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Abstract: This paper concentrates on the mathematical modelling for three-dimensional flow of an incompressible Ol-
droyd-B fluid over a bidirectional stretching surface. Mathematical formulation incorporates the effect of internal heat 
source/sink. Two cases of heat transfer namely the prescribed surface temperature (PST) and prescribed surface heat flux 
(PHF) are considered. Computations for the governing nonlinear flow are presented using homotopy analysis method. 
Comparison of the present analysis is shown with the previous limiting result. The obtained results are discussed by plots 
of interesting parameters for both PST and PHF cases. We examine that an increase in Prandtl number leads to a reduc-
tion in PST and PHF. It is noted that both PST and PHF are increased with an increase in source parameter. Further we 
have seen that the temperature is an increasing function of ratio parameter. 
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INTRODUCTION 
 

Heat transfer analysis over a stretched surface is a problem 
of great interest for the recent researchers. Such motivation is 
due to its various applications in the industrial and engineering 
processes like glass fiber and paper production, manufacture 
and drawing of plastics and rubber sheets, crystal growing, 
cooling of metallic sheets in a cooling bath, the continuous 
casting, glass blowing, polymer extrusion process, food pro-
cessing, annealing and tinning of copper wires, heat treated 
materials travelling on conveyer belts and many others. Besides 
this, the concept of heat generation (source) or absorption (sink) 
is useful in applications involving heat removal from nuclear 
fuel debris, underground disposal of radioactive waste material, 
storage of food stuffs and dissociating fluids in packed-bed 
reactors. This concept is also important in view of problems, 
such as fluids undergoing exothermic/endothermic chemical 
reaction (Kandasamy et al., 2011) with the increasing demand 
of electronic technology, effective cooling of electronic equip-
ment has become warranted. Such cooling of electronic equip-
ment ranges from individual transistors to main frame comput-
ers and from energy suppliers to telephone switch boards (Kan-
dasamy et al. (2005)). 

There are many materials of multi-phase nature and of very 
high molecular weight involving in the chemical engineering, 
food stuff, bio-medicine and many others (Jamil and Fetecau, 
2010). Such materials are called non-Newtonian fluids. The 
characteristics of non-Newtonian fluids are shear thinning, 
shear thickening, viscoelasticity, viscoplasticity. Such charac-
teristics cannot be predicted by the Classical Navier-Stokes 
equations. For these fluids, there is a nonlinear relationship 
between the shear stress and shear rate. There is also not a 
single constitutive model which predicts all the characteristics 
of non-Newtonian fluids. Hence, different models of such fluids 
are introduced by the various investigators. An Oldroyd-B fluid 
is one subclass of the rate type non-Newtonian fluids which 
exhibit both relaxation and retardation times effects. Few stud-
ies in this direction may be represented by the refs. (Fetecau 
(2003), Fetecau and Fetecau (2005), Fetecau et al. (2007), Qi 
and Jin (2009), Tong et al. (2009), Zhang et al. (2011), Jamil et 

al. (2011), Jamil and Fetecau (2012), Zheng et al. (2012) and 
Hayat et al. (2012a)). Crane (1970) was the first who investi-
gated the boundary layer two-dimensional flow of viscous fluid 
bounded by a stretching surface. Since then, different workers 
in the field have revisited similar problem through various 
physical aspects of heat and mass transfer, non-Newtonian 
fluids, magnetohydrodynamics, chemical reaction, suction, etc. 
However, majority of the existing studies relating to the titled 
problem has been examined for the two-dimensional flow (see 
few recent articles by Rashidi and Keimanesh (2010), Kazem et 
al. (2011), Hayat et al. (2011), Mukhopadhyay et al. (2011), 
Bhattacharyya (2012) and several refs. therein). Very limited 
attention is given to the three-dimensional flow over a stretch-
ing surface. For example, Liu and Andersson (2008) studied the 
three-dimensional flow of viscous fluid induced by a bidirec-
tional surface in the presence of variable thermal conditions. 
Flow of viscous fluid generated by the bidirectional stretching 
sheet was numerically discussed by Wang (1984). Ariel (2007) 
presented a study for three-dimensional flow of viscous fluid 
over a linear stretching surface. Ahmed et al. (2011) carried out 
a study for MHD three-dimensional flow of viscous fluid in a 
porous medium. Heat transfer characteristics are taken in the 
presence of prescribed surface temperature and prescribed 
surface heat flux. Very recently, Shehzad et al. (2012) studied 
the three-dimensional flow of Jeffery fluid with convective 
surface conditions. 

