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Approximate methods for the optical characterization of
inhomogeneous thin films: Applications to silicon nitride films
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Martin Čermák, Jaroslav Žeńı̌sek, Petr Vašina
∗

In this paper the overview of the most important approximate methods for the optical characterization of inhomogeneous
thin films is presented. The following approximate methods are introduced: Wentzel–Kramers–Brillouin–Jeffreys approxima-
tion, method based on substituting inhomogeneous thin films by multilayer systems, method based on modifying recursive
approach and method utilizing multiple-beam interference model. Principles and mathematical formulations of these methods
are described. A comparison of these methods is carried out from the practical point of view, ie advantages and disadvantages
of individual methods are discussed. Examples of the optical characterization of three inhomogeneous thin films consisting
of non-stoichiometric silicon nitride are introduced in order to illustrate efficiency and practical meaning of the presented
approximate methods.
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1 Introduction

Optics of thin films belongs to fields of fundamental
and applied research exhibiting very extensive scientific
activities. This is given by important applications of re-
sults achieved within this field in practice. This reality
is demonstrated by enormous number of scientific arti-
cles and many monographs dealing with optics of thin
films. Enormous attention has been devoted to optics
of homogeneous thin films in particular (see eg [1-13]).
A less attention has been devoted to optics of inhomo-
geneous thin films since from the optical point of view
these films are more complicated than homogeneous thin
films. This complication consists in fact that inhomoge-
neous thin films exhibit continuous profiles of the optical
constants, ie refractive index and extinction coefficient,
across these thin films. In other words, functions of sin-
gle variable describe courses of the refractive index and
extinction coefficient from the lower to upper boundaries
of these inhomogeneous thin films (single variable cor-
responds to axis perpendicular to parallel boundaries of
these films). As for optics of inhomogeneous thin films
one can recommend, for example, these papers [14-29].
Within the last three decades an interest concerning op-
tics of inhomogeneous thin films was intensified. This is
caused by better optical behavior of these thin films in
comparison with multilayer systems formed by homoge-
neous thin films with mutually different refractive indices.
The inhomogeneous films can substitute these systems in
producing various optical devices. For example, inhomo-
geneous thin films exhibit substantially lower light scat-

tering caused by boundary roughness than the multilayer

systems. It is possible to mention rugate filters that con-

sist of single inhomogeneous thin films having relatively

complicated profile of refractive index. The rugate filters

are practically significant because they can be employed

as optical devices with high reflectance within spectral

ranges of interest (see eg [26, 27]). In some applications

they are employed instead of reflectors formed by the

multilayer systems exhibiting scattering of light that is

not negligible. Antireflection coatings formed by single

inhomogeneous thin films with suitable refractive index

profiles can serve as other example of a possibility to re-

place multilayer systems by single inhomogeneous thin

films (see eg [2]).

The other reason, why the inhomogeneous thin films

become more interesting than before, is given by a ne-

cessity to perform the optical characterization of thin

films consisting of complex materials. The films formed

by complex materials are created in modern branches

of fundamental and applied research such as microelec-

tronics, nanotechnology, solar energetics etc. These films

are often inhomogeneous from the optical point of view

which implies an effort to develop new and more efficient

methods of the optical characterization of these inhomo-

geneous thin films. This is especially true if inhomoge-

neous thin films exhibit unusual and complicated refrac-

tive index profiles. Representatives of the complex inho-

mogeneous thin films are silicon nitride films that are

rich in silicon (see eg [23, 24]). In general it is possible

to state that chemical and plasma chemical technologies
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frequently produce the thin films exhibiting more or less
degree of optical inhomogeneity.

Optical techniques such ellipsometry and reflectome-
try are utilized for real-time monitoring and feedback of a
growth of homogeneous and inhomogeneous thin films at
their preparation in technological arrangements. In this
case it is necessary to have in situ methods of their opti-
cal characterization with a high speed of calculations of
the corresponding optical quantities, which is required by
efficient computer algorithms. This fact represents a fur-
ther reason for developing new efficient methods of the
optical characterization of the inhomogeneous thin films
and their structures. New approaches are still developed
in design of systems formed by inhomogeneous thin films
as well.

In this overview paper the approximate methods for
the optical characterization of the inhomogeneous thin
films mostly utilized in practice will be presented. We will
concentrate on the methods corresponding to reflected
light from these films. Their illustration will be performed
through examples of the optical characterization of inho-
mogeneous thin films of non-stochiometric silicon nitride.

2 Structural model of inhomogeneous thin films

The structural model of the inhomogeneous thin film
used here is given by the following assumptions:

• Ambient is homogeneous, isotropic and non-absorbing.

• Substrate and thin film consist of isotropic, absorbing
and non-magnetic materials.

