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Abstract

An approximate semi-analytical solution based on a Hankel
transform of a mechanistic model for electrical impedance
spectroscopy (EIS) is derived for a non-invasive axisymmetric
concentric probe with m electrodes measuring the response of n
layers of human skin. We validate the semi-analytical solution for
the case when the skin is treated as a three-layer entity — (i)
stratum corneum, (ii) viable skin comprising living epidermis and
dermis and (iii) adipose tissue — on the volar forearm in the
frequency range 1 kHz to 1 MHz with experimental EIS
measurements of 120 young subjects. Overall, we find good
agreement for both the mean magnitude and phase of the
impedance as well as the natural variability between subjects.
Finally, the semi-analytical solution is verified with the full set of
equations solved numerically: Good agreement is found for the
point-wise potential distribution in the three skin layers.

Keywords: Mathematical model; electrical impedance; stratum
corneum; viable skin; adipose tissue; analytical solution

Introduction
The development of a detailed, continuous mathematical
model of an electrical-impedance-spectroscopy (EIS)
measurement of human skin requires knowledge of both
the EIS probe design as well as the properties of the
adjacent skin layers. While the former is straightforward,
the latter is more demanding due to the inherent
complexity of human skin. This complexity arises from the
form and functionality of human skin.

In essence, human skin comprises multiple layers of
cells and tissues; these can be grouped into three main

layers with their own thicknesses and electrical
properties, as illustrated in Fig. 1: (i) a stratified, cellular
epidermis; (i) an underlying dermis made up of
connective tissue that is separated from the epidermis
through the dermo-epidermal junction; and (iii) the
hypodermis, also known as the fatty subcutaneous layer
or adipose tissue. Each of these three layers, in turn,
consist of one or more sublayers; e.g., epidermis of thin
skin comprises stratum corneum, stratum granulosum,
stratum spinosum and stratum basale. Besides natural
variations between individuals that result in differing
thicknesses and electrical properties, other factors
come into play such as aging, skin moisture and
variation of blood flow due to ambient conditions.
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Fig. 1: Schematic of skin layers.

In our earlier work, we derived a mathematical model
based on conservation of charge for EIS measurements of
human skin [1-3] between 1 kHz and 1 MHz by grouping the
skin layers into three layers: viz., stratum corneum (SC),
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viable skin (VS) and adipose tissue (AT). The model, which
was calibrated and validated with experimental EIS
measurements, was solved numerically [1-3] and semi-
analytically [3] in the entire frequency domain and
analytically [2,3] at around 1 kHz. Similar continuous
models have also been solved numerically [4-8].
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Fig.2: Schematic of skin comprising n layers and a circular EIS
probe with m electrodes.

Ceramic Skin layers

Here, we extend our previous work by generalizing the
mathematical model and its solution to account for n layers
and m electrodes, as shown in Fig. 2. We then demonstrate
the model for three layers with a four-electrode probe, one
sense with one or multiple injection electrodes, by verifying
with the full set of equations solved numerically and
validating with experimentally measured impedance data
from an earlier study [9].

Materials and methods

Mathematical formulation

The potential distribution, current density and measured
impedance in cylinder coordinates [3] in the skin can be

written as
19( od) 9o°®
- r— |+ =0, 1
ror [r or j 922 @
oD
J. =—0 ,—,
r O-t,eff ai’ (2)

32

9D
J. =0 o P (3)
R =
Z=V, 2;sz2 O<r<R,H)rdr| , 4)
0

subject to the following external boundary conditions for
j=1,...,m electrodes:

DRy, <r <Ry, H,)=V,, (5)
oD .
a_Z(RZJ’ISrSRZJ’H”)ZO’ (]im) (6)
9 (Rypy <7 H,) =0, )
oz
lim (7, z) =
lim (r,z) =0, (8)
9® (. 0)=0, (9)
oz
9 0,2y =0; (10)
or

and constitutive relations for the individual skin layers,

i=1..,n:

