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ABSTRACT:
The value of a piece of real estate depends on the purpose it is used for and on its function in planning documents. Unfortunately,
current land development trends and the provisions of the law that are applicable in these documents often lead to real estate with
heterogeneous functions. The valuation of such properties requires a special approach. One method is to divide the prices of real estate
similar to the appraised real estate into components that correspond to areas with certain functions. The aim of this paper is to present
statistical methods that can facilitate such a solution. The valuation models (parametric and conditional) presented in this article come
from geodetic methods for the reconciliation of results. The presented calculations suggest that it is necessary to verify whether the
heterogeneous functions of real estate should be considered in its appraisal.

1. INTRODUCTION
The discussion of sustainable development has its roots in the
definition elaborated on by the Brundtland Commission in its
critical publication “Our Common Future”. This definition is
often quoted in its shortened form: “Sustainable development
is development that meets the needs of the present without
compromising the ability of future generations to meet their
own needs”. We need to recognise, however, that this
definition of sustainable development is not complete
(Barkemeyer et al., 2014). Sustainable development is hard to
describe, and even more difficult to attain (Waage et al., 2015).
A widely accepted definition of sustainable development is
presented by means of the “three circles” model (Barkemeyer
et al., 2014). The model incorporates economic, social, and
environmental aspects, which are often pillars of sustainable
development. Unfortunately, both the subject literature and an
analysis of political situations indicate that sustainable
development without compromises between economic, social,
and ecological objectives is a rarity (Gupta and Vegelin,
2016). This is because industrial development in the modern
world cannot be avoided (Busko and Szafranska, 2018) and
the world strives for compromise in favour of economy at the
expense of social and ecological issues (Lorek and
Spangenberg, 2014).
Attempts to provide sustainable and healthy development for
people should be preceded by the implementation of systems
that prevent poor land-use planning (Choi et al., 2016). They
should supply tools that regulate land use and monitor the

actions local authorities take to plan spaces where people live.
In order to manage the earth, which is one of our most precious
natural resources, spatial planning is often used (Fuseini and
Kemp, 2015). The idea of sustainable development requires
that spatial planning integrates economic growth with the
environment protection and social progress. Such integration
should occur between differing sectors of the economy, social
subjects, and countries (Hajer et al., 2015; Stafford-Smith et
al., 2017).
To this end, most countries issue documents that are necessary
to achieve sustainable development (Grădinaru et al., 2017).
These documents are usually the basis for determining spatial
planning objectives, and are used to prepare documents that
facilitate spatial development management on all levels
(national, regional, and local), which is confirmed by the
descriptions of spatial planning systems given in (KwartnikPruc and Przewięźlikowska, 2007; Koreleski, 2009; Cieślak,
2010; Golej, 2012; Topczewska, 2012; Bieda and Parzych,
2013; Krajewska et al., 2014; Tölle, 2014; Bieda et al., 2018).
The outcome of spatial planning is always a division of space
into areas that have distinct functions. The deployment of areas
depends on many factors (Chang and Ko, 2014). Obviously,
the simplest approach is to determine the function of areas that
have not been developed in any form (Adamczyk et al., 2014).
Because planning does not occur in a vacuum, planning
documents need to consider the existing spatial development.
As a result, even though lines that separate areas of different
function should be compatible with cadastral boundaries
(Bieda et al., 2012), filling the actual planning space is not
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always possible, leading to the creation of real estate that has
different functions (Bieda, 2017; Bieda, 2018).

Basista, 2010; Radzewicz and Wiśniewski, 2012; Batóg et al.,
2017).

Spatial planning documents comprise a starting point for
deciding about the future development of human
surroundings. Consistency between planned and actual spatial
development is expected (Grădinaru et al., 2017). The
heterogeneous function of real estate may cause it to be more
difficult to achieve this consistency than with real estate that
has a single function. One of the reasons for this is economic.
A plot with contrasting functions cannot be used as a whole
for the intended building purposes. Potential buyers may
expect such a piece of real estate to be cheaper than one they
could develop entirely. An appraisal of real estate that
considers such an expectation is definitely more demanding.