• Boundaries are smooth, flat and mutually parallel.

• Transition layers are not taken into account at the
boundaries so that the boundaries are infinitely thin.

• Substrate is optically homogeneous.

• No defects are taken into account in thin film volume.

• Thin film is inhomogeneous, ie its refractive index pro-
file is described by a function of single variable cor-
responding to the axis perpendicular to the parallel
boundaries.

3 Description of approximate methods

Theory and formulations of the four approximate
methods for optical characterization of the inhomoge-
neous thin films are described in this section.

3.1 Wentzel–Kramers–Brillouin–Jeffreys (WKBJ)
method

This approximate method can be used for the opti-
cal characterization of the inhomogeneous thin films if
the gradients of their refractive index profiles are very
small so that these profiles only influence phase angles
of these films. In this case the inhomogeneous thin film
can be replaced by a multilayer system containing a large
number of sub-layers. The internal reflections from the
boundaries of the sub-layers are neglected. Thus, light

reflections are only considered from the uppermost and
lowest boundaries, ie from the boundary between the am-
bient and adjacent sub-layer and from the boundary be-
tween substrate and adjacent sub-layer. After performing
the limit for the number of the dividing sub-layers going
to infinity one obtains the following formula for the re-
flection coefficients of this inhomogeneous thin film (for
details see eg [2])

r0 =
rU + rLexp(ixd)

1 + rUrLexp(ixd)
, (1)

rU =
Y0 − YU

Y0 + YU
, rL =

YL − YS

YL + YS
,

xd =
4π

λ

d
∫

0

√

n2(z)− n2
0sin

2ϕ0dz.

Symbols d , n0 , ϕ0 and λ represent the thickness of the
film, refractive index of the ambient, incidence angle of
light onto the upper boundary of the film and wavelength
of incident light, respectively. The parameters d and n0

and variable quantities ϕ0 and λ are always real. The
other parameters and quantities can be complex in gen-
eral. Symbols r0 , rU and rL denote the reflection co-
efficients of the film, upper boundary and lower bound-
ary for both the polarizations, ie for the p-polarization
and s-polarization, respectively. Symbol n(z) represents
a function of coordinate z describing the refractive index
profile across the film (z is coordinate corresponding to
axis perpendicular to the parallel boundaries of the in-
homogeneous film). Symbols Y0 , YU , YL and YS denote
the optical admittances of the ambient, admittance at the
upper boundary, admittance at the lower boundary and
admittance of the substrate for both the polarizations, re-
spectively. Note that the following equations are valid for
the admittances corresponding to the s-polarization (Y0,s ,
YU,s , YL,s and YS,s ) and p-polarization (Y0,p , YU,p , YL,p

and YS,p )

Yi,s = ni cosϕi, Yi,p =
ni

cosϕi

,

where the index i = 0,U, L, S. Symbol xd denotes the
phase angle of the film. Symbols nU , nL and nS repre-
sent the refractive indices at the upper boundary, at the
lower boundary and the refractive index of the substrate,
respectively, while symbols ϕU , ϕL and ϕS are the refrac-
tion angles corresponding to the upper boundary, lower
boundary and substrate, respectively. It is evident that
the following equalities are fulfilled

n0 sinϕ0 =nU sinϕU = n(z) sinϕ(z) =

nL sinϕL = nS sinϕS,

where ϕ(z) is the refraction angle at coordinate z.

The reflection coefficients enable us to calculate re-
flectances and ellipsometric quantities in reflected light.
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By means of these measured optical quantities one can
perform the optical characterization of the thin films
studied (the formulae for the optical quantities will be
presented below). In the case of this approximate method
the complete optical characterization of the inhomoge-
neous thin film is performed if the spectral dependencies
of the refractive indices at upper and lower boundaries
are determined together with the thickness value (it is
usually true that the spectral dependencies of the refrac-
tive indices of the ambient and substrates are known or
they can be determined in independent ways).

3.2 Approximate method based on replacing inhomoge-
neous films by multilayer systems

This approximate method is frequently utilized for
the optical characterization of the inhomogeneous thin
films exhibiting refractive index profiles with relatively
large gradients because the WKBJ approximation does
not provide satisfactory results in this case. This method
is based on replacing the inhomogeneous thin film by a
multilayer system containing a large number of sub-layers
with very small thicknesses and very small differences in
refractive indices of the adjacent sub-layers. The internal
reflections from the boundaries of the sub-layers cannot
be neglected. This means that the recursive formulae or
matrix formalism must be utilized for expressing the re-
flection coefficients of the multilayer systems substituting
the inhomogeneous thin films. Within the recursive ap-
proach the formula for these reflection coefficients r of
the multilayer system containing N sub-layers is given as
follows (see eg [1, 2])

r =
r1 + r̄2e

ix1

1 + r1r̄2eix1

, r̄2 =
r2 + r̄3e

ix2

1 + r2r̄3eix2

, . . .

