; seC;, -1 A<B<1; zEU*).

m+2

(21)

zm—l—l

, (22)

Proof. We write

(m+1)(2m+2+A+B) { S (a,8)f(2)
B—A

_ (2mA42)(m+1)+(m(A+B)+24)
(a B) fm(2) (m+1)(2m+2+A+B)
o (k41 (at1\® k+1, (m+D@m+244+B) K (Dpi1at1)\s k1
1+Z:: Bk+1 (m) apz +Tk:m+1m(“+k) aRz

m
143 @kt (&) apzhtt
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1+ A(z)
1+ B(2)
Set
1+ A(z)  14+w(2)
1+ B(z) 1—w(z)
so that
A(z)— B
ooy AD=BE)
2+ A(z) + B(z)
Then
s (m+1)(@m+2+A+5) k=:+1 E;;:E (251 ) apebtt
wiz = & (a s m m s @ a s :
225 Gt (#) o UGERAR) 8 Gr (3) e
Now
w(z)|
(m+1)2m+2+A+B) o~ | (@)pi1 [at1)5
B—A k_z ﬁ(aﬁ) ||
< =m+1
T o oxn | @k fag1ys _ (m+1)(2m+24+A+B) (g1 (a+1)$
2-2 k;l B)rir (a+k) B—A p o | B (a-‘rk)
if

|a|

()44 (CH‘ 1)8
k=m+1 (ﬁ)kﬂ a+k

The left-hand side of (23) above is bounded by

o0

+(m+1)(2m+2+A+B)
B—-A

ag| < 1. (23)

- 2m+2+A+B (@)sq (a+1Y\°
;< ) (5)k+1<a+k>
if
A I e ] [
= (a)k-l—l a+1)\°
kzzml[k(k(1+3)+(1+A))—(m+1)(2m+2+A+B)] (5)k+l<a+k> ]ak|)

v
o
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Theorem 5.

(I) If f of the form (1) satisfies the condition (13), then
%{Li(a,ﬁ)fm(z)} > @2m+2+ A+ B) (oz)m+1(a—|— 1 )3
Li(a, B)f(2) J = 2(m+14+B) |(B),q \a+m
(IT) If f of the form (1) satisfies condition (16), then
LD
Li(a, B) f(2)

(m+1)(2m+2+ A+ B)
2(m+1)(m+1+B)—m(m+ 1+ A)

?

v

o ()

(aEC\Zg;SGC; —1§A<B§1;z€U*).

(24)

(25)

Fqualities hold true in (I) and (II) for the functions given by (18) and (22), respec-

tively.

Proof. The proof of (II) is similar to the proof of (I). Hence, we will only give the proof

of (I). We have

2(m+1—|—B){ S(a, B) fn(2) B (2m+2—|—A+B)}
B-A Ls(a, B8) f(2) 2(m+1+ B)

m(a) at+1\$S Im2+ At B (@) w1\ S
1+ ,;1 (B)Zi (ﬁ) akzk+1 + (%) k_Z (/3):11 (#_k) akzk“
= — =m+1
L 3 o () ot
14 A(z)
1+ B(z)
Set
1+ A(2) 1+ w(2)
1+ B(z) 1-w(z)
so that
A(z) — B
2+ A(z) + B(z)
Then
m+1+B - (@) a+1\S
(555 )k:%:ﬂ By Car) | land
lw(z)| £ : - = -
(Yet1 (a s m i1 (a s
2—2 Zl I:H (a+k) |ak| - ( B—A )k=%+1 (5_);1 (m) |ak|




PARTIAL SUMS OF CERTAIN CLASSES OF MEROMORPHIC FUNCTIONS 47

This last inequality is equivalent to

m

> o (o)

k=1
N (2m—|—2—|—A—|—B) i (@)1 (a+1)s
B—-A Nt (B8)psr \a+k
Since the left-hand side of (26), above, is bounded by
i {k (1+B)+(1+ A)} (@)1 <a+ 1)3
B-A (B)esr \a+k
the proof is thus completed. 0]
Theorem 6. If f of the form (1) satisfies condition (13) with A = —B, then

Lo )f(2)
) %{sz,mﬂn(z)}

|a|

lag| < 1. (26)

|ak’a

k=1

>0

and

(I1) %{M}> 1

1 () 41 ( a+1 )s
Ly, B)f'(2) J = 2 [(B)pyy \a+m
(aGC\Zg; seC; -1 A< B< 1, ZEU*).
In both cases (I) and (II), the extremal function is given by (18) with A = —B.