O o = o+ ia)eoe(i)

r oo

The radii, R;, for the electrodes are defined for

j=1..m:
R, =0, (11)
R =w, (12)
R, =R, +w;, (j=2,...m). (13)

For convenience, we also define the cumulative height,
H;, of skin layer i=1,...,n :

Ho=> M.
k=1

In the above equations, r and z are the cylindrical
coordinates (see Fig. 2), @ is the complex-valued potential,
Jrand J; are the current densities in the r and z direction
respectively, m and n are the number of electrodes in the

(14)

EIS probe and layers of skin respectively; O o s sfi) and

o' are the effective, complex-valued electrical
conductivity, the relative permittivity and conductivity of
layer i, respectively; & is the relative permittivity of

vacuum, i is the imaginary unit, @ =2zv is the angular
frequency, v is the frequency, Z is the impedance, V;is the
prescribed potential at a given electrode, j; w; is the width
of or between an electrode as illustrated in Fig. 2 and hy is
the height of skin layer k.

Note that we do not solve for the potential distribution
in the electrodes, because the potential drop there is
negligible [3].
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Analysis

Let's start by exploiting that the current density
distributions underneath the m electrodes are near-to
constant because of the high resistance to current of the
stratum corneum in the considered frequency range [3].
This allows us to rewrite the boundary conditions, Egs. 5-7,
between the probe and the uppermost skin layer n, stratum
corneum, as (we drop the subindex “eff' for notational
convenience in the analysis)

0v(r,H,) &I
-0, — " =N"LUR,, ,—r)
aZ ;A][ 2 (15)
U(Ry;y 1),

where U() denotes the Heaviside function and /; is the total
current at the /" electrode; the area of the ;" electrode is
2 2

4; :”(sz—l _sz—2)~ (16)
Strictly speaking, we are no longer solving exactly the same
set of equations with the rewritten boundary condition, Eq.
15, whence we will refer to our generalized solution as
approximate in nature.

From the conservation of current for the entire system,
we know that

ZI_/ =0. (17)

We can now proceed with a Hankel transform of zeroth
order, H,{}, for the potential,

‘P(f,z)zHo {(I)(r,z)}=.[0r(b(r,z).]0 (rfr)dr (18)
which is ideally suited for the axisymmetric Laplace
equation, Eq. 1, on our unbounded domain:

2 9’

Hy{A®(r,2)} ==Y (&2 )+a—2\y(§ z)=0, (19)
with the solution for each skin layer, i,

Wi(8,2) = 4,(§)e + B (§)e, (20)
and its z-derivative,
Wi(§,2) = —4,(§)Ee > + B (E)Ge" (21)

here, 4;(£) and B;(£) are two functions that we will soon

determine, A is the Laplace operator, and J, is the 0" -
order Bessel function of the first kind. Between layers, we
know that the flux and potential are continuous; i.e.

(o M - a\PiH (6’7-[1)

% i+l % (22)

33

\Pi (5:7—(1) = lIJH—l (5: Hi)’ (23)
for 1<i<n-1.In addition, we need to satisfy the two
boundary conditions at z=0,

b4
a 1(570) =0, (24)
oz
andat z="H,,
8‘1’ H,
(5 ) ZI K. (©), (25)
with
Ry (Ji(Ry: (E)—Ry 1 J | (Ry: 1)
K'j(é,g): 2j-1Y1\2 -1 2j-2Y 1\ -2 , (26)

”(Rzzj—l _Rzzj—z)f

here we have used that the Hankel transform of zeroth
order of a Heaviside function is defined as

Hy{U(a~1)} =§J1 (). (27)

with J; and a (> 0) denoting the 1%*-order Bessel function of

the first kind and a constant respectively [10].