. . . , r̄N =
rN + rN+1e

ixN

1 + rNrN+1eixN

,

(2)

where

r1 =
Y0 − Y1

Y0 + Y1
, r2 =

Y1 − Y2

Y1 + Y2
,

...

rN =
YN−1 − YN

YN−1 + YN

, rN+1 =
YN − YS

YN + YS
,

xw =
4π

λ
dw

√

n2
w − n2

0sin
2ϕ0 ,

where symbols dw, nw, and Yw are thickness, refractive
index and admitance of the individual sub-layer, respec-
tively (w = 1, 2, . . . , N). Note that the over-bar is used
to distinguish symbols, it should not be confused with the
complex conjugation, which is denoted by symbol *.

Within the matrix formalism reflection coefficients of
the multilayer system r are expressed in this way

r =
M11 − Y −1

0 YSM22 + YSM12 − Y −1
0 M21

M11 + Y −1
0 YSM22 + YSM12 + Y −1

0 M21

, (3)

where Mmn (m,n = 1, 2) are elements of the interference

matrix of the system replacing the inhomogeneous thin

film. The foregoing formula (3) is derived, for example,

in monographs [2, 30].

In paper [24] an improvement of the method presented

in this section is performed. This improvement consists

in improving the convergence of the method using the

Richardson extrapolation. If the Richardson extrapola-

tion is used then the error of calculation falls approxi-
mately as N− log

2
N , where N is the number of the ap-

proximating sub-layers. However, it should be noted that

the faster convergence can be achieved using the Richard-

son extrapolation only if the number of the sub-layers is

considerably large (for details see [24]).

It is also possible to use a procedure which automati-

cally determines the number of dividing sub-layers. This

automatic procedure contains several steps. In each fol-

lowing step the number of the sub-layers is doubled owing

to the preceding step. These steps are repeating until the

required precision is reached.

The complete optical characterization of the inhomo-

geneous thin films with larger gradients is performed if

the functions describing the profiles of the complex refrac-

tive index are determined together with the spectral de-

pendencies of the boundary refractive indices and thick-

ness. Thus, the thickness values of the individual sub-

layers must be sufficiently small in order to obtain a con-

tinuous refractive index profile of such the films from the

practical point of view.

3.3 Approximate method based on modifying recursive

formulae of multilayer systems

Kildemo et al [20] published the sophisticated approx-

imate method for deriving the reflection coefficients of

the inhomogeneous thin films based on a modification of

the recursive formalism for the multilayer systems. They

used the recursive formula for the four-layer system for

explaining the principle of their derivation. In this deriva-

tion systematic trends of reflections were revealed if this

four-layer system were subdivided into more and more

sub-layers. Using the limit for infinite number of the sub-

layers the formula for the reflection coefficients of the in-

homogeneous thin films with arbitrary refractive index

profiles including those exhibiting large gradients was ob-

tained. In the formulae derived the multiple integrals con-

taining derivatives of the profiles of the refractive index

occur. The multiplicity of the integrals is equal to num-

bers of internal reflections considered inside the film. If

two internal reflections are taken into account in maxi-

mum then the formula (for details see [20]) for the reflec-

tion coefficients is r =

=
rU +B1 + rUrLB1e

ixd + rUB2 + rLB2e
ixd + rLe

ixd

1 + rUB1 + rLB1eixd +B2 + rUrLB2eixd + rUrLeixd

,

(4)
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where

B1 =

d
∫

0

f(z1)e
ix(z1)dz1, B1 =

d
∫

0

f(z1)e
−ix(z1)dz1,

B2 =

d
∫

0

z1
∫

0

f(z1)f(z2)e
i[x(z1)−x(z2)]dz1dz2,

B2 =

d
∫

0

z1
∫

0

f(z1)f(z2)e
−i[x(z1)−x(z2)]dz1dz2,

where

f(z) =
1

2Y (z)

dY (z)

dz
,

x(z) =
4π

λ

z
∫

0

√

n2(ν) − n2
0sin

2ϕ0dν.

In paper [20] the formula corresponding to three in-
ternal reflections containing the triple integrals is also in-
troduced explicitly. The triple integrals can be expressed
by means of the double integrals (for details see [20]). In
their paper Kildemo et al [20] presented also the modifi-
cation of their approximate method in matrix formalism,
in which the integrals occur in the elements of the inter-
ference matrix of the inhomogeneous film. Note that the
theoretical results presented in [20] were applied to pro-
cessing experimental data measured for inhomogeneous
semiconductor films in papers [31, 32].