All these factors should be considered in every valuation of
real estate (Cellmer et al., 2014). This task is often hindered by
the complex and heterogeneous nature of the property
(Dawidowicz et al., 2014), as well as diversity and overlapping
attributes (Renigier-Biłozor et al., 2017). In particular, an
incorrect designation of the property function may lead to an
erroneous appraisal (Adamczyk and Bieda, 2014).

In line with the economic development of society, the need
arose to work out an efficient and effective approach to the
valuation of real estate (Chen et al., 2017). Among the many
values of property, the most desired is the market value
(Źróbek and Walacik, 2017). Its definition was formed
internationally and then entered into the legislative acts of
many countries. According to this definition, the market value
is “based on the highest and best use of the property”, which
is “the most probable use of the property which is physically
possible, appropriately justified, legally permissible,
financially feasible, and which results in the highest value of
the property being valued” (Grzesik and Źróbek, 2017).
The expression “legally permissible” became problematic in
countries which have documents that divide human
surroundings into areas with different functions at the local
level of spatial planning. Appraisers in the United States of
America claim that market value assessed on the basis of the
“highest and best use” may reflect the future change of land
use. The only condition to apply this method is the necessity
to establish whether and when such a change occurs. European
appraisers, in contrast, are not confident whether a function
which is currently not legitimate will be allowed in the future.
Their interpretation leads to the introduction of the concept of
“hope value”, which is the difference between the use value
and the price the market could pay for the property in the hope
of more valuable use (Renigier-Biłozor and d’Amato, 2017).
Nevertheless, no matter what the definition of the market value
is, the correct valuation of real estates with heterogeneous
function depends on the inclusion of these functions in the
valuation process.
Although the valuation methods depend on the individual
experiences of countries, the great majority of these methods
depend on comparing the assessed real estate with other pieces
of real estate (Pagourtzi et al., 2003). Properties to which the
valuated real estate is compared should be in similar location,
should have similar legal status, function, use, and other
features that affect their value. The above-mentioned features
may be divided into two groups (Zyga, 2012). The first group
incorporates features that define similarities. These features
include legal status, function, and the use of the real estate. The
second group includes features that enable the correction of the
price level in order to determine the marker price of the
appraised property. They will vary depending on the type of
the property. However, typically the repetitive cost elements
are location, surroundings, access roads, and parcel shape
(Czaja, 2001; Putek, 2001; Adamczewski, 2006; Bieda and
Brzozowski, 2007; Foryś and Kokot, 2008; Rącka, 2009;

Although valuation standards are available, experts
increasingly notice shortcomings when applying traditional
methods of real estate appraisal (Maliene, 2011). This
happens when one needs to value the real property with
divergent functions, and this appraisal is conducted by
comparing the valuated property to other properties that also
have heterogeneous functions. These functions, however,
differ from the function of the appraised real estate – they
cover slightly different areas, or the proportions of the
identical areas surface in various properties differ (Bieda,
2017; Bieda, 2018).
When property appraisers are made to use the valuation
method with a superficial mathematical description, the
subjective decisions that make the appraisal unreliable cannot
be avoided. Thus, innovations in the methodology of property
appraisal are required (Maliene, 2011). Therefore, the aim of
this paper is to present statistical methods for the appraisal of
real estate with various functions. The discussed valuation
models come from geodetic methods for the reconciliation of
results (Czaja, 1997; Wiśniewski, 2005; Preweda, 2013). Their
advantage is the possibility to separate from the unit prices of
real estate with heterogenous functions, and the unit prices of
areas that have a specific function (Bieda, 2017; Bieda, 2018).
2. MATERIALS AND METHODS
In order to evaluate the usability of statistical methods that
allow for separation from unit prices of real estate with
heterogeneous functions and the unit prices of areas that have
a specific function, the value of land property which consists
of one, undeveloped parcel with a square area of 3200 m2 was
assessed. The property lies in an area designed for multidwelling houses (MD), development for commercial and
public services purposes (S), public roads (PR), and controlled
public greenery areas (PG). The value was assessed using
parametric and conditional models.
2.1 Data for appraisal and market analysis
The data necessary for the property valuation was obtained
from the Geodesy Department of Krakow City Hall (Register
[…], 2016). They were used to create a database of similar
properties that are presented in table 1.
In order to determine what effect individual market features
and time have on property prices presented in table 1, Pearson
correlation coefficients (r) and their square values were
calculated and are juxtaposed in table 2.
The values in table 2 indicate that time does not influence
property value (Czaja, 2001). Thus, it is not necessary to
correct prices because of a valuation date that is 24 months
after the price of the first similar property has been established.
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Other features have only a moderate impact on prices (Parzych
and Czaja, 2015).
The Pearson correlation coefficient will be used to determine
the weight share (k) of individual features that describe the
property. On the analysed real estate market, prices depend
27% on the parcel features, 26% on its surroundings, and 23%
on the location and access road.