Note that we have also switched to the subscript, %, in
the summation over the electrodes in Eq. 25 to avoid
confusion with the matrix notation we will introduce later.
Let us solve the potential of the first layer and then work
our way up to the uppermost n-th layer. Starting with the
boundary condition, Eq. 24 at z =0, we have

W1(£,0)= 4 () +BEE) =0, (28)
which results in
4(6) = Bi(§*T0A,, (29)
with
Ap=1 (30)
H, =0; (31)

the role of ezgﬂDA1 (=1) will become apparent as we

proceed with our analysis. Proceeding to the other
boundary condition for the first layer, Eq. 23, we have for

V(& H) =Y, (8 H), (32)
i.e.,
B(&) (A +e57 ) = 4, (E)e T + B, ()™, (33)
from which we find (N.B.: 'H, =h,)
2EH,
B] (5) — AZ (5)@ +B (5) (34)

e 4

Moving on to the second layer, we find after satisfying the
continuity of fluxat z ="H,,
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o POET) _ M EH)

oz oz (35)
that
4,(E) = By (&)™ T A, (&), (36)
with
o (1-A e ) =g, (1+ A 2N
Ay ()= l( 1 ) 2( : ) (37)

g (Alefzghl —1) -0, (1 + A2 ) '

Between the second and third layer, z="H, , we require

continuity of the potential,

\PZ(és}LZ) = \PS (5’7_62)3 (38)

which reveals

A,(E)e " + By (&)
Ay(&)e ™ +1

By(§) = (39)

Let us explicitly continue with the third layer and then
generalize the solution for layer i, where 1<i<n—1.In the
third layer, we find

A4,() = By (£)e* T A5 (&), (40)
and
A4,(E)e ™ + B, (&)
B _ 74 4
3(5) A3(§)e_2§h3 41 (41)
with
o, (1= A" )= oy (14 A e
Ay(&) = 21247 ) 1A, (42)

o (e 1) 1A )

after satisfying the boundary conditions with the second
and fourth skin layer.
We can now generalize the solution as

4(8) = By A (D), (43)
and ' 26H | p
Bj (5) — A‘l+l (5)6 - —}:—BIJrl (é) (44)
A& +1
for 1<i<n-1, with
A] = 19 (45)
for i =1, and the recursive formula for A,,
O (1= Aie ™ ) =0 (14 A e )
A= (46)

011 (Ae? =1) =0, (14 A e )
for 2<i<n-1.

In the n-th layer, we find after satisfying the continuity
of potential with the n—1 layer and the boundary condition,
Eqg. 25, between the electrodes and the uppermost skin
layer,

34

4,(8) =B, (5) A, (&), (47)
by setting
O-n—] a\Pn—l (aé:’ 7'(,1_1) — O-n a\Pn (é:’ ,’—ln—l) : (48)
)z 0z
d m

an e L (©)

_ =1 (49)
Bn (g) -

c,&[ A, &e 1]

from the uppermost boundary condition at z="H, for

layer n:
v (&, -
o, M) 5 o) (50)
0z
k=1
At this stage, we can write the local, pointwise
transformed potential in layer i as
¥, (62) =B O MO e | s

In this expression, the coordinate, z, is bounded for each
layer as

H._, <z (in layer i) < H,. (52)

Now, taking the inverse Hankel transform,

Y (rz) = Hy ¥, (&.2)) = [ 8, (£:2)00 (6r)ag. (53)

we find the local potential distribution throughout the
viable skin as

Y02 = [ RO AT e [0, Enag (s4)

and

DQ;(r,z)=Y;(r,z)+c. (55)

We have m+1 unknows: I; to /,, and c; the latter

constant provides a reference point for the potential since
we have in the approximate solution only solved for
Neuman boundary conditions. In order to determine the
unknowns, we return to our pointwise Dirichlet boundary
conditions for the potentials underneath the electrodes, Eq.
5, and rewrite Egs. 54 and 55 in terms of the average

potential underneath the ;™ electrode in the uppermost

skin layer, n:

Vi 27 (Roja
q)z,§ :A_J'R ‘ rY'n(r,H,,)dr—kcsz, (56)
j ©
or, after integration once, as
oo = 27y QEVIE+c=V
il ;m(é) K (OUEE+e=V,,  (57)

where
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A, (E)e M 41

= (58)