This method enables us to determine the same quan-
tities of the inhomogeneous films exhibiting the arbitrary
refractive index profiles as in the case of the foregoing
multilayer system method.

3.4 Approximate method based on multiple beam inter-
ference model

This approximate method can also be utilized for the
optical characterization of the inhomogeneous thin films
exhibiting arbitrary profiles. Thus, it can be employed for
characterizing the films with large gradients of the refrac-
tive index profiles and complicated profiles. The method
is based on calculating corrections to the WKBJ formula
corresponding to single, double, triple and multiple inter-
nal reflections inside the structure of the inhomogeneous
film connected with the profile of the refractive index (see
[33]). These corrections contain multiple integrals similar
to those obtained in paper [20]. A multiplicity of the in-
tegrals is again given by the numbers of the considered
internal reflections inside the film. After using the math-
ematical procedure presented in [33] one then derives the
following formula for r

r = r0 +
M
∑

n=1

∆rn, (5)

where ∆rn denotes the individual correction of the order
n and M is the maximum order needed for obtaining a

required precision of calculations. The correction of the
n-th order is expressed as follows [33]

∆rn =

3n−1

∑

l=1

(I
(l)
n,R + I

(l)

n,R). (6)

Symbols I
(l)
n,R and I

(l)

n,R represent the partial corrections

of the n-th order (see [33]). The partial corrections of the
first order are expressed as follows [33]

I
(1)
1,R = C

(1)
1,Rj

(1)
1 , I

(1)

1,R = C
(1)

1,Rj
(1)
1 , (7)

where

C
(1)
1,R = −

τR

(1− ρ)
2 , j

(1)
1 =

d
∫

0

f(z1)e
ix(z1)dz1,

C
(1)

1,R =
τRZ

2

(1− ρ)2
, j

(1)
1 =

d
∫

0

f(z1)e
−ix(z1)dz1,

Z = rLe
ixd , ρ = −rUrLe

ixd , τR = tUt
′

U.

The symbols tU and t′U are calculated as

tU =
2Y0

Y0 + YU
, t′U =

2YU

Y0 + YU

for s-polarization,

tU =
C0

CU

2Y0

Y0 + YU
, t′U =

CU

C0

2YU

Y0 + YU

for p-polarization with C0 = cosϕ0 and CU = cosϕU.
The partial corrections of the second order are given in
this way [33]

I
(l)
2,R = C

(l)
2,R j

(l)
2 , I

(l)

2,R = C
(l)

2,R j
(l)
2 , l = 1, 2, 3,

C
(1)
2,R =

rUC
(1)
1,R

1− ρ
,

j
(1)
2 =

d
∫

0

d
∫

0

f(z1)f(z2)e
i[x(z1)+x(z2)]dz2dz1,

C
(2)
2,R = ZC1,R,

j
(2)
2 =

d
∫

0

z1
∫

0

f(z1)f(z2)e
i[x(z1)−x(z2)]dz2dz1,

C
(3)
2,R =

ρZC
(1)
1,R

1− ρ
,
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j
(3)
2 =

d
∫

0

d
∫

0

f(z1)f(z2)e
i[x(z1)−x(z2)]dz2dz1,

(8)

C
(1)

2,R = −
1

Z
C

(1)

1,R,

j
(1)
2 =

d
∫

0

d
∫

z1

f(z1)f(z2)e
−i[x(z1)−x(z2)]dz2dz1,

C
(2)

2,R =
rUC

(1)

1,R

1− ρ
,

j
(2)
2 =

d
∫

0

d
∫

0

f(z1)f(z2)e
−i[x(z1)−x(z2)]dz2dz1,

C
(3)

2,R =
ZC

(1)

1,R

1− ρ
,

j
(3)
2 =

d
∫

0

d
∫

0

f(z1)f(z2)e
−i[x(z1)+x(z2)]dz2dz1.

Note that the following equalities are valid I
(2)
2 = I

(1)

2 ,

I
(3)
2 = I

(2)

2 , B1 = j
(1)
1 , B1 = j

(1)
1 , B2 = j

(2)
2 and

B2 = j
(2)
2 . By means of the equations for the partial

corrections of the second order (see (8)) it is possible to
formulate equations enabling us to calculate the partial
corrections of the (n+1)-th order using those correspond-
ing to the n-th order (n ≥ 1). The derivation of these
equations is carried out in detail in [33]. This means that
one can calculate the corrections ∆rn of arbitrary or-
der which is important for the optical characterization of
inhomogeneous thin films exhibiting complex refractive
index profiles and profiles with the large gradients.