In documents received from the Cracow City Hall, all these
properties were described as designed for multi-dwelling
houses (MD). The verification of planning documents
revealed, however, that their function is not always uniform.
The surface areas of individual parcels were determined with
cartometric measurements and are shown in graphical
appendices attached to the documents that indicate the
property function. They are given in table 3.

Table 1. Prices of the valuated property (V) along with features and prices of properties that are similar to the assessed
property (1-18)

No.

time
[month]

location *

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
V

0
1
4
6
7
7
8
9
10
12
12
15
18
19
20
20
22
23
24

1
2
1
2
1
1
1
1
1
2
2
2
2
2
1
1
2
1
1

property
surface
price
area [m2]
**
[PLN ]
1
1
0
940,000
3,490
2
1
1
1,500,000
4,220
1
1
1
890,000
2,690
2
1
2
1,700,000
4,840
2
1
1
1,000,000
3,430
1
2
1
900,000
2,490
1
0
0
700,000
2,360
1
1
2
990,000
3,370
1
1
1
675,000
2,330
1
1
2
1,400,000
3,570
2
2
1
1,100,000
2,850
1
1
1
980,000
3,410
2
1
2
1,530,000
4,250
1
1
2
1,300,000
4,330
1
0
0
1,200,000
4,065
2
1
2
1,400,000
4,000
2
2
1
980,000
3,080
1
1
1
930,000
2,880
1
1
1
?
3,200
* 2  very good, 1  good, 0  weak; ** 1 EUR = 4.20 PLN
surrounddings *

access
road *

parcel
shape *

unit price
[PLN **/m2]
269
355
331
351
292
361
297
294
290
392
386
287
360
300
295
350
318
323
?

Table 2. Relation between property features and unit prices
coefficient
r
r2
k

time
0.04
0.0016
-

location
0.46
0.2168
0.26

surroundings
0.43
0.1875
0.23

access road
0.44
0.1921
0.23

parcel shape
0.47
0.2249
0.27

Table 3. Surface areas of appraised parcels with specific function (V) and properties that are similar to the appraised
property (1-18)
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14

surface area of MD
[m2]
2,100
3,300
1,760
3,700
2,300
2,200
1,350
2,000
1,400
3,350
2,720
2,150
3,780
3,100

surface area of PR
[m2]
250
520
300
40
150
290
830
0
690
220
130
610
0
0

surface area of PG
[m2]
1,140
0
180
400
980
0
180
870
240
0
0
650
470
1,230

surface area of S
[m2]
0
400
450
700
0
0
0
500
0
0
0
0
0
0

parcel surface area
[m2]
3,490
4,220
2,690
4,840
3,430
2,490
2,360
3,370
2,330
3,570
2,850
3,410
4,250
4,330

9

Unauthentifiziert | Heruntergeladen 18.11.19 23:42 UTC

JOURNAL OF APPLIED ENGINEERING SCIENCES
ISSN: 2247-3769 / e-ISSN: 2284-7197

No.
15
16
17
18
V

surface area of MD
[m2]
2,310
3,000
2,070
1,720
2,100

surface area of PR
[m2]
115
250
0
550
250
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surface area of PG
[m2]
980
340
620
100
300