During the integration, we used that
jJO (ar)rdr = ng (ar)+ constant; (59)
J1(0)=0. (60)

The overall conservation of current, Eq. 17, allows us to
reduce the number of unknowns by one, as we can write

(61)
Introducing the expression for the current of the

outermost electrode, /,,, into Eq. 57, yields the following

system of m linear equations:

Ax=h, (62)
with
_All 4, A 1]
Ay 45 Ay 1
A=| 5 Ci (e3)
A1y Apo Ay 1
Ay Ay Ay 1
_ 11 _
I,
x=| : |, (64)
Ly
L c .
R4
Vs
b=| : |, (65)
Vinat
L Vi
and

2 oo
4= 0_” [ [5©-r,©@]©HE  (66)

Once the linear system of equations together with the
improper integrals given by Eq. 66 have been solved, the
impedance can be found from

v
Zy =", 67
n=7 (67)
assuming that V) is set as reference potential for the

measurements and that the first electrode is used as the

sense. We'll give one example of this in the next subsection.

If the electrode system is different, one needs to couple the
right current with the given potential to determine the
impedance.

35

(a)
A
(b)
A Rs‘l;m A
" Wi Wy W3 Wy Ws We Wy
1 2 3 4
3 hs
2
I'Iz
z 1
0 b
-
Electrode Adipose tissue Viable skin
Ceramic Stratum corneum

Fig. 3: Schematic of a 4-electrode probe and skin modeled as a
three-layer entity.

Solution for n=3, m=4

This solution corresponds to EIS measurements in our
earlier experimental study [9] and the model thereof with
skin encompassing three layers (#=3): stratum corneum,
viable skin and adipose tissue, as illustrated in Fig. 3.

Here, the first electrode is the sense, the second serves
as the guard, the third is the second inject with a potential
set as oV, and the fourth is the primary inject with a
potential of Vy; a is referred to as a depth setting on the
probe; i.e. m=4. The boundary conditions for the complex-
valued Laplace equation reduce to

dO<r<R,H;)=0, (68)
®(R, <r <Ry, Hy) =0, (69)
O(R, <r <R, Hy) =aV, (70)
DR, <r <R, Hy) =V, (71)
ai)(R1 <r<R,,H;)=0, (72)
oz
aib(zg <r<R,,H;)=0, (73)
oz
aip(R5 <r<R,H;)=0, (74)
oz

_(R7 < I’,H3) = 0,
oz
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and
lim ®(r,z) =0,
F—>c0
2 0=0,
82(0 z)=0.

Our generalized solution becomes

A =1,
L) e )
A,y (&)= o (A o 2h _1) o, (1+Aleizéhl)
( _thz) o (1+A2e_2§hz )
A (6= ( = _1) o (1+A2e—2§hz ) )
where

Ay (&) 41

Q&) = .
© Ay(&)e -1

(76)

(77)

(78)

(82)

The individual average currents for the four electrodes
are as follows (we have dropped the comma notation for

the subscripts of the elements in A for notational
convenience; b =[0,0,aV,.V,1" ):

1

Il D ( A12A23 + A33A12 A32A13 —A230!A42

+A300 4y, — 43004y, — A A0+ A Ay
+ A0y + Ay Ayy — Ay Ay +A13A22)7
V
I, = _30(A11A33 — A A0 — A Az + A Ay
— A3 Ay — Ay Ay + Ay Ao+ Ay Ay o
— A0 Ay + Ay Ayy + A3 Ay — As3Ayy),
v
I :BO((ZAMAU — Ay Ay — A\ Ay, + A3y Ay
— Ay Ay + QA Ay — A Ay — A Ay
+ A, Ay + Ay Ay — Ay Ay + A0 Ay,),

and
1,=-1,-1,-1;,

with the constants

V.
c= 30(—14131421“1442 + A3 A @Ay — Ay A A

—As3 Ay Ay — Ay A3 Ay — A Ay Ay
+ Ay Ay3 Ay + A3 Ap Ay + Ayy A3 Ay
+ Ay 43004y, + A0 Ay — Ayt dy 4),

and

(83)