4 Measurable optical quantities in reflected light

Measurable optical quantities of the inhomogeneous
thin films corresponding to reflected light can easily be
calculated with using the reflection coefficients r . In prac-
tice spectral dependencies of reflectance and ellipsometric
quantities measured in specular direction are mostly uti-
lized for characterizing thin films and their systems. At
oblique incidence of light reflectances for both the polar-
izations are calculated as Rp = rpr

∗

p and Rs = rsr
∗

s . At

near-normal incidence it holds that R = rr∗, where r

denotes the reflection coefficient for ϕ0 = 0 and R rep-
resents corresponding reflectance. For specular reflection
ellipsometric parameters Ψ and ∆ are calculated using
ellipsometric ratio ρE by means of equation

ρE = rp/rs = tanΨexp(i∆).

Ellipsometric parameters Ψ and ∆ are measured using
null ellipsometry. Ellipsometric techniques based on ro-
tating polarizer or analyzer provide measured ellipsomet-
ric quantities cos ∆ and tan Ψ. Within phase-modulated

ellipsometry the associated ellipsometric parameters Is,
Ic, and In, are measured. These parameters are given as
follows

Is = −i
rpr

∗

s − r∗prs

|rs|2 + |rp|2
, Ic =

rpr
∗

s + r∗prs

|rs|2 + |rp|2
,

In =
|rs|

2 − |rp|
2

|rs|2 + |rp|2
.

(9)

Note that the associated ellipsometric parameters are the
elements of the Mueller matrix for isotropic systems (see
eg [34]). Of course, other ellipsometric quantities can be
used to characterize thin films. Overviews concerning el-
lipsometry are presented, for example, in [35-37].

5 Comparison of approximate methods

The WKBJ approximation is the simplest approxi-
mate method enabling us to perform the optical charac-
terization of the special inhomogeneous thin films, ie the
films with small gradients of the refractive index profiles.
This method always fails at the optical characterization

of the inhomogeneous thin films with lager gradients of
profiles. Thus, the WKBJ approximation has limited ap-
plications in practice. The remaining three approximate
methods are evidently more general because they can be
usable for the films with arbitrary refractive index pro-

files. Of course, their comparison is especially interesting
if the films with complex or strong gradient profiles are
characterized. First, the comparison of the method mostly
utilized in practice, ie the method based on substituting
the inhomogeneous films by the multilayer systems, with
the approximate methods based on the modified recur-

sive approach and multiple-beam interference model will
be performed. After our numerical analysis concerning
the inhomogeneous thin films with complicated refrac-
tive index profiles or profiles exhibiting large gradients it
was found that the method based on the multilayer sys-
tem approximation was faster than the remaining two ap-

proximate methods utilizing the integrals. This was true
even when sophisticated calculations of the integrals are
utilized (see paper [33]). This means that the method
based on the multilayer system approximation is more
advantageous for in situ applications than the methods

containing the integrals. However, some disadvantage is
connected with this method. It requires very large number
of subdividing homogeneous sub-layers of the multilayer
system to achieve the desired precision. Thus, the num-
ber of points at which the profile of the refractive index
must be calculated is much larger than in the methods

containing the integrals presented above (for details see
[33]). In other words, the speed of the method employing
the multilayer approximation can be negatively affected
if evaluation of the refractive index profile takes a long
time while the impact on the remaining two approximate

methods is much lower. This means that the larger speed
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of the method using the multilayer system approxima-
tion need not be unambiguous advantage at the optical
characterization of the inhomogeneous films with large
gradients of profiles or complex profiles. This statement
is true for ex-situ applications in particular.

The speeds of the methods containing the integrals
are mutually comparable at calculating the optical quan-
tities of a majority of inhomogeneous films. This is given
by the fact that the speed of these calculations is deter-
mined by the speed of calculating the mentioned integrals
which are mutually similar in both the methods. In de-
tailed numerical analysis it was found that the method
of Kildemo et al [20] is somewhat faster than the method
based on the multi-beam interference model if the films
with complex refractive index profiles are characterized.
The complex refractive index profiles are exhibited, for
example, in the rugate filters. It should be noted that
the method utilizing multi-beam interference is more ad-
vantageous for including defects of the inhomogeneous
films such as roughness of oboundaries or thickness non-
uniformity than the method of Kildemo et al [20]. For
example, at including random boundary roughness into
the formulae for the reflection coefficients of the inhomo-
geneous films it is necessary to calculate statistical mean
values of these coefficients and optical quantities calcu-
lated using these coefficients (see eg [37-45]). These mean
values are more easily calculated if the reflection coeffi-
cients are expressed by series than by rational functions
(it will be discussed elsewhere in details). It is suitable to
mention the further disadvantage of the method Kildemo
et al [20] which consists in difficulties to express correc-
tions of higher orders in the formulae for the reflections
coefficients of the inhomogeneous thin films (for details
see [20, 33]).