surface area of S
[m2]
660
410
390
510
550

parcel surface area
[m2]
4,065
4,000
3,080
2,880
3,200

2.2 Valuation algorithm in the parametric model
The parametric model is based on the analysis of the total price for
the entire property. The unit values of the land components are the
estimated parameters here. The model may be used when the number
of transactions (which stand for similar properties to the one being
evaluated) is greater than the sum of all elements which are the
components of the considered properties and the number of features
which are the basis for the correction of the price level of properties
entered into a database for comparison purposes. The parameters of
this model are estimated with the least squares method. They are the
basis for determining the unit value of areas with different functions,
which comprise part of the analysed property. The obtained
outcomes enable us to determine the market value of properties
which are similar to the valuated property.
This model was used in real estate appraisal to evaluate the
market value of built-up land properties (Adamczewski, 2006;
Parzych, 2007; Parzych and Bydłosz, 2007; Adamczewski and
Hopfer, 2008; Czaja and Parzych, 2008; Parzych, 2009a;
Parzych, 2011; Adamczyk and Jasiołek, 2012; Parzych and
Czaja, 2015; Bieda et al., 2016), agricultural and forest properties
(Parzych, 2009a; Parzych and Czaja 2015) and the costs of
erecting and the use of buildings (Adamczyk and Dąbrowski,
2010; Bydłosz et al., 2011). It was proposed to evaluate real
properties with various functions in (Bieda, 2017).
In order to divide the transaction price of land property that lies
within the area of various functions into constituent prices for
pieces of land with specific functions, the equations need to be
juxtaposed as in (1).
CTj  S1  c1  S2  c2 

 Si  ci  p j

(1)

Where:
CTj – transaction price for the whole j-th property

Transaction prices (when necessary) have to be updated to the
date of appraisal.
The unknown (parameters) in such an equation are the unit prices
of the i-th element of the property. The system of equations (1)
given in the matrix form for a few transaction prices that are
similar to the one valuated take the form (3).

CT   S  c  T    p

(3)

Where:
CT  – vector of transaction prices for entire properties

S  –

rectangular vertical matrix made of surface areas of
fragments of individual properties
c – vector of unit prices of particular elements of the
considered properties
 T  - vector of the model random deviations to real estate
transaction prices
 p – weight matrix of mutual similarity of the analysed properties.
The set of equations (3) meets Gauss-Markow’s requirements
(4). It has solutions in the set of real numbers, if the number of
transactions (j) is bigger than the sum of the considered elements
of the real estate (i) and the number of attributes used to describe
these properties (s).
E CT   S  c  E T   0

(4)

T
E T   T   V CT    2  I 



Vector estimators of unit prices for the property elements ĉ
are derived directly from normal equations, according to formula
(5).

Si – surface of the area with a specific function, as the i-th
element of the j-th property
ci – unit price of the i-th element of the property

cˆ  S   p  S  S   p  CT 

p j – weights of mutual similarity of properties used to construct

In contrast, the estimator of random deviations to transaction
prices ˆ derives from equation (6) by using formula (5) in

the model which are determined from formula (2)

1

T

T

(5)

 
T

formula (3).

pj 

1

0.25   s 1  a js  aˆ s 
n

2

(2)

Weights are determined assuming that in the database of real
estate that is similar to the valuated property, the most
representative real estate is that whose features are similar to their
average values ( aˆs ).

ˆ   C   S  S

T

T

T



1

 S   p  CT 
T

(6)

In turn, the estimator of residual variance ( ̂ 02 ) for model prices
results directly from the model assumptions. It can be calculated
from formula (7).

CT    p  CT   cˆ  S   p  CT 
T

When all the attributes of real estate used to generate the model
and features of the appraised property are identical, the weight
matrix becomes an identity matrix, which significantly simplifies
calculations.

  p  S

ˆ 02 

T

j i  s

T

(7)
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The formula for the covariance matrix of unit model prices vector
ĉ derives from the variance analysis and takes the form (8).



Cov cˆ  ˆ 02  S   p  S
T



1

(8)
10

The covariance matrix of random deviations vector to transaction
prices derives from the analysis of the correlation variance (3). As
a result, the covariance matrix of random deviations vector to
transaction prices ˆ is given in formula (9).

