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One of the most important parameters in determination of the
deformation associated with roughness is its height on the surface. The
authors study the density of probability distribution as related to the surface
peak height (SPH) and estimate the mathematical expectation (ME) of SPH
for the roughness values above a determined deformation level. In the contact
theory, the surface is modelled as a normal random field described by the
Nayak SPH formula. Since this formula is practically inapplicable in the
engineering tasks, the authors propose to replace it by a simpler distribution
law. For this purpose the former is compared with two other formulas
obeying the most known probability distribution laws: of normal distribution
(Gauss’) law and Rayleigh’s law. Comparison of these three formulas made it
possible to derive a simpler yet sufficiently precise one. In the work, the
numerical values of the density of SPH probability distribution and the
relevant ME values at different deformation levels for all three formulas.

Keywords: rough surface, surface peak height, SPH distribution laws

1. INTRODUCTION

The roughness deformation arising in the contact of rough surfaces is the
subject of many investigations. In particular, it affects the accuracy of
measurements if contacting components are made of elastic materials. One of the
most important parameters characterizing deformation of the type in contact
problems is the height of surface roughness. This parameter is measured from the
midline (in the case of profile) or from the mid-plane (in the case of a 3D surface),
which means that the maximum values of random process or random function are
sought-for. In this article we will consider the mathematical expectation (ME) of
the surface peak height (SPH) for all roughness peaks (including those being above
the determined deformation level) with the density of probability distribution
(DPD) for the SPHs established preliminarily.

2. SURFACE CONTACT DIAGRAM

In previous works [1, 2] the roughness deformation is measured from the
top, while in the relevant statistics all roughness parameters are measured from the
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mid-plane. The roughness deformation diagram is presented in Fig. 1, which shows
the relation between deformation a; and deformed peak height hy(u) measured from
level u.

P

| ai; Ll, i
Mp — ——— i

—
'\
NN
—

Fig. 1. Diagram of the contact between perfect plane and rough surfaces.

The deformation diagram shown in the figure relates to such a contact
between the ideal plane and a rough surface where under applied force P the ideal
plane shifts from position | — | to position Il — Il, reaching a balance between the
external force and the micro-roughness deformation resistance. In this latter
position the distance between the ideal plane and the mid-plane of rough surface
0 —0is equal to u.

3. DISTRIBUTION DENSITY OF SURFACE ROUGHNESS HEIGHT

In the contact theory (see, e.g. [3-5]) it is often assumed that the level of
surface roughness deformation does not exceed some standard level — the mid-
plane 0 — 0 (Fig. 1) y=u/o, where o is the random field standard deviation.

In this work, the emphasis is given to the character of surface roughness as
related to the levels above y. The SPH distribution law for an irregular 3D surface
(mathematically — for a normal random field) was studied by P.R. Nayak [6],

where according to the density of probability distribution the function fl(gp)of

SPHs could be found dividing the number of peaks on level [y, y+dy] by that of all
surface peaks above level y :

E{np(7)}

fly(‘fp)zw’ 1)
where
$p - &p= %p — standardized value of peak height;
E{np (7/)} — ME of the number of rough peaks on level [y, y+dy];
E{M b (y)} — ME of the number of all surface peaks above level y .
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The first of the ME values can be determined by the expression [6]:

% f (8-322)- ye_ﬁy2
€ fny (1)) - S +3ff_”42(72—1)e72'¢{ 82;7] @
2 ﬂ 422
+4 3(4—,12)e e \I(4—/12)(8—3/12)7

where indices 1 and 2 refer to the direction of parameter setting, respectively:
1 — perpendicular to the treatment direction, 2 — perpendicular to direction 1.

E{m} — ME of surface’s maxima per unit of length;
E 0
dimensionless parameter A= {nl—()} ;
b _ E{m
E{n(0)} is the ME of number of zeroes per unit of
length;
E{n (O
c — coefficient of anisotropy ¢ = M ;
E{ny(0)}

X ——dt Laplacian function (the numerical values of which can

#(x)= \/ﬁ fe 27, = befound in [7]).
The second of mentioned above ME values is [6]:
E{M p} = E{np}-dy . In turn, to determine the probability

distribution density function f,, (&, ) for SPHs we have to determine

the ME for the number of E{M o (7)} surface peaks above level y

E{Mp(y)}zofE{np(;/)}-dy 3

Inserting into formula (3) coherence (2) and carrying out the integration we
obtain:

E{M (o —E o1, 4
(Mo (1)} =c- 3 5 E (m}- @
where 7 is the function of roughness parameter 4 and level y
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The integral in (5) cannot be expressed in elementary functions; therefore,
271 values shown in Table 1 are obtained by numerical integration.