6 Experiment

The illustration of the applications of the methods pre-
sented here is performed through the optical characteri-
zation of three inhomogeneous non-stoichiometric silicon
nitride films deposited by reactive magnetron sputtering
of silicon target in argon-nitrogen atmosphere onto sili-
con single crystal substrates. The profiles of the refractive
index of these films were created by changing flow rate of
nitrogen during deposition of the films while the other de-
position conditions were kept constant. The spectral de-
pendencies of reflectance were measured by Perkin Elmer
Lambda 1050 spectrophotometer for the incidence angle
of 6◦within the spectral range 1.4 – 6.5 eV (190 – 860 nm)
while spectral dependencies of the associated ellipsomet-
ric parameters were measured using Horiba Jobin Yvon
UVISEL phase modulated ellipsometer for several inci-
dence angles from the interval 55◦– 75◦within the spec-
tral range 0.6 – 6.5 eV (190 – 2066 nm). The optical data
were processed by the least-squares method (LSM) taking
into account the weights of individual experimental val-
ues of measured reflectance and associated ellipsometric
parameters.

6.1 Application of the WKBJ method

This non-stoichiometric silicon nitride film exhibited
the refractive index profile with very small gradient and
therefore the values of the associated ellipsometric pa-
rameters used for characterizing this film were calculated
using the reflection coefficients expressed by (1). The pro-
file of the complex refractive index of the film was mod-
eled by the linear dependence of the complex dielectric
function in this way

n2(z) = n2
U −

z

d
(n2

U − n2
L). (10)

Each of the dielectric functions εU(E) = n2
U(E) and

εL(E) = n2
L(E) was calculated using the dispersion model

with the imaginary part of the dielectric function given
as

εi,t(E) =
Nt(E − Eg,t)

2(Eh,t − E)2

CtE2
Π(Eg,t, Eh,t;E),

(11)
where the index t = U, L is used to distinguish between
the dielectric functions at upper and lower boundaries.
The parameter Nt determines the strength of the tran-
sitions and the parameters Eg,t and Eh,t are the band
gap energy and maximum energy of interband transitions,
respectively.

Fig. 1. Spectral dependencies of the measured associated ellipso-
metric parameters at angle of incidence of 65◦ and their fits: points
denote the experimental values and curves represent the theoretical

data

The function Π(a, b;x) is defined as

Π(a, b;x) =

{

1, a ≤ x ≤ b
0, otherwise.

The constant Ct is determined by means of the following
equation

∞
∫

0

Eεi,t(E)dE = Nt.
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Fig. 2. Spectral dependencies of the optical constants at the upper
boundary nU and kU and lower boundary nL and kL

Fig. 3. Spectral dependencies of the measured associated ellipso-
metric parameters at angle of incidence of 70◦ and their fits: points
denote the experimental values and curves represent the theoretical

data

Fig. 4. Spectral dependency of the measured reflectance and its
fit: points denote the experimental values and curve represents the

theoretical data

The real parts of the dielectric functions εr,t(E) were cal-
culated using the Kramers–Kroning relation (see eg [46]).

It was found that using the refractive index profile and
dispersion model introduced above the very good fits of
the experimental data were obtained (see Fig. 1).

In Fig. 2 the spectral dependencies of the boundary
refractive indices nU and nL together with the spectral
dependencies of the corresponding extinction coefficients
kU and kL are plotted. The thickness of the film was de-
termined in value of 113 nm. This thickness value and the
spectral dependencies of nU and nL confirm the assump-

tion concerning the very small gradient of the refractive
index profile of this film. It should be noted that by means
of the three remaining approximate methods the same
results and fits of experimental data of this sample were
achieved within the experimental accuracy which was ex-
pected.

6.2 Application of the multilayer approximation

The non-stoichiometric silicon nitride film, whose re-
sults of the optical characterization are introduced in this
sub-section, exhibited a relatively large gradient of the
refractive index profile and therefore the approximation
by the multilayer system was utilized (WKBJ approxi-
mation completely failed). Within its optical characteri-
zation the simultaneous processing of reflectance and el-
lipsometric data was utilized [24]. The formulae corre-
sponding to the matrix formalism were used to calculate
the values of reflectance and associated ellipsometric pa-
rameters. This approximate method was employed in the
modification including its improvement consisting in us-
ing the Richardson extrapolation presented in paper [24].
For this film the relatively complicated function describ-
ing the refractive index profile had to be used

n2(z) = n2
U

[

1− p
(z

d

)]

+ n2
Lp

(z

d

)

,

where p(x) = 1 − (1 − x)s and s is the parameter of
the model. The dielectric functions at the upper and
lower boundaries were calculated using the same disper-
sion model as in the previous example (see (11)).