 
T



 

1
T
Cov ˆT  ˆ 02    p  S  S   p  S




1

T
 S 


(9)

If all real estate used to construct the model and the appraised
property have identical features, the market value of any property
may be valuated with formula (10).
W  S1  cˆ1  S2  cˆ2 

 Si  cˆi

(10)

This formula uses estimated unit values for individual elements
of the property and surface areas of each component of the
appraised property. When the appraisal relies on the model made
of similar (but not identical) properties to the one being
evaluated, the market value calculated from formula (10) needs
to be corrected with formula (11).
Ŵ  W  W

(11)

The correction of the real estate value is calculated as a weighted
average of random deviations derived in the model from formula
(12).

  p
 p
n

W 

j 1 Tj
n
j 1

j

(12)

j

1
0.25   s1  a js  as 
n

 

SW   Cov cˆ  SW 

T

In order to divide the transaction price of land property that lies
within the area of various functions into constituent prices for
pieces of land with specific functions, the equations need to be
juxtaposed as in (15).
CTj  S1   c1  1   S2   c2   2  

(13)

2

 

T
  P  Cov ˆT   P

(14)

Where:
SW  – vector of surface areas of the appraised property
components
P – vector whose components are the weights of individual real
estate used for market analysis divided by the sum of these weights.
2.3 Valuation algorithm in the conditional model
The conditional model is also based on the analysis of prices
obtained for the entire property. It should be used only when the
number of transactions that concern real estate with heterogenous
functions on a given market is smaller than the number of the
analysed components of the real estate. Satisfactory results may be

 Si   ci   i 

(15)

Where:
CTj – transaction price of the whole j-th property
Si – surface of the area with a specific function, as the i-th
element of the j-th property
ci – approximate unit value of the i-th element of the property

 i – random deviation to approximate unit value of the i-th
element of the property.
After the multiplication of relevant elements in equation (15) and
their grouping, the conditional model of the property unit prices
is obtained and presented in formula (16).
 Si  i 

 CTj  S1  c1  S2  c2 

Where:
as – the s-th value of the appraised property attribute.
In order to calculate the inaccuracy of establishing the value of
the appraised property, formula (14) is used.
 Wˆ 

This appraisal model proved to be efficient in separating the
value of land and buildings when valuating built-up properties
(Parzych, 2009a), arable land when valuating agricultural
properties (Parzych, 2008; Parzych, 2009a; Bydłosz et al., 2011)
and different forest habitats when valuating forest plots (Parzych,
2008, Parzych, 2009a, Parzych 2009b). The application of this
model was also proposed in the mass valuation (Parzych and
Bydłosz, 2008). This model was used to evaluate real properties
with various functions in (Bieda, 2018).

S1  1  S2  2 

In this case, weights are calculated from formula (13)
pj 

obtained only when it is possible to determine the approximate unit
prices of the real estate components when taking into account the
situation on the analysed real estate market. Calculations are
justified only when all similar properties have identical attributes
to the appraised property.

(16)

 Si  ci

In equation (17) the independent term is the difference between
the transaction price ( CTj ) for the property and the model price (
CMj ), which is the approximate value for the property. The

formula for the model price takes the form (17).
CMj  S1  c1  S2  c2 

 Si  ci

(17)

When calculating the approximate value of the unit prices for
properties with uniform functions that have been traded, the local
real estate market can be used. Hence, the value of the
independent term ( CTj ) in equation (17) can be calculated on
the basis of values obtained from formula (18).
CTj  CTj  S1  c1  S2  c2 

 Si  ci  CTj  CMj

(18)

After replacing the independent term in equation (16) with the
symbol adopted in formula (18), the conditional model for the
property unit prices takes the form (19).
S1  1  S2   2 

 Si   i  CTj

(19)

For a few similar properties, the set of equations may be
juxtaposed and written symbolically in the matrix form (20).
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S     C

(20)

Where:
S – matrix generated from the surface area values of particular
elements of the property
of
  – vector of random deviations for the model unit values11
property elements
C – matrix generated from the difference between transaction
prices and the approximate values for the considered properties.
The set of equations (20) meets Gauss-Markow’s requirements
described with formulas (21).
E S      0  E    0

The estimator of random deviations vector

(21)

ˆ

may be

calculated from formula (22).

ˆ  S  S S 
T

T

1

 C

(22)

The unit values of property elements ( cˆi ) can be calculated from
formula (23).
cˆi  ci  i

(23)

The estimator of residual variance ( ̂ 02 ) is calculated from
formula (24).

