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Quantitative results for positive linear operators
which preserve certain functions '

Marius-Mihai Birou

Abstract

In this paper we obtain estimations of the errors in approximation
by positive linear operators which fix certain functions. We use both
the first and the second order classical moduli of smoothness and a gen-
eralized modulus of continuity of order two. Some applications involv-
ing Bernstein type operators, Kantorovich type operators and genuine

Bernstein-Durrmeyer type operators are presented.
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1 Introduction

Let n € N, n > 1. The classical Bernstein operator is given by
BN @) =3 pus@)f (). 2 e o1, fecp.
k:0 3 n ) ) )

where

DPnk(x) = (Z) *(1—2)" % k=0,..,n.

It preserves the functions e;, i = 0,1 where ¢;(x) = 2%, =0, 1,... (i.e. the
operator fixes linear functions).

Let 7:[0,1] — [0, 1] a function with the properties:
i) 7 is co—times continuously differentiable;
ii) 7(0) =0, 7(1) =1 and 7'(z) > 0, = € [0,1].

In [1] the authors considered the Bernstein type operators
(1) )
5@ =Y (1 )r@ta-r@r* ror) (£), s, reco

k=0

or equivalent

Bi(f) = Bn(for !)or.
The operators B; have the properties

T(l—T).

By (eo) = eo, By(r) =7, B(r) =77+ ——

The set {1,7,72} is a Extended Complete Chebyshev system (for more
about Chebyshev systems the reader can consult [5]). We get, for every f €
1o, 1],

lim B;(f) = f, uniformly on [0,1].

n—oo

The following estimation of the approximation error was given in [1].
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Theorem 1 For every f € C[0,1] and 6 > 0, we have

@ 1w -0l < (1+ 70T w0, 2 e o)

where wy is the classical modulus of continuity of order one, i.e.

wi(f,0) =sup{f(z+h)— f(z): z,2+he€[0,1], 0 <h <}
The constant K, from estimation (2) satisfy the condition
(3) (z —t)2K, < 7'(z)(1(t) — 7(x))?, z,t €[0,1].

The existence of the constant K, from (3) is proved by Freud in [3]. For 7 = e;
we have K, = 1.

Throughout the paper 7 : [0,1] — [0,1] is a function having the properties
i) and ii) and K is a constant which satisfies the condition (3).

In Section 2 we give errors estimations in approximation by positive linear
operators which preserve the functions eg and 7. We use the classical moduli
of smoothness of order one and two. We also get a quantitative result using a
generalized modulus of continuity of order two introduced in [7]. The Section
3 contains applications for the operators B, some Kantorovich type operators
and some genuine Bernstein-Durrmeyer operators. Also, a class of Kantorovich

type operators which preserve linear functions is presented.

2 Quantitative results

For every f € C0,1] and § > 0 the second order modulus of continuity is
defined by

wo(f,8) =sup{f(x+h)—2f(x)+ f(x—h): x,x+he0,1], 0 <h <}

Theorem 2 Let L7 : C[0,1] — CI0,1] a positive linear operator which pre-
serves ey and 7. Then, for every f € C[0,1] and § > 0, we have the estimation

@) - () < (14 55 (). 2 € 0.1

where

(®) Crlw) = = (L7(r)(@) — () 7'(2).

T
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Proof. Let f € C[0,1], z € [0,1] and § > 0. From [8] we have

|f(z) = L7(f)(z)] < |f(@)]|L7(e0)(z) — eo(z)]
L7 (e1 — zeg)?(x)

(5) + <LT(€0)($) + 52 ) wi(f,0).

Using (3) and the preservation properties of the operator L] we obtain

7'(x)

(6) L7 (e; — xeo)Q(m) < X

L7(1 — 7(2)e0)*(z) = G- ().

The conclusion follows from (5), (6) and taking into account that the

operator L7 fixes the constant functions.
Remark 1 If we take L™ = B}, n > 1, then we get estimation (2).