Using the chosen dispersion model and refractive index
profile the excellent fits of the experimental data were
obtained (see Fig. 3 and Fig. 4).
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Fig. 5. Spectral dependencies of the boundary refractive indices
nU and nL and the boundary extinction coefficients kU and kL

Fig. 6. Profile of refractive index n and extinction coefficient k

forE = 2.5 eV

Fig. 7. Spectral dependencies of the measured associated ellipso-
metric parameters at angle of incidence of 70◦ and their fits: points
denote the experimental values and curves represent the theoretical

data

Fig. 8. Spectral dependencies of the optical constants at the upper
boundary nU and kU and lower boundary nL and kL

The spectral dependencies of the refractive indices nU

and nL and extinction coefficients kU and kL calculated

by means of the found dispersion parameters are depicted

in Fig. 5.

In Fig. 6 the determined profiles of refractive index

and extinction coefficient are introduced for the selected

wavelength. From Figs. 5 and 6 it is clear that the re-

fractive index and extinction coefficient profiles exhibit

considerably large gradients. Note that the thickness of

this film was determined in value of 115 nm.

6.3 Application of the method based on multi-beam
interference model

In this sub-section the results of the optical charac-
terization of another inhomogeneous non-stoichiometric
silicon nitride film with relatively large gradient of the re-
fractive index profile achieved by the multi-beam approx-
imation are presented (third sample). This means that
the formula (5) for the reflection coefficients had to be
used to calculate the values of the associated ellipsomet-
ric parameters (reflectance data again were not utilized
for the optical characterization). The existence of a rela-
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Fig. 9. Profiles of the refractive index n and extinction coefficient
k for E = 2.5 eV

tively large gradient of the profile in this film was again
indicated by an impossibility to fit the experimental data
by means of the WKBJ approximation. The model of the
refractive index profile as well as the dispersion model
are identical with those used in the optical characteri-
zation performed by the WKBJ method (see sub-section
6.1, (10) and (11)). The perfect fits of the experimental
data was achieved which is seen in Fig. 7.

In Fig. 8 the spectral dependencies of the boundary
optical constants are introduced (the Kramers–Kroning
relation was again utilized).

From Fig. 8 it can be observed that the spectral de-
pendencies of nL and kL exhibit higher values than the
spectral dependencies of nU and kU . Note that the same
conclusion is also valid for the other film with the large
gradient of the profile discussed in the foregoing sub-
section (see sub-section 6.2) in contrast to that whose
data are compatible with the WKBJ approximation (see
sub-section 6.1). This implies that for the films with the
large gradients the concentration of silicon is higher at
the lower boundaries than silicon concentration at upper
boundaries. The opposite is true for the film with small
gradient obeying the WKBJ approximation. The profiles
of the refractive index and extinction coefficient are plot-
ted in Fig. 9 for the selected wavelength.

This figure and the spectral dependencies of the
boundary refractive indices nU and nL prove the as-
sumption concerning the large gradients of the refractive
index. The same statement is fulfilled for the extinction
coefficient of this film. The thickness value of this film was
found in value of 154 nm. Note that the presented results
were achieved with the single, double and triple integrals
included into the formula for the reflection coefficients
(see [33]).

7 Conclusion

In this overview paper four approximate methods for
the optical characterization of the inhomogeneous thin
films are described. These methods are useful from the
point of view of their practical use and, therefore, they

can find a use in the modern branches of research such
as microelectronics, nanotechnology, solar energetics etc.
The principles and mathematical formulations of these
methods are presented. It is shown that the inhomoge-

neous thin films exhibiting very small gradients of their
refractive index profiles can be characterized using the
simple formulae occurring in the WKBJ approximation.
In principle the procedure corresponding to this approxi-

mation enables us to determine the spectral dependencies
of the boundary optical constants of these films together
with the profiles of the optical constants and thicknesses.
The WKBJ approximation fails in the optical character-

ization of the inhomogeneous thin films exhibiting larger
gradients of the refractive index profiles. In this case it is
possible to use the method based on the approximation
of such the inhomogeneous thin films by multilayers sys-

tems divided into a large number of very thin sub-layers.
The adjacent sub-layers must have very small differences
in refractive indices. The efficiency of this approximate
method can be improved by using the Richardson ex-

trapolation. Using this multilayer approximation one can
determine the same characteristics as at applyying the
WKBJ approximation. The same possibilities concerning
the characterization of the films with complicated pro-
files and large gradients of profiles are exhibited by two

further methods. One of them is based on the modifi-
cation of the recursive formalism for multilayer system
and the latter of them is based on the mathematical for-
mulation of multi-beam interference of light inside the

inhomogeneous films. These two methods also enable us
to determine spectral dependencies of the boundary opti-
cal constants, profiles of these constants and thicknesses
corresponding to the inhomogeneous thin films with arbi-

trary refractive index profiles including complex profiles
exhibiting simultaneously large gradients.