To our knowledge, no analysis is presented to investigate the 
three-dimensional flow of non-Newtonian fluid over a bidirec-
tional stretching surface with heat transfer. Even such flow 
analysis in absence of heat transfer is not available so far. 
Hence, constitutive equations of Oldroyd-B fluid are employed 
in the mathematical formulation. The stretching surface exhibits 
the heat transfer through two cases namely PST and PHF. Ef-
fects of heat generation/absorption are also present. Computa-
tions for governing problem are made using homotopy analysis 
method (HAM) (Liao (2003), Rashidi and Domairry (2009), 
Rashidi and Pour (2010), Turkyilmazoglu (2010), Keimanesh et 
al. (2011), Rashidi et al. (2011), Vosughi et al. (2011), and 
Hayat et al. (2012b, 2012c, 2012d). The obtained series solu-
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tions are examined in detail for convergence and physical inter-
pretation. 
 
FLOW MODELS 
 

Consider three-dimensional boundary layer flow of an in-
compressible Oldroyd-B fluid. The flow is induced by bidirec-
tional stretching surface (at z = 0 with prescribed surface tem-
perature (PST) and prescribed surface heat flux (PHF) (see Fig. 
1). Steady flow of an incompressible fluid is considered for z > 
0. Flow analysis is carried out in the presence of heat 
source/sink. The conservation equations of mass, momentum 
and energy for steady flow can be expressed as 
 

,div 0V =                                                                               (1) 
 

.divT
V =

dt

dρ                                                                          (2) 

 

 
 
Fig. 1. Physical model. 

The Cauchy stress tensor T and extra stress tensor S in the 
above equation are defined as: 
 

,SIT +−= p                 (3) 
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where DtD /  is the Covariant differentiation, and 1λ  and 2λ   

are the relaxation time and retardation time, respectively. The 

first Rivlin Ericksen tensor 1A  is defined as 
 

( ) ,gradgrad1
∗+= VVA                                                        (6) 

 

where * indicates the matrix transpose and the velocity field  
V is taken as following 

 

)].,,(),,,(),,,([ zyxwzyxvzyxu=V                                   (7) 
 

The definition of  DtD / is (Harris, 1977): 
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Following the procedure of Harris (1977) at pages 221–223, 

Eqs. (1)–(5) now give: 
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(12) 

 
After neglecting the pressure gradient and using the standard 

boundary layer assumptions (Schichting, 1964), the resulting 
equations for three-dimensional flow of an Oldroyd-B fluid 
with heat transfer are 
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Note that in the above equations, the boundary layer approx-

imations are used. Further,  u, v and w are the velocity compo-
nents in the  x–,   y–  and  z– directions,  T  the fluid tempera-
ture,  k1  the thermal diffusivity of the fluid, )/( ρμν = the 

kinematic viscosity, ρ  the density of fluid, μ  the dynamic 

viscosity of fluid,  pc  the specific heat at constant pressure of 

the fluid and q is the heat source/sink parameter with q > 0  
(heat source) and  q < 0  (heat sink). 

The associated boundary conditions are defined as follows 
[20]: 
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For temperature, the corresponding boundary conditions are 
given by: 
 
Type I. Prescribed surface temperature (PST): 
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Type II. Prescribed surface heat flux (PHF): 
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Here, λ is the thermal conductivity of the fluid, ∞T  the con-

stant temperature outside the thermal boundary layer, A and B 
the positive constants. The power indices γ  and s  determine 

how the temperature or the heat flux varies in xy – plane. 
Considering Ahmad et al. (2011): 
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Eq. (13) is automatically satisfied and Eqs. (14)–(17) take the 
following forms: 
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where a11 λβ = and a22 λβ = are the Deborah numbers ,

a
b=α  the ratio of stretching rates, 

1
Pr k

ν=  the Prandtl num-

ber, k1 the thermal diffusivity and 
pac

q
ρβ =  the internal heat 

parameter. 
 