(84)

(85)

(86)

(87)

D = A3 Ay Ay — Az3 Ay Ayy — A3 4y Ay
A3 A3 Agy — Ay A3 Ay — Ay Ay Ay
— A3 Ay3 Ay — Asz A1y Aoy + A3y Ay Aoy
— A3y Ay A3 + Ay Ay Ay + Ay Ay Ay
— A3 Ay Ayz + Ay Ay Agz + Axy Ay A3
Ay Ay Ay + Ay Ay3 Ay + Ay Ayy Ay
— Ay Ay Ayy + Ayp A3 Ay — Ayy gz Ay,

— Ay Ay Ays + Ay Ay3 Agy — Ay A3y Ap3).

(88)

Note that the entries, 4;, in the above expressions
entail solving the improper integral, Eq. 66, twelve times.
The parameters are given in Table 1.

Tab. 1: Base-case dimensions and material parameters for the 4-
electrode probe and 3 skin layers (n=3, m=4). (The outer radius
of the skin is only used in the numerical solution for verification

purposes.)
Current detection width, w; 1mm [2]
Ceramic width, w», ws, we 0.15,0.15,1.9 mm [2]
Guard width, ws 0.3 mm [2]
Secondary inject width, ws 0.5mm [2]
Primary inject width, wy 0.5mm [2]
Outer radius of the probe, R 4.5 mm [2]
Outer radius of the skin, R*%" 20 mm
Stratum corneum thickness, /3 14 um [11]
Viable skin thickness, &, 1.2 mm [11]
Adipose tissue thickness, /; 1.2 mm [11]
Inject voltage, V) 0.05V [2]
Depth setting, a 0.1 [2]
Electrical permittivity in 8.85 x10” Fm™ [12]
vacuum, &

For the skin, we can write the constitutive relations for
the relative permittivity and the conductivity (S m™) as
follows [9] based on the dimensionless logarithmic
frequency, N =log;,(v/1Hz).

In the stratum corneum, /=3, we have

log;o(0®)=—-0.011516x N’ +0.25509x N*

(89)

—2.2537x N> +9.9955x N? —21.404x N +11.803,
log;o (7)) =-0.011319x N° +0.23953x N'* (90)

—2.0255X N> +8.5278xX N* —17.961x N +17.57,

In the viable skin, i=2, we have

log,o(0'?)=0.015178x N> —0.34167x N* o)

+3.0088X N> —12.952x N2 +27.471x N —23.688,
log,o (@) =—0.044465x N° +0.92429x N* 92)

—7.7649%x N> +32.847x N> —70.466X N +67.61,

And finally in the adipose tissue, i=1, we have

36
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o'V =1/54.9236,
log;, (") = —0.00052423x N° —0.00040926 x N*
+0.11797x N> —=0.77214x N? +0.083142X N +7.584«

(94

Numerics

We solve the model, Egs. 1-13, in the finite-element solver
Comsol Multiphysics 5.2a [13] and the approximate semi-
analytical model, Egs. 79-88, and its pointwise solution in
the skin layers, Eq. 55, in the general-purpose numerical
software Matlab R2015 [14].

Results and discussion

We have thus far derived an approximate semi-
analytical solution of the mechanistic model for EIS
measurements of human skin. Let us proceed by
validating it with a previous study comprising 120 young
subjects (24 % 3 years old), who had no known skin
diseases or allergies; and were asked to abstain from
applying moisturizers on the day of the measurements.
Before the measurements were taken on the volar
forearm of the subjects, their skin was soaked in
physiological saline solution (at a concentration of 0.9%
sodium chloride in mass) for 1 min [9].