Theorem 3 Let L™ : C[0,1] — C[0,1] a positive linear operators which pre-
serves eg and 7. Then, for every f € C[0,1] and 0 < 6 < 1/2, we get

) - 0@ < Y (7.0 + (14 S ) an(8), 2 € 0.1

where G is given by (4).

Proof. Let f € C[0,1], z € [0,1] and 0 < § < 1/2. From [6] we have
(7)
[f(x) = LT(f)(@)] < [f(2)[ LT (eo)(x) = eo(2)] +

L7 (e1 — xzeg)?(x)

+ ( L7 (e0)() + 5 wa(f,0).
( )

L7 (e1 — weo) ()|

wl(fv 5)

Using Cauchy-Schwarz inequality and (6) we get

(8) IL7(er — weo)(2)| < L7(ler — zeo|)(2) < VL7 (e1 — zep)?(2) < /Gr(2).

Using (7), (8) and the fact that the operator L™ preserves the constant
functions we get the conclusion.

Next we present some notations, definitions and results from [7].

Let x € (0,1) and v,n,0 € C]0,1] having the properties

i) minggjoqv(t) = v(z) = 1;
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ii) n(t) <0,t€[0,z) and n(z) =0 and n(t) > 0, t € (x, 1];
iii) o(t) >0, t € [0,1]\{z} and o(x) = 0;
iv) {v,n,0} is an Extended Complete Chebyshev system on [0, 1].

We have the notations

_n(t)
1t =y te 0.1,
d(u,v) = |l(v) = l(u)], u,v € [0,1],
D(u,v) = v(u) vlv , v € [0,1].
n(u) nv

Definition 1 [7] If f : [0,1] = R and § > 0 we define

wi(f,9) = Sup{ J;EZ; — J;EZ; , u,v € [0,1], d(u,v) < 5}
and
(9)
w5 (f,0) = sup{|A(f;u,v,w)|, 0 <u<v<w<1, du,v) <d,dv,w) <},
where 5 5
Afio,w) = o ) 4 2 ) - £0)

Definition 2 [7] For 0 < 6 < d(0,1)/2 we define
U(6) = inf {|A(o;u,v,w)|, 0 <u<v<w<1, du,v)=d(v,w) =10}

Theorem 4 [7] Let L : C[0,1] — C[0,1] a positive linear operator. Then, for
any f € C[0,1], z € [0,1] and 0 < § < d(0,1)/2, we have

IL(f)(x) = f(o)] < [f (@) [Lv)(z) — 1] + % [L(n) (@) wi(f,0)

N <2L(V)(x) i Lfﬁ();f)) W3(f.0)
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Theorem 5 Let L7 : C[0,1] — CI0,1] a positive linear operator which pre-
serves eg and 7. Then, for any f € C[0,1], z € [0,1] and 0 < 6 < 1/2, we

have

(2)(z) — 3(x
W) 1 - ) < (24 O o 1),
where
(11)
wi . (f,0) =
sup{|A(f;u,v,w)|, 0<u<v<w<1, 7(v) —7(u) <0, 7(w) —7(v) <}
with
o) = T =) ) =T e
A v,w) =TT ) + DU ) — f0)

Proof. Let f € C[0,1] and 0 < 6 < 1/2.
If x € {0,1}, then L7(f)(x) = f(x). Thus the estimation (10) holds.
Let 2 € (0,1). We use Theorem 4 with

(12) v=eg, n=1—1(x)ey, 0 = (T —71(x)ey)>.

It is easy to check that the functions given by (12) satisfy the properties
i)-iv) from this section.
We also have
I(t) =7(t) — 7(), t €]0,1],

d(s,t) =71(t) —7(s), 0<s<t<1,
D(s,t) =7(t) —1(s), s,t €[0,1].
It follows that w3(f,d) given by (9) becomes w3 (f,4) from (11).
As U(§) = 62 and using the preservation properties of the operator L™ we
get the conclusion.