Table 1
Numerical values of coefficient 2z}
y A
1.63 1.40 1.00 0.60 0

0 1.0000 0.9871 0.8974 0.7673 0.5000
0.5 0.9963 0.9234 0.7554 0.5813 0.3085
1.0 0.9215 0.7719 0.5479 0.3749 0.1587
15 0.6824 0.5209 0.3276 0.2000 0.0668
2.0 0.3746 0.2707 0.1565 0.0862 0.0028
25 0.1518 0.1064 0.0586 0.0296 0.0062
3.0 0.0461 0.0375 0.0170 0.0013 0.0013

By inserting expressions (2) and (4) into coherence (1) we obtain the
probability distribution density function fly(fp) for the peaks above level y:

4
4
2
32r o0 — 312
+—1 -1l)e 2 +
4 (y ) $ 8-3.2"
V3 )

f”(é’:p):}q'ﬂ a2 e ©

3(4-2%)

4 e
3(8-34°) 7 8327 |

¢ - y
(4-2%)(8-32%)
Since the formula proposed by P.R. Nayak is complicated for engineering

calculations, it is necessary to find another distribution law and derive a simpler
formula as a substitute for the former.
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We will consider two best-known probability distribution laws: normal
(Gaussian) distribution law and that of Rayleigh. According to these laws the

density of probability distribution of surface peak height f (£, ) can be determined
as follows.
The truncated normal distribution law gives:

2 71§p2

fz(gp):ﬁ-e2 , £, 20 (7a)
and Rayleigh’s law:
_Eéz
fy(&p)=¢pe 2" &,>0 (7b)

Since in our case the probability distribution density function f (.»;p) relates to the
SPHSs above level vy, this should be standardized so that it fulfils the condition:

Tt(¢p)=1. (®)
Y

4. TRUNCATED NORMAL DISTRIBUTION LAW

As mentioned above, we need to obtain the function f,,(&,) for SPHs

above level y. The truncated normal distribution law is valid in the range 0—oo,
and, therefore, should be standardized within the range y —oo. For this purpose we

assume that
f2, (&5)=Ca- f2(&p). 9)

where C, is the standardized multiplier:
C, - [f(&p)dé, =1,
/4

thus C,=— . (10)

0

.[ f2 (gp)dép

/4

We will introduce another standardized multiplier: A, = jfz(ép)dfp .
/4

To determine the standardized function fZ},(cfp) we should first determine the
value of standardized multiplier:

0077

A, = j—e2 d§p jez dcfp.
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Using integral tables [8] we will carry out the integration:

— eric| 7
Te_%‘fpz B \F erfc(xﬁj _ \/igﬁ-erfc[ Y j 1

dé, =
7 i 2.\/’I \/E
2
where
Y : : 2 T
erfc| —— | is the error integral:  erfc(x)=—= e dt [71.
\E 7T x
We obtain:
A2 :L._M.erfciLJ :erfc(Lj_
P2z 2 2 2
Thus the standardized multiplier is:
Cpm—t (11)
erfc| 2
%)
Putting it into coherence (9) we will obtain:
1.2
1 2 _7'§p
' erfc(yj V27
J2

If we verify expression (12) by inserting there y =0, we will find out that it

corresponds to the previously mentioned truncated normal distribution law within
the range O0-o. This means that within the range » —o the probability

distribution density function  f,,(&,) for SPHs can be determined by
expression (12).
5. RAYLEIGH’S DISTRIBUTION LAW

Similarly to the case of truncated normal distribution, we will proceed with
Rayleigh’s law in order to obtain the probability distribution density function

fs, (ép) for SPHs above level y.

Standardization within the range y —o gives:

f37(§p):C3f3(§p)v

where

C,=————. (13)
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We will mark A = |, (£)dé, and write:
/4

v
1
Thus: Cz= 1 —e?’ | (14)
e 2

and the density of probability distribution according to Rayleigh’ law, where
y =0—o00, will be:

1, 1.2 12 .2
57 ->¢ S\ =< )

f3y(§p):e2 'fp'e 2°P :ijp.eZ( P .
Having carried out the control insertion in expression (12) y =0, we find that it

corresponds to the above Rayleigh distribution law within the range 0—oo (and thus
within the range y —), the density of probability distribution of surface roughness

(15)

height f;, (fp) is to be determined according to expression (15).