ˆ ˆ

T

ˆ

2
0

(24)

j



It is necessary to determine the covariance matrix Cov ˆ of
random deviations, which can be calculated from formula (25).





T
T
Cov ˆ  ˆ 02   S  S  S




1

 S 


(25)





1

 S 


(26)

The value of the valuated property ( Ŵ ) is calculated from
formula (27).
Wˆ  S1  cˆ1  S 2  cˆ2 

 Si  cˆi

SW   Cov cˆ  SW 

T

(28)

Where:
SW  – vector of the surface areas of the appraised property
components.
3. RESULTS
When valuating the property with the parametric model, all
properties similar to the appraised property were considered. In
order to determine the parameters of the conditional model, three
properties with identical features to the valuated property were
chosen (properties 3, 9, and 18).
3.1 Results obtained in the parametric model
Information from tables 1 and 3 enable the juxtaposition of 18
equations which were used to determine the unit values of areas
with functions MD, PR, PG, and S (formula 29).
Due to the size of the matrix  p , formula (30) includes only
values which are on the matrix diagonal. Other values equal 0.
As a result of the estimation of model parameters, values (30)
were obtained.
On the basis of residual variance ( ̂ 02 ), which amounted to
206,444,599 PLN2 ( ̂ 0 = 14,368 PLN) the covariance matrix
was determined ( Cov cˆ ) for unit values of the property
elements (31).
Elements on the matrix diagonal facilitate the calculation of
standard deviations of the value (   ĉ  ) for respective areas (32).
Other values obtained as a result of estimation of the model
parameters comprise random deviations ( ˆT ) to relevant
transaction prices (33). They are presented along with their
standard deviations (  ˆ ), determined on the basis of

 
covariance matrix ( Cov ˆ  ).
T

For the covariance matrix of the unit values of the property
elements, the following equation can be written (26).
T
T
Cov cˆ  ˆ 02   I   S  S  S


 

 Wˆ 

(27)

The assessment of inaccuracy with which the property value is
determined is calculated from formula (28).

T

Determined on the basis of the parametric model, the property
value W = 1,055,240 PLN was corrected considering random
deviations to transaction prices and the weight of mutual
similarity between the valuated property and properties which
comprise the model presented in formula (34).
Corrections to the previously calculated property value equal
W = 578 PLN. The final market value of the valuated property
is Ŵ = 1,055,818 PLN. Standard deviation to the corrected value

 

of the valuated property is  Ŵ = 8,683 PLN, which constitutes
approximately 1% of the valuated property value.
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 2,100
 3,300

 1,760
 3,700

 2,300
 2, 200

 1,350
 2,000

1, 400
S  
3,350

2,720

 2,150

 3,780
 3,100

 2,310
 3,000

 2,070
 1,720
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250 1,140 0 
520
0
400 

300 180 450 
40
400 700 

150 980
0 
290
0
0 

830 180
0 
0
870 500 

690 240
0  2
m  ,
220
0
0  

130
0
0 
610 650
0 

0
470
0 
0 1, 230 0 

115 980 660 
250 340 410 

0
620 390 
550 100 510 

399.02  MD
151.92  PR

 PLN / m 2 
cˆ  
 54.94  PG 


 296.06  S

(30)

 3.02  MD
12.13 PR

 PLN / m 2 
  cˆ   
 9.68  PG 


14.56  S

(32)

 1, 442 
 14,193 


 970 
 11,676 


 5,620 
 21,904 


 25,339 
 3,872 


1,640 
ˆT  
 PLN  ,
29,855 


 5,089 
 6, 279 


 4,125 
 4,546 


 11,547 
 24,891 


 4, 498 
 3,643 

 