HOMOTOPY ANALYSIS SOLUTIONS 
 

In this section, we solve the problem consisting of Eqs. 
(21)–(25) by HAM. For that the initial guesses and auxiliary 
linear operators are taken as follows: 
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where  Ci   (i = 1 – 10)  are the arbitrary constants. 
At zeroth order, the problems satisfy: 
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In above expressions, q shows the embedding parameter,  

,f  ,g  θ  and φ  the non-zero auxiliary parameters and  

,fN  ,gN  θN  and φN  the nonlinear operators. When q = 0 

and q = 1 then we obtain 
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It should be pointed out that when q increases from 0 to 1, 
the ),,( qf η ),( qg η and ),( qηθ vary from ),(0 ηf    

),(),( 00 ηθηg   )(0 ηφ  to ),(ηf  ),(ηg  )(ηθ  and ).(ηφ  Using 

Taylors' expansion we write: 
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where the parameters ,f  ,g θ  and φ  have a key role 

in the convergence of series solutions. The values of parameters 
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are chosen in such a manner that Eqs. (39)–(42) converge at q = 
1. Hence Eqs. (39)–(42) give: 
 

),()()(
1

0 ηηη m
m

fff
∞

=
+=                                                (45) 

),()()(
1

0 ηηη m
m

ggg
∞

=
+=                                                  (46) 

),()()(
1

0 ηθηθηθ m
m

∞

=
+=                                                   (47) 

).()()(
1

0 ηφηφηφ m
m

∞

=
+=                                                    (48) 

 

The general solutions are arranged as follows: 

,)()( 321
ηηηη −∗ +++= eCeCCff mm                            (49) 

 

,)()( 654
ηηηη −∗ +++= eCeCCgg mm                            (50) 

 

,)()( 87
ηηηθηθ −∗ ++= eCeCmm                                      (51) 

 

,)()( 109
ηηηφηφ −∗ ++= eCeCmm                                      (52) 

 

in which the special solutions are denoted by ,∗
mf  ,∗

mg  
∗
mθ  

and .∗
mφ   

 

 
CONVERGENCE OF THE HOMOTOPY SOLUTIONS 

 
We know that the homotopy analysis method provides a 

great freedom to select the auxiliary parameters ,f g , θ   

and φ  regarding adjustment and control of the convergence 

of series solutions. To determine the appropriate convergence 

interval of the constructed series solutions, the −  curves at 
17th-order of approximations are sketched. Figs. 2–5 supports 

that the range of admissible values of ,f  g , θ  and φ   

are 2.095.0 −≤≤− f , ,15.085.0 −≤≤− g    6.025.1 −≤≤− θ   

and  .45.01.1 −≤≤− φ   

 

 
Fig. 2.  -curve for the function ).(ηf  

 
GRAPHICAL RESULTS AND DISCUSSION 

 
The graphical illustrations of temperature field correspond-

ing to various interesting quantities for prescribed surface tem-

perature (PST) and prescribed surface heat flux (PHF) are visu-
alized in this section. Figs. 6–12 present the variations of β1, β2,   

,γ  β, Pr,  α  and s on the prescribed surface temperature  

)(ηθ and prescribed surface heat flux )(ηφ . 
 

 
 

Fig. 3.  -curve for the function ).(ηg  

 

Fig. 4.  -curve for the function ).(ηθ  

 

Fig. 5.  -curve for the function ).(ηφ  

We observe from Fig. 6 (a, b) that the temperature profiles  
)(ηθ , )(ηφ   and their associated thermal boundary layer thick-

nesses are increased when Deborah β1 increases. As expected 
that an increase in the Deborah number β1 leads to an increase 
in relaxation time. When relaxation time increases then it give 
rise to the temperature fields  )(ηθ   and  )(ηφ   The variations 

of β2 on )(ηθ  and )(ηφ  are seen in Fig. 7 (a, b). Here it is 

found that the temperature profiles )(ηθ  and )(ηφ  are decreas-

ing functions of β2. An increase in Deborah number β2  is due to  
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Table 1. Convergence analysis of series solutions by numerical 
data for different order of deformations when ,2.01 =β  ,3.02 =β

,5.0== sα ,0.1Pr =  ,4.0== βγ  6.0== gf   and 

.9.0−== φθ   
 

 
 
 

Table 2. Numerical values of ),0(f ′′  ),0(g ′′  )(∞f  and ).(∞g  

for different values of α  when .011 == λβ   

 

 
 

 

 
Table 3. Temperature gradient  )0(θ′  for different values of  ,α γ and s  with 0.021 === βββ   and .0.1Pr =  

 
 

 
 

                                   

                                                        a) b) 

 
Fig. 6 (a, b). Temperature profiles )(ηθ and )(ηφ  for various values of Deborah number β1 when ,3.02 =β ,0.1Pr = 5.0== sα  and 

.4.0== βγ  
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a)                b) 

 
 
Fig. 7 (a, b). Temperature profiles )(ηθ  and )(ηφ  for various values of Deborah number β2 when ,3.01 =β ,0.1Pr = 5.0== sα and  

.4.0== βγ  

 
a)                                                                                                    b) 

 
 