Diagrams of the distribution density are given in Fig. 2. They show that,
starting from the value £ >1, the relevant expressions are approaching each other

and become closer to the precise expression in Rayleigh’s distribution; therefore,
the corresponding distribution density for the values & >1 can be used for solving

engineering tasks.
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Fig. 2. Density of probability distribution of surface peak heights.
= = = Formula by P.R. Nayak

Truncated normal distribution law

-------- Rayleigh’s distribution law

6. MATHEMATICAL EXPECTATION OF THE SURFACE PEAK HEIGHT

To determine roughness deformations and thus also the measurement error it
is important to find the ME of surface peak height (SPH). Likewise as in the
previous chapters where the probability distribution density of SPH was
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determined by three formulas, its ME should be found in the framework of three
distribution laws (Nayak’s, the truncated distribution law, and Rayleigh’s).

6.1. Mathematical expectation of surface peak height by Nayak

In his research on the rough surface random processes P.R. Nayak [6]
determines the ME of SPH by the formula:

El{ép}z_offl(gp)'ép'dép ) (16)

where

density of probability distribution of rough surface’s peak
&) = peight

h
&,=— — standardized value of peak height;
o — standard deviation of random field.

From Chapter 3 it follows that according to Nayak (see (1)) the density of
probability distribution of SPH can be found dividing the number of peaks situated
above level y by the total number of peaks. As mentioned before, in the contact

problems we should determine the ME for the height of the surface peaks that are
above the set deformation level u or standardized deformation level y . Thus, by

transforming formula (16) for the ME of surface peak height above level y we
obtain:

Ely {":Ep}:?fly(étp)gpdﬁp ) 17)

Inserting into equation (17) expression for f,, (£, ) gained previously, after
integration [8] we will have:

2
3/12«/27r INEY)
( ) 2 -p(Psr)+ [1-4(B7) ]+
B B
E, =C,-— (18)
Y 2 J62 Wi - Zyz
2
e 2 42 5(4—1 )-e 4 4(,)
where C; — standardized multiplier;
5= 3-2% 402
ce—sz' T \alax2 3/12’ (4-42)(8-322)
Coefficient C; is determined from the relation:
Cilfi(&p)dg, =1 (19)
v
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The value of coefficient C; changes depending on deformation level ¥ and
roughness parameter A (Table 2).

Table 2
Values of coefficient C;
y A

0 0.63 1.00 141 1.63

0 2.000 1.304 1.115 1.013 1.00
0.5 3.145 1.721 1.325 1.065 1.004
1.0 6.329 2.667 1.825 1.295 1.085
15 14,921 5.000 3.049 1.919 1.466
2.0 43.472 41.631 6.410 3.690 2.667
2.5 161.322 34.483 11.952 8.434 6.579
3.0 769.233 125.022 58.821 26.322 21.741

Similar to the determination of the probability distribution density of rough
surface’s peak height by Nayak’s formula, that of ME for SPH is too complicated
for engineering calculations; therefore, it would be better to use simpler
distribution laws to replace the precise formula. For the ME determination we will
apply the Rayleigh law and the normal distribution law.

6.2. Mathematical expectation of surface peak height according
to the truncated normal distribution law

The ME of SPH using the truncated normal distribution law is determined as

1.2
2 o g
JEy e 27 dE, (20)

ﬂerfc(\}%) i :

E (&, ) =°f§p Tt (& )-d&, =

1,
. . % 59
In this case, we will mark: B, =[&,-e 2 d&,.
/4

According to [8] the integration looks as

1.5 -7 1,
v, 8 e? -7
B, =]y e 2’ dg=——r=e? . (21)
7 2.E

Inserting the obtained result into (20) we derive the following ME of surface
peak height for the truncated normal distribution law:
1,

2.6 2/

27 erfc(gj |

E{&p, )= (22)
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6.3. Mathematical expectation of surface peak height
according to Rayleigh’s law

Similarly, in the case of truncated distribution law the ME of SPH for
Rayleigh’s law is:

1
_,gpz

1200
Edfw}=yp¢4§gd@=ﬁf-£a2e2 dé,. (23)

Making integration in parts according to [8] we obtain:

1. 15 1,
Es{ﬁfpy}=e27 -[E-erfc(%)+%e 2" ]=e2y -\E-erf{%}y. (24)

The relevant ME diagrams are shown in Fig. 3. It could be seen that starting
from y >1 the ME values of SPH are becoming closer to each other, with the value
closer to the precise one being that corresponding to Rayleigh’s law, which thus
can be used in solving the engineering tasks for levels » >1.