Proof. Using the same technique as in the proof of Theorem 5 combined with Part (I)
of Theorem 3, the proof of Theorem 6 follows easily. Hence, we will not go through
the details. U

Theorem 7. If f of the form (1) satisfies condition (16), then

Li(a, B) f'(2) 2m+1+A4) [(@)pr (a+1Y\°
0 MRS E B AT (B)m;<a+m)
and
> (2m+2+ A+ B)

9

m o e{HEIRE) (s (441
LZ(OZ,E)f/(Z) (B)m—i-l a+m
(aGC\Zg; seC;, -1 A<B< 1, ZEU*).
In both cases (I) and (1), the extremal function is given by (22).

2(m+1+ B)

Proof. 1t is well known that
fE€XKas(A B o, B) & —2f € XS, (A, B,a, ).

In particular, f(z) satisfies the condition (16) if and only if —zf'(z) satisfies condition
(13). Thus (I) is an immediate consequence of Theorem 3 and (II) follows directly from
(I) of Theorem 7. O
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4. A Family of Integral Operators

For a function f € LS («, B) f (2), we define the integral operator F'(z) as follows

z
o0

F(z) = %/tf (1)t = + ; i fazik(ﬁl)kﬂ (ZH) a, (e U").

The mth partial sum F),(z) of the function F'(z) is given by

1 - (a)k+1 a+1\° k .
Fm(z)—;+;<k+2>(ﬁ)k+l<a+k) a®, (2 e U").

The following lemmas will be required for the proof of Theorem 8 given below.

Lemma 1. For 0 £ 0 <,

0.

N
v

" cos (k)
+

— kE+1
Lemma 2. Let P be analytic in U with P(0) = 1 and R{P(2)} > % be in U. For any

function @ which is analytic in U, the function P * @ takes values in the convex hull
of the image on U under Q).

Lemma 1 is due to Rogosinski and Szego [21] and Lemma 2 is a well known result

(c.f. [[1] and [10]]) that can be derived from the Herglotz representation for P.

After giving the above lemmas, we can proceed to the proof of our last result.
Theorem 8. If f € ¥K, (A, B,«,3), then F,, € XK, (A, B,a, ).
Proof. Let f be of the form (7) and belongs to the class ¥/C, s (A, B, a, ). Then we

have
1 —~ (@) (a+1)° k41 1 *
§R(1—B_Ak§1k(ﬁ)k+l R >3 (z € U"). (27)

Applying the convolution properties of power series to F/ (z), we may write

1 (@) fa+1)\° 1
— (1—|— B—Akz:; (5)k+1 (a—i—k) akzk+>
. <1+(B—A) ; k}rl Eg;:i (ZI;) zk+1> . (28)

z =re 0sr<1;0=10] =)

Putting
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and making use of the Minimum Modulus Principle for harmonic functions in conjunc-
tion with Lemma 1, we obtain

ana | (@ (a+1\" 1
%(1+“%”“§:k+1wnﬂ(a+k)2+

k=1

=z1-(B-A) S 1t cos(ho) (@)1 (a + 1)8
- ~ k+1 |(B)y \atk
m+1 k
r¥ cos (k6
1= -y
k=1

zl—(B;A) (29)

Finally, in view of (27), (28), (29) and Lemma 2, we deduce that

—%{zzf’(z)}>1—(B;A> (0 A+ B<2;z€U),

which completes the proof of Theorem 8. 0

5. Concluding Remarks and Observations

In the present investigation, we have derived sufficient conditions for a function f to
be in the above-defined subclasses XS, (A, B, «, 8) and YK, (A, B, , ) of the class
3} of meromprphic functions which are analytic in the puntured unit disk U*. We have
further investigated the ratio of a function related to the Hurwitz-Lerch zeta function
®(z, s,a) and its sequence of partial sums. The various results which we have presented
here would extend and improve several earlier studies on the subject of this paper.

Open Access: This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0) which permits any use, distribution, and reproduction
in any medium, provided the original author(s) and the source are credited.
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