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On Some New Classes of Bi-univalent
Functions

M. DARUS AND S. SINGH

Abstract

In the present paper, we introduce and investigate two new subclasses 2y (n,7,k) and %y (n,B,k) of
bi-valent functions in the unit disk U. For functions belonging to the classes 25 (n,7,k) and %y (n, B.k),
we obtain estimates on the first two Taylor-Maclaurin coefficients |as| and |a3].
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1. INTRODUCTION AND PRELIMINARIES

Let o7 be the class of analytic functions defined on the unitdisc U = {z € C: |z] < 1}
with the normalized condition f(0) =0 = f’(0) — 1. Let . be the class of all functions
f € &7 which are univalent in A. So f(z) € . has the form

f(z):z+ianz”, zeU. (1)
=2

Let f~!(z) be inverse of the function f(z) and it is well known that every function
f € . has an inverse f~!(z), defined by

fHf@) =2 z€U
and

LT W) =w, for |w| <ro(f)iro(f) >

9

B

where
Y w) =w—aw? + (2a5 — a3)w® — (543 — 5aza3 + ag)w* + - - . 2)

A function f € 7 is said to be bi-univalent in U if both f(z) and f~!(w) are univalent
inU.

Let X denote the class of bi-univalent functions in U given by (1).

Many interesting examples of the functions of the class X, together with various other

properties and characteristics associated with bi-univalent functions (including also

10.2478/jamsi-2018-0010 il D557V TER
©University of SS. Cyril and Methodius in Trnava




20 M. Darus and S. Singh

several open problems and conjectures involving bounds of the coefficients of the
functions in X), can be found in the earlier work studied by Lewin[17], Brannan and
Clunie [16], Netanyahu[18] and others. They introduced subclasses of X, like class
of bi-starlike and convex functions, bi-strongly starlike and convex functions similar
to the well-known subclasses .7*(¢t) and .2 (o) of starlike and convex functions of
order o (0 < o < 1), respectively (see [15]) and obtained non-sharp estimates on the
initial coefficients in the Taylor-Maclaurin series expansion (1) see[16; 9; 10]. More
recently, Srivastava et al. [8; 12; 13], Frasin and Aouf [11], R.M. Ali et al. [14] and
Porwal and Darus [6] introduced some new subclasses of ¥ and obtained bounds for
the initial coefficients of the function given by (1).
Motivated by the work of Porwal and Darus [6], we introduce a new subclass
Dy (k,n,a,7).

DEFINITION 1.1. A function f given by (1) is said to be in the class 2y (n,7,k)
if the following conditions are satisfied:
ForneZ 0<y<1, o > 1,4 >0 we introduce the subclass Zx(n,7,k) of S of

functions of the form (1) satisfying the condition

1—a)lif(z) +adit f(z
fexr and arg<( J31@) + ol f()>|<7/27r €U, 3)
z
1—a)g(w)+ ol g(w
fer and arg<( )Ag(v)v a8l )>|<7/27r €U, 4
where
gw) =w—aw? + (2a3 — a3)w® — (5a3 — Sazaz +ay)w* + - --
And

IZf(Z)=Z+Z(1+l(k—1))”akzk, z€A, A>0, nelZ.
k=2

is generalized Sdldgean derivative defined by [2].

This generalized operator is studied by many and mentioned again by [3]. For k =
1, this class is introduced and investigated in [6]. For n =0 and A = 1 the class
Dy (n,v,k) reduces to HY introduced and studied by Srivastava et al. [8] and for n =0
the class Zx(n,7,k) reduces to Bz (o, A) introduced and studied by Frasin and Aouf
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[11]. In this paper, we investigate the estimates for the initial coefficients a, and a3
of bi-univalent functions belonging to the class Zx(n,7,k). Our results generalize
several well-known results in [1; 4; 5; 10] and these are pointed out. In order to prove

our main result we need the following lemma:

LEMMA 1.1. [3]If p € £, then |c| < 2 for each k, where & is the family of
all functions p(z) analytic in U for which Re p(z) > 0, p(z) = 1 +c¢jz+ 2> + - for
zeU.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS 25(N,7,K)

THEOREM 2.1. Let f(z) given by (1) be in the class D5 (n,v,k), ke N, n € Z,
0<y<l1l,a>1,A>0. Then

las] < 2o NG
V)21 +2a)2 +y2(1+22) (1422 a) — (1+2)> (1 +1a)?]
and
a3 < 2y N 4y
3= 2[(1—a)(1424)" + a(1+24)"+H1] * 2[(1—a)(14+A)" + (1 +A)m+1]"
(6)
PROOF. It follows from (3) and (4) that
L L ek @
n n+1

(1-a)g(w) JrJrOllll+ g(w) — (qgw))" ®

w

where p(z) = 1 + p1z+p2z® +--- and g(w) = 1 + 1w+ gaw? +--- in &2. Now on
equating the coefficients in (7) and (8), we have

[(1—a)(1+A)"+a(l+21)"ay = ypi ©9)

(1= o) (14+22)" + (1 +224)" as = ypa + 7(?2— D2 (10)

—[(1—a)(1+2A)" +a(l+A)" " ay = yq1 (11)
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and

(- @)(1422)" + (1 422)" 26 ~a) = v+ T gt )

From (9) and (11) we get
p1=—qi (13)
and
2[(1—a)(1+ 1) +a(l+ )" a3 = P (p} +43) (14)