 ˆT

18,150 
 12,101 


10, 204 
15,809 


16,818 
16, 750 


 23, 646
14,117 


8,904 
 
 PLN 
14, 434 


18, 040 
10,117 


15, 756 
13,996 


 23,156 
16,900 


18, 646 
 8,978 

 940, 000 
1,500, 000


 890, 000 
1, 700, 000


1, 000, 000
 900, 000 


 700, 000 
 990, 000 


675, 000 
CT  
 PLN  ,
1, 400, 000


1,100, 000 
 980, 000 


1,530, 000
1,300, 000


1, 200, 000
1, 400, 000


 980, 000 
 930, 000 

 0.51
1.04 


1.59 
 0.61


1.17 
 0.66 


 0.33 
 0.77 


1.59 
p j  
0.71


0.54


1.35 


 0.61
 0.71


 0.33 
 0.66 


 0.54 
1.59 

 1, 442 
 14,193


 970 
 11,676 


 5,620 
 21,904 


 25,339 
 3,872 
 1,640 
  PLN  ,
ˆT  
 29,855 
 5,089 


 6, 279 
 4,125 


 4,546 
 11,547 
 24,891 


 4, 498 
 3,643 



(29)

 0.80 
 0.44 


 4.00 
 0.31


 0.80 
 0.80 


 0.44 
 0.80 
 4.00 

pj  
 0.44 
 0.31


 0.80 
 0.31


 0.44 
 0.44 
 0.44 


 0.31
 4.00 



(34)

3.2 Results obtained in the conditional model
(33)

Information from table 3 enables the building of a matrix, which
was used to determine the unit values of properties located in
areas with functions MD, PR, PG, and S (formula 35).
In order to determine the approximate values of areas with
specific functions, transaction prices were analysed for properties
with uniform functions, which were sold in the same period as
properties in the database created for comparison purposes on the
same local market. Values calculated as arithmetic means from
all recorded transactions were included in the matrix of
approximate values (36).

 9.12 18.47 17.68 20.56 
 18.47 147.04 15.09
7.02  
2
Cov  cˆ   
 PLN / m2  
 17.68 15.09
93.76 12.11  


 20.56 7.02 12.11 211.97 

(31)

On the basis of the matrix { S } and the matrix of approximate
values { c } the model prices for individual properties ( CMj ) were
determined along with price rises ( CTj ), which were used to
build a matrix of the independent term (37).
The results of solving equation (21) are deviations ( ˆi ) to
approximate unit values of relevant property elements (38).
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On the basis of determined deviations ( ˆi ) and approximate unit
values ( ci ), the values ( cˆi ) were determined for respective areas
(39).

 13.043
 8.508
Cov  cˆ   
 51.627

 24.692

8.508
5.549
33.674
16.105

51.627
33.674
204.344
97.732

24.692 
16.105  
2
 PLN / m2  
97.732  

46.742 

Residual variance ( ̂ 02 ) for the applied model is 269.68 PLN2 (

̂ 0 = 16.42 PLN). On its basis, the covariance matrices of random
deviations (40) were determined, along with the unit values of
property elements (41).
On the basis of the covariance matrix of random deviations it was
possible to determine standard deviations (  ˆ ) of these



random anomalies to approximate unit values (42).
A covariance matrix of unit values of the property elements was
used in turn to determine the standard deviations (   ĉ  ) of unit
values of particular areas (43).

(41)
16.02  MD
16.25 PR

 PLN / m 2 
  cˆ   
 8.08  PG 


14.93 S

(42)

 3.61  MD
 2.36  PR

 PLN / m 2 
  cˆ   
14.30  PG 


 6.84  S

(43)

4. DISCUSSION
By using prices for individual areas which were determined with
the conditional model, the value of the appraised property was
established. The final price was calculated by using formula (27)
and amounts to Ŵ = 1,052,244 PLN. The standard deviation is

 

 Ŵ

= 1,053 PLN, which constitutes approx. 0.1% of the

determined market price.
1, 760 300 180 450
S  1, 400 690 240 0   m 2 


1, 720 550 100 510 

(35)

 403
142 
  PLN / m 2 
c

 57  
 298



(36)

 6, 240 
C   860   PLN 


 1, 060 

(37)

 9.06  MD
 21,15  PR

 PLN / m 2 
ˆ  
 11,55  PG 


 12,08 S

(38)

393.94  MD
163.15  PR

 PLN / m 2 
cˆ  
 45.45  PG 


310.08 S

(39)

 256.636 8.508 51.627 24.692 
 8.508 264.130 33.674 16.105 
  PLN / m 2 2 
Cov ˆ  

 51.627 33.674 65.335 97.732  


24.692

16.105

97.732
222.937



 

(40)