Of course, the good results of the optical characteri-
zation of the inhomogeneous thin films mentioned above
can be achieved only when the correct dispersion models

and correct functions describing the profiles of these films
are used. Therefore, one can recommend to use the uni-
versal dispersion model together with their special mod-
ifications (see eg [47]) and multi-sample modification of

the LSM in which experimental data of several samples
of the same layered system are simultaneously processed
(for details see eg [48, 49]). The use of the universal dis-
persion model or its modifications ensures that disper-

sion models employed are physically correct. The use of
the multi-sample method at processing the experimental
data enables us to reduce a correlation of the parame-
ters sought by the LSM, which causes an improvement of

the results achieved in the optical characterization of the
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inhomogeneous thin films exhibiting complex refractive
index profiles in particular.

In this paper the results of the optical characteriza-
tion of the three inhomogeneous non-stoichiometric sili-
con nitride films are presented. These examples show the
efficiency of the approximate methods presented here to-
gether with a demonstration of their practical meaning.
In this conclusion it is, moreover, necessary to point out
that by means of the approximate methods based on the
multilayer approximation, modification of the recursive
formulae and multiple-beam interference model one ob-
tains the same results of characterizing arbitrary inho-
mogeneous films from the practical point of view. The
differences among these methods only consist in the dif-
ferent speeds of achieving the results. The approximation
by multilayer systems is the most rapid of them (this is
especially true if this approximate method is improved
by the Richardson extrapolation). The method based on
the multiple-beam interference model is potentially us-
able in including some defects such as boundary rough-
ness into the formulae for the optical quantities of in-
homogeneous thin films (it will be presented elsewhere).
The method based on modifying the recursive formulae
exhibits a higher speed in the optical characterization of
inhomogeneous films than the method based on multi-
beam interference model if these films have very compli-
cated refractive index profiles (eg rugate filters).
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[14] I. Ohĺıdal, D. Franta, “Matrix Formalism for Imperfect Thin
Films”, Acta Phys. Slov., vol. 50, pp. 489–500, 2000.

[15] R. Jacobsson, “Matching a multilayer stack to a high-refractive
index substrate by means of an inhomogeneous layer”, J. Opt.

Soc. Am., vol. 54, pp. 422–423, 1964.

[16] R. Jacobsson, “Light reflection from films of continuously vary-

ing refractive index”, In: E. Wolf (Ed.), Progress in Optics,

vol. 5, Elsevier, pp. 247–286, 1966.

[17] R. Jacobsson, “Inhomogeneous and Coevaporated Homogeneous

Films for Optical Applications”, In: G. Hass, M. H. Francombe,

R. W. Hoffman (Eds.), Physics of Thin Films, vol. 8, Academic
Press, New York, pp. 51–98, 1975.

[18] J. C. Charmet, P. G. de Gennes, “Ellipsometric formulas for an
inhomogeneous layer with arbitrary refractive-index profile”, J.

Opt. Soc. Am., vol. 73, pp. 1777–1784, 1983.

[19] C. K. Carniglia, “Ellipsometric calculations for nonabsorbing
thin films with linear refractive-index gradients”, J. Opt. Soc.

Am. A, vol. 7, pp. 848–856, 1990.

[20] M. Kildemo, O. Hunderi, B. Drévillon, “Approximation of reflec-

tion coefficients for rapid real-time calculation of inhomogeneous

films”, J. Opt. Soc. Am. A, vol. 14, pp. 931–939, 1997.

[21] K. Vedam, P. J. McMarr, J. Narayan, “Nondestructive depth

profiling by spectroscopic ellipsometry”, Appl. Phys. Lett.,
vol. 47, pp. 339–341, 1985.
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[41] I. Ohĺıdal, D. Franta, D. Nečas, “Improved combination of scalar
diffraction theory and Rayleigh-Rice theory and its application

to spectroscopic ellipsometry of randomly rough surfaces”, Thin

Solid Films, vol. 571, pp. 695–700, 2014.

[42] C. K. Carniglia, “Scalar scattering theory for multilayer optical

coatings”, Opt. Eng., vol. 18, pp. 104–115, 1979.

[43] J. M. Zavislan, “Angular scattering from optical interference

coatings: scalar scattering predictions and measurements”, Appl.

Opt., vol. 30, pp. 2224–2244, 1991.

[44] J. Bauer, “Optical properties, band gap, and surface roughness

of Si3N4 ”, Phys. Status Solidi A, vol. 39, pp. 411–418, 1977.

[45] C. L. V. James Harvey, A. Krywonos, “Modified Beckmann-

Kirchhoff scattering model for rough surfaces with large incident

and scattering angles”, Opt. Eng., vol. 46, pp. 078002-1–10,

2007.
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