From (10), (12) and (14), we get

2[(1—0)(14+2A4)" + (1 +24)" a3

Y(Y—l)( 2

=(p2+q2)v+ ) pi+ai)

Yy=1D2[(1-a)(1+1)"+a(l+1)"] ,

= (p2+q2)’}/+ 2 Oc2 a.
Therefore, we have
2 Y (p2+q2) (15)
2T (14020 +Aa)2 +y2(1+22) (14 24a) — (1 + 1) (1 + Aax)?]
Applying Lemma 1.1 for (15), we get
] < 2o
a .
2= VD)2 (1T +Aa)2+y2(1+22) (1424 a) — (1+2)21(1 + 2a)?]
which gives us desired estimate on |as| as asserted in (5).
Next in order to find the bound on |a3|, by subtracting (12) from (10), we get
n n+1 2N _ yiy—1) 2 2
2[(1=0)(14+22)" + a(1422)" (a3 —az) = ¥(p2 —q2) + ——5—(p1 —41) (16)
It follows from (13), (14) and (16)
Y(p2—q2) 7 (pi+4i)

az =

(=) (1424 +a(l+22)1] " 2[(1—a)(1+A) +a(i +/1)n+1(]1 )
7
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Applying Lemma 1.1 for (17), we get
2y 4%
las| < =+ =
2[(1—a)(14+24)"+ o (1+2A) 1]~ 2[(1—a)(14+A)"+ o (1+A)"H])

This completes the proof of Theorem 2.1.

3. COEFFICIENT BOUNDS FOR THE FUNCTION %5 (N, 3,K)

DEFINITION 3.1. A function f given by (1) is said to be in the class %y (n, B,k)
if the following conditions are satisfied:
ForneZ 0< B <1, o >1,A >0, we introduce the subclass %y (n,B,k) of S of
functions of the form (1) satisfying the condition

(1—a) 3 f(z) +aly" f(z)
Z

feX and %’e( >>[3 z€eU, (18)

19)
w

_ n n+1
feX and %e(u (X)I/lg(w)—kodl g(w)>>ﬁ zeU,

where
g(w) =w—aw? + (2a5 — a3)w® — (5a3 — Saraz +ag)w* + - --

And I} f(z) is generalized Scldgean derivative defined by [2].

For k=1 and n =0, the class %x(n, B, k) reduces the class ¢ (n, 3,A) and 5 (B, 1)
studied by Porwal and Darus [6] and Frasin and Aouf [11], respectively. For n = 0,
A = 1, this class reduces to 73 (A) studied by Srivastava et al. [8].

THEOREM 3.1. Let f(z) given by (1) be in the class By (n,B,k),n€ Z,0< B <
1,a>1, A >0. Then

2(1-B))
|@k<¢2W—wﬂU+QAW+aU+21V“P =
and

4(1-B)° 2(1-B)
(=) (1+A) +a(l+ A2 [(T—a)(1+24) + a(l+24) 1]
(21

las| <
[
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PROOF. It follows from (18) and (19) that there exists p(z) € P and ¢(z) € P

(1— ) f(z) ++ali ' f(z)
Z

=B+(1-B)p(2) (22)

(1- Oc)IXg(w) + —HXIZ“g(w)
w

=B+ (1=PB)g(w) (23)

where p(z) = 1 + p1z+p2z® +--- and g(w) = 1 +q1w+ gaw? +--- in &2. Now on
equating the coefficients in (22) and (23), we have

[(1—a)(14+2)"+a(1+A)"ay = (1-B)p1 24)
([(1 =) (1 +20)" 4+ at(1+21)" az = (1 - B)p2 (25)
—[(1=o)(1+A)"+a(l1+A)"May = (1-B)g (26)

and
[(1—a)(14224)" + or(1+22)" "] (205 — a3) = (1 - B)g2 @7

From (24) and (26) we get

p1=—qi (28)
and
2[(1—a)(1+A)" +a(l+2)" a3 = (1-B)(pl +4}) (29)
From (25) and (27), we get
2[(1— @) (1+24)" + a(1+24)" a3 = (p2 +q2)(1 - B) (30)

From (29) and (30), we get

|a2|2< (]_ﬁ)(|p2‘2+|q2|2)

“2[(1—a)(1+24)" 4+ a1 42A)n+1]2 31

and

|Cl%|< 2(1_ﬁ))

“2[(1—a)(1+220)" + o (1 +2A4)n+1]2” (32)

Which is the bound on |ay| as given in (20).
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Next, in order to find the bound on |a3| by subtracting (29) from (25), we obtain

20(1-a)(1+24)" + a1 +24)" (s —2ad) = (1 - B)(p2—q2)  (33)

_2 (1-B)(p2—q2)
BT A o)1 22) + a1 1 24) ] 34)
On substituting the value |a3| from (31), we have
g (1-B)*(Ip2* +la2?) n (1=B)(p2—q)
P (I—a) I+ A +a(T+2)" 12 T 2[(1—a)(1+22)" + a(1+2A)7H]
(35
On applying Lemma 1.1 for the coefficients py, g1, p2 and g2, we obtain
ol < 41—y . 2(1-p)
T l(I—a)(d+A) o1+ A2 [(1—a)(1424)" + a(1+2A) 1]
(36)

This completes the proof of Theorem 3.1.
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