Because both the appraised property and the properties used for
valuation are located mainly in areas designed for building multidwelling houses (MD), it is possible that many appraisers would
decide to valuate such a property while neglecting its
heterogeneous function. In such a case, the property value may
be accepted as the arithmetic mean of unit prices ascribed to
properties with identical features to the valuated property (Czaja,
2001). Three such properties were found (numbers 3, 9, and 18).
Their average price is 314 PLN/m2. The price is determined with
a standard deviation of 22 PLN/m2. The obtained value was
compared with valuation results generated by the parametric and
conditional model (table 4).
After multiplying the surface areas of particular parcels by their
unit values from table 4, the values for parcels of specific
functions were obtained. Their sums provide the value of the
whole property (table 5).
The values of appraised property in the parametric model and in
the conditional model are similar, and the difference in price is
2,500 PLN for the whole property. The value of this same
property assessed by comparing similar properties is nearly
50,000 PLN lower than the value obtained with statistical
models. It constitutes approximately 5% of the property value.
Moreover, depending on the calculation method, the shares of a
particular area’s value compare to the value of the entire property
change (figure 1).
The most significant differences in the shares of particular area
value in the value of the entire property may be noticed between
the appraisals by comparison in pairs and two statistical methods.
What is quite obvious is that the smallest differences may be
observed in the areas designed for commercial and public
services (S), whose unit value obtained with statistical models is
similar to the value designated as the average price of properties
identical to the valuated property. When applying statistical
methods of appraisal, the unit value of areas designed for
building multi-dwelling houses (MD) is higher than when
applying the classical method. However, the unit value of areas
for public roads (PR) and public greenery (PG) is lower.
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Table 4. Comparison of obtained unit values [PLN/m2]
valuation method
comparison in pairs
parametric model
conditional model

MD
314
399
394

PR
314
152
163

PG
314
55
45

S
314
296
311

Table 5. Comparison of obtained values for the whole property [PLN/m2]
valuation method
comparison in pairs
parametric model
conditional model

MD
659,400
837,900
827,400

PR
78,500
38,000
40,750

PG
94,200
16,500
13,500

S
172,700
162,800
171,050

In total
1,004,800
1,055,200
1,052,700

Figure 1. The share of particular areas value in the value of the entire property

5. CONCLUSIONS
The transaction price of the property is negotiated on the basis
of the appraised value. Real estate value largely depends on the
purposes the real estate is used for and also on its function in the
planning documents.
Procedures for valuating properties that are compared to other
properties should use real estate with the same function as the
real estate being evaluated. However, because areas with
different functions are not always determined according to lot
borders, it often happens that real estate with non-uniform
functions is subject to appraisal. It may happen that while
searching for similar properties to the one being evaluated,
properties which seem to have a similar function differ from the
valuated property not only in the function of particular elements
but also in the fact that they have different shares of areas with
heterogeneous function.
The calculations presented in this article suggest the necessity of
verifying whether the heterogeneous functions of real estate
should be considered in their appraisal. The application of
proposed statistical models of valuation makes the obtained value
better reflect the actual condition. By indicating the true value of
areas that can be invested in, potential buyers can be encouraged
to decide on whether to conclude a transaction. The consequence
of purchasing land for investment purposes will be taking prompt
action to build housing on it. The area covered by planning
actions will develop more rapidly, and if this development is in
line with planning documents, it is considered sustainable
development.
Obviously, sometimes the basic arithmetic mean is a more
reliable appraisal method than the complex model
(Adamczewski, 2006), but in properties with non-uniform

functions, this rule does not always work (Bieda, 2017; Bieda,
2018).
It should be noted that the presented statistical methods of
appraisal rely on the least squares method, which despite being
the most widely used method of parameter estimation, is not very
resistant to atypical cases and not very efficient for dealing with
non-typical properties (Ligas, 2010). It means that even one odd
observation can completely distort calculation results. Being
aware of this fact is of particular importance when using the
conditional calculation method, where the model is created on the
basis of just a few properties. This means that correct use of these
models is possible subject to conditions (Adamczyk et al., 2019).
In order to judge whether the proposed model can or should be
commonly used, further analyses need to be carried out on
different markets and for real estate with different functions.
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