Fig. 8 (a, b). Temperature profiles )(ηθ  and )(ηφ  for various values of γ when ,3.021 == ββ ,0.1Pr =  5.0== sα  and  .4.0=β  

 
a)                                                                                                  b)                                                                  

 
 
Fig. 9 (a, b). Temperature profiles )(ηθ  and )(ηφ  for various values of β  when ,3.021 == ββ ,0.1Pr = 5.0== sα and  .4.0=γ   

 
a)                                                                                                b)

 
 

Fig. 10 (a, b). Temperature profiles  )(ηθ  and )(ηφ  for various values of Pr when ,3.021 == ββ  5.0== sα  and  .4.0== γβ  
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                                                    a)                                                                                                    b) 

 
 

Fig. 11 (a, b). Temperature profiles )(ηθ  and )(ηφ  for various values of α when ,3.021 == ββ ,0.1Pr = 5.0=s  and  .4.0== γβ   

 
                                                    a)                                                                                                    b)  

 
 

Fig. 12 (a, b). Temperature profiles )(ηθ  and )(ηφ  for various values of s  when ,3.021 == ββ ,0.1Pr = 5.0=α  and  .4.0== γβ   

 
increase in retardation time. There is a decrease in )(ηθ  and 

)(ηφ   when retardation time increases. A comparison of Figs. 6 

(a, b) and 7 (a, b) shows that Deborah number  β1  and β2  have 
quite opposite effects on the temperature profiles  )(ηθ   and  

)(ηφ . An increase in γ creates a reduction in temperature 

profiles  )(ηθ   and  )(ηφ . From Fig. 8 (a, b) it can be exam-

ined that γ  have similar effects on  )(ηθ  and )(ηφ but the 

variations in )(ηφ  are large in comparison to )(ηθ . Also we 

analyzed that the temperature  )(ηφ   at the wall is decreased 

when γ increases. The effects of heat source/sink parameter β 

on )(ηθ  and )(ηφ  are illustrated in Fig. 9 (a, b). It is found that 

there is an increase in )(ηθ , )(ηφ  and their associated thermal 

boundary thicknesses with an increase in  β . Fig. 10 (a, b) 
presents the variations of Prandtl number Pr on )(ηθ  and )(ηφ . 

The temperature profiles )(ηθ , )(ηφ and thermal boundary 

layer thickness are reduced when Prandtl number is increased. 
In fact an increase in Prandtl number reduces the thermal diffu-
sivity and such reduction in thermal diffusivity decreases the 
temperatures  )(ηθ and )(ηφ . Fig. 11 (a, b) displays the influ-

ence of α  on temperature fields  )(ηθ and )(ηφ . An increase 

in α yields a decreases in )(ηθ and )(ηφ . Fig. 12 (a, b) de-

scribes that )(ηθ  and )(ηφ  are decreasing functions of s.  

Table 1 is prepared to analyze the convergence of  ),0(f ′′    

),0(g ′′  )0(θ ′  and )0(φ ′′ numerically. This Table depicts that 

our series solutions converge from 20th order approximations 
for velocities and 30th order approximations for PST and PHF. 
It is also observed that we have to compute less order defor- 
mations for velocities in comparison to temperatures )(ηθ and  

 

 
)(ηφ . Table 2 shows the comparison with the previous results 

for various values of α  for ),0(f ′′  ),0(g ′′  )(∞f and ).(∞g  It 

is anticipated that our present results are in an excellent agree-
ment with the previous results. Also we analyzed that the nu-
merical values of ),0(f ′′ ),0(g ′′ and ).(∞g  are increased. Table 

3 shows a comparison of  )0(θ ′ for different values of  α , γ
and s. One can see that the provided values in the present anal-
ysis have an excellent agreement with the values of existing 
solutions (Liu and Andersson, 2008). 
 
CONCLUSIONS 
 

In this study, the three-dimensional flow generated by bidi-
rectional stretching surface is investigated in the presence of 
prescribed surface temperature (PST) and prescribed heat flux 
(PHF). Interesting observations are mentioned below: 
 

i. Effects of Deborah numbers β1 and β2 are quite opposite 
on the prescribed temperature )(ηθ ;  

ii. The temperatures )(ηθ and )(ηφ are decreasing func-

tions of Deborah number β2 ;  
iii. A rise in Prandtl number decrease temperature profiles  

)(ηθ , )(ηφ  and thermal boundary layer thickness; 

iv. Increasing α reduces )(ηθ and )(ηφ ;  

v. Increasing α increases the temperature gradient )0(θ ′ . 
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