103 90

Magnitude /k {2
-Phase /°

10” ‘ ‘ 0
10*

Frequency/Hz
Fig. 4: The mean magnitude (A ) and phase (®) from the
experimental EIS measurements [9] with the error bars indicating
one standard deviation. The lines are the predicted counterparts
from the approximate semi-analytical solution, where (-)
represent a thickness of 14 um SC and (- -) denotes a thickness of
either 11 or 17 um. These values for the thickness of SC
correspond to the mean and + one standard deviation.

From the full set of 35 impedance measurements
distributed logarithmically from 1 kHz to 2.5 MHz, we select
a subset within the frequency range of 1 kHz to 1 MHz and
a depth setting, a, of 0.1 for this validation. Overall, as can
be inferred from Fig. 4, we see a good agreement between
the semi-analytical solution (lines) and the measured
means (symbols) for both the magnitude and the phase
throughout the frequency spectrum. Furthermore, the
semi-analytical solutions for + 1 standard deviation for the
thickness of stratum corneum (dashed lines) follow the + 1

(93)

)
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standard deviations from the experiments (error bars) well
for the magnitude and manages to capture the increasing
variations, larger standard deviations, in the measured
phase as we move towards 1 MHz.

-5 -5
3 x 10 3 x 10
y
5 /
¥ Al
0 o £
5 * :tt—****‘* :5,
£ “ £
£ %
z s =
:"‘ o) X %
Mg T * on
] S
2 * B
3 *
* *
-3 *
-4 * *
*
*ﬁr
o X 4
L
-6 -5
10° 10* 10° 10° 10* 10°

Frequency/Hz Frequency/Hz

Fig. 5: The individual currents, I, in terms of their (a) real and
(b) imaginary parts for the numerical solution of the complete
model (symbols) and the corresponding analytical counterpart
(lines), for I, (*), I, (A), I, (m) and 5 (V).

As we proceed to verify the individual currents at
each electrode, we observe that the real part has good
agreement throughout the frequency range, while the
imaginary part has while the imaginary part has good
agreement for most of the range and has a slight
deviation of around 9% towards 1 MHz, as depicted in
Fig. 5. By employing Hankel transform, we obtain a
lower error with our analytical solution, as compared to
the previously used analytical solution [2].

One advantage of the analysis is that we can
estimate not only the overall measured impedance in
the form of the magnitude and phase, but also quantify
the local potential distribution throughout the various
skin layers of interest. It turns out that the
approximation of the uppermost boundary conditions
between the stratum corneum and the electrodes is
valid throughout the frequency spectrum we consider
here, as illustrated in Fig. 6 at 1 MHz. In particular, we
are able to capture the one-dimensional current in the
stratum corneum in the z-direction, which has also been
shown through a scaling analysis [3].

Conclusions

We have secured approximate semi-analytical solutions of a
generalized continuous mathematical model that considers
EIS with a probe comprising m electrodes and the adjacent
skin divided into # layers.

Good agreement for the frequency range of 1 kHz to 1
MHz was found between the semi-analytical solution and
the numerical solution of the full set of equations assuming
a three-layer skin entity as well as an experimental series of
120 subjects that were measured with an EIS probe.
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0 05 1 15 2 25 3 35 4 45 5
r/m x107

Fig. 6. The absolute value of the potential distribution at 1 MHz
for n=3 and m=4: The numerical solution of the full set of
equations for SC (a), VS (c), and AT (e); and approximate semi-
analytical solution for SC (b), VS (d) and AT (f).

This particular probe has four electrodes —one sense,
one guard and two injects — but we note that one can easily
modify the boundary conditions such that one can model
different types of measurements, such as a pure two-point
measurement.

These solutions lend themselves well to studies that
seek to calibrate the material properties of more skin layers
than the three we consider here. In particular, it would be
of interest to split up our viable skin into living epidermis
and dermis since they should have significantly different
material properties.

Finally, with regards the semi-analytical nature of the
solutions, we note that if we manage to find closed-form
expressions —even approximate ones — of the improper
integrals, 4;, that arose when we pulled the solution back
to the original cylindrical domain, we would be able to
achieve an analytical solution that does not require any
numerical integration at all.
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