0 0.5 1 15 2 25 3 35 v

Fig. 3. Mathematical expectation of surface peak height

= = = Formula by P.R. Nayak
Truncated normal distribution law

""""" Rayleigh’s distribution law

6.4. Asymptotics of mathematical expectation
of surface peak height according to Rayleigh’s law

As was previously found out, the closest to the precise (though complicated)
Nayak’s formula for determination of the ME for peak height is Rayleigh’s
distribution law. The ME diagrams presented in Fig. 3 show that Rayleigh’s law is
approximating the precise law at high levels (¥ >1.5) when according to (7) the
following coherence is realized:

7/2

T ¥ ei?
—erfc|] = |[=——.
\/; (xﬁ j y
Then from expression (24) we derive the following asymptotic formula for the ME:

oy} (25)
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The numerical values of all the distribution laws for determination of the peak
height ME along with the precise formula and Rayleigh’s law asymptotic values at
different deformation levels y are tabulated below.

Comparison of mathematical expectation for different distribution laws revles
o | clistribtion aw Rayleigh’s law Asymptotic law
¥ — . —
E,, { g, } E2y { fp} Devtl;l)tlon Es, { f,,}‘ Devgztlon E4y { fp} Dev(;/a:)tlon
0 1.3032 0.7979 39% 1.2533 4% - -
0.5 1.5445 1.1411 26% 1.3764 11% - -
1.0 1.8254 15251 16% 1.6557 9% - -
1.5 2.1893 1.9387 11% 2.0158 8% 2.1667 1%
2.0 2.5897 2.3732 8% 2.4214 6% 2.5000 3%
2.5 2.6424 2.8227 7% 2.8543 8% 2.9000 10%
3.0 3.4922 3.2831 6% 3.3046 5% 3.3333 5%

7. CONCLUSIONS

Conclusions that could be drawn from the results of this work are as follows.
The precise Nayak’s formula for determination of the SPH probability

distribution density and of the peak height mathematical expectation (being too
complicated for solving engineering tasks) can be replaced by a simpler one. The
Rayleigh law has been found the most suitable for such replacement, while at high
levels (¥ >1.5) the Rayleigh law asymptotics can be used.
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RAUPJAS VIRSMAS TRISDIMENSIJU
NEGLUDUMU AUGSTUMA PETIJUMI

A. Avisane, J. Rudzitis, G. Springis
Kopsavilkums

Lai noteiktu negludumu deformaciju, viens no butiskakajiem parametriem ir
virsmas negludumu augstums. Saja raksta apskatitas un salidzinatas tris dazadas
formulas virsmas izcilnu augstuma varbiitibu sadalijuma blivuma aprékinaSanai un
virsmas izcilpu augstuma matematiskas sagaidamas veértibas noteikSanai tiem
nelidzenumiem, kas atrodas virs nosacita deformacijas Itmena y. Kontaktteorija
virsma tiek modeléta ka normals gadfjuma lauks. Sadam normalajam gadijuma
laukam izcilpu augstuma varbiitibu sadalfjuma blivuma likumu ir ieguvis P.R.
Naijaks, tacu &1 izteiksme ir praktiski nepiem@rojama inzenieruzdevumu
risinasanai, tapec Saja darba ir noskaidrots, ka esoso formulu ir iesp&jams aizstat ar
vienkar§aku sadalfjuma likumu. Ir apskatita P.R. Naijaka formula un divi
pazistamakie varbiitibu sadalfjuma likumi: normalais sadalijuma (Gausa) likums un
Releja likums. Salidzinot §is trTs formulas, ir atrasts vienkarsaks, bet pietiekami
precizs risindjums, ar ko aizstat sarezgito formulu. Darba ir iesp&jams uzskatami
redzet, grafiski att€lotas, iegiitas virsmas izcilnpu augstuma varbiitibu sadaltjuma
blivuma skaitliskas vertibas un virsmas izcilpu augstuma matematiskas sagaidamas
vertibas pie dazadam y vertibam, visam trijam formulam, ka arT tabula ir apkopotas
iepriek§ming&to varbiitibu sadalijuma likumu maksimalas novirzes no precizas
formulas.
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