3 Applications

3.1 The operators B

Let B} the operator given by (1).
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Theorem 6 For every f € C[0,1] we have

and

() — BL() ()] < 3w, (f, M) Lzl

n

Proof. We use Theorem 3 and Theorem 5 with

5 [T =)

n

3.2 Kantorovich type operators

Let a, € RT, n > 1 with a, <1/n. Let f : [0,1] — R be a continuous function
inz=0,1and f € Li[—an, + k/n,an, +k/n], k=1,2,...n — 1.

For z € [0, 1], we define the positive linear operators

an+k/n

n—1
Kn(f)(2) = pno(2)f(0) + pppn(2) f(1) + L > puil@) / f(t)dt.
k=1

2an —antk/n

It is easy to check that
(13)
K, (eo)(z)=1, Ky(e1)(x)=x, K,(e2)(z)=2"+

(1—z"—(1—x)").

_l_
S

We observe that the operators K, reproduce the linear functions.
If f € C[0,1], then it follows

lim K, (f) = f, uniformly on [0, 1].

n—oo

Theorem 7 Let f € C[0,1] and

5K($):\/M+C§L(1—x"—(l—x)”), z € [0,1].

n
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We have the estimations

(14) |f(2) = Kn(f)(2)] < 201 (f, 6 (2)), = €[0,1]
and
(15) |f(z) = Kn(f)(2)| < wz (f:65 (), = €0,1].

Proof. The estimations (14) and (15) follow using (13) and the estimations
(5) and (7) respectively.
For every f € C]0,1] we define

Ko (f) = Kn(for o

- K2(f)() = pro(r(2)) £0) + prn(7(2)) F(1)
L5~ e t))dt 0,1
*ag bt [ st 2 € .1
We have
T T T2 o  T(1—1) a% n n
Ki(eo) = eo, Ku(r) =7, Ki(7) = 7"+ =———+ 2 (1 =" = (1 =7)").

If f € C[0,1], then it follows

lim K] (f)=f, uniformly on [0, 1].

n—oo

Theorem 8 Let

oK (x) = \/M + “32 (1—7(@)" — (1 —7(@)"), z € 0,1]

For every f € C[0,1] we get the estimations

16) 1) - KNI < (14 7)o (188,0), 0 € 1]

T

(17)

@) = KL < |G (705 (1 G o (R0 0) 0 € 1)

and

(18) |[f(@) = K7 ())(@)] < 3w3 (£, 0p-(2)) , « €[0,1].

Proof. The estimations (16), (17) and (18) follow using Theorem 2, Theorem
3 and Theorem 5 respectively with J = (575%(3:).
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3.3 Genuine Bernstein-Durrmeyer type operators

The genuine-Bernstein-Durrmeyer operator was introduced in [2] and [4].

For f € C[0,1] and x € [0,1] it is defined by

1
0

n—1
Un(f)(z) =pn,o(ﬂf)f(O)ern,n(ﬂc)f(l)Jr(n—l)an,k(x)/ Pn—2,k—1(x) f()dt.
k=1

We have
Un(eo)(l’) =1, Un(el)(m) =7z, Un(ez)(fl') = + 2x7§1+_1x)

If f € C[0,1], then we get
lim U,(f) = f, uniformly on [0,1].
For every f € C[0,1] we define
Un(f) =Un(for ) or
ie.
Upn (£)(@) = pno(7(2)) £ (0) + pnn(7(2)) f(1)
+(n—1) :ijn,k(T(x)) /O 1pn72,k71(x)f(7—71(t))dt7 z € [0,1].
We have
Us(eo) = eo, Ul (1) =1, U(T) =7° + 277(11;17)
If f € C[0,1], then it follows
lim U7 (f) = f, uniformly on [0, 1].

n—oo

Theorem 9 For every f € C[0,1] we get the estimations

|f@>—Uﬂfxw|s(1+T;“>wl(ﬁvp7@ﬁﬂ37“”>,xe[uu,

T

. () 2r(@)(1 - 7(@))
(@)~ UL (f)(@)] < _&ym<ﬂJ e )
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() () e

£(0) — UL()(@)] < 3 (f, eI TW) el

and

n+1

Proof. We use the estimations from Theorem 2, Theorem 3 and Theorem 5
with

= [ZETCD

n+1
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