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Quantitative results for positive linear operators
which preserve certain functions 1
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Abstract

In this paper we obtain estimations of the errors in approximation

by positive linear operators which fix certain functions. We use both

the first and the second order classical moduli of smoothness and a gen-

eralized modulus of continuity of order two. Some applications involv-

ing Bernstein type operators, Kantorovich type operators and genuine

Bernstein-Durrmeyer type operators are presented.
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1 Introduction

Let n ∈ N, n ≥ 1. The classical Bernstein operator is given by

Bn(f)(x) =
n∑
k=0

pn,k(x)f

(
k

n

)
, x ∈ [0, 1], f ∈ C[0, 1],

where

pn,k(x) =

(
n

k

)
xk(1− x)n−k, k = 0, ..., n.

It preserves the functions ei, i = 0, 1 where ei(x) = xi, i = 0, 1, . . . (i.e. the

operator fixes linear functions).

Let τ : [0, 1]→ [0, 1] a function with the properties:

i) τ is ∞−times continuously differentiable;

ii) τ(0) = 0, τ(1) = 1 and τ ′(x) > 0, x ∈ [0, 1].

In [1] the authors considered the Bernstein type operators

(1)

Bτ
n(f)(x) =

n∑
k=0

(
n

k

)
τ(x)k(1−τ(x))n−k

(
f ◦ τ−1

)(k
n

)
, x ∈ [0, 1], f ∈ C[0, 1]

or equivalent

Bτ
n(f) = Bn(f ◦ τ−1) ◦ τ.

The operators Bτ
n have the properties

Bτ
n(e0) = e0, B

τ
n(τ) = τ, Bτ

n(τ) = τ2 +
τ(1− τ)

n
.

The set {1, τ, τ2} is a Extended Complete Chebyshev system (for more

about Chebyshev systems the reader can consult [5]). We get, for every f ∈
C[0, 1],

lim
n→∞

Bτ
n(f) = f, uniformly on [0,1].

The following estimation of the approximation error was given in [1].
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Theorem 1 For every f ∈ C[0, 1] and δ > 0, we have

(2) |f(x)−Bτ
n(f)(x)| ≤

(
1 +

τ ′(x)τ(x)(1− τ(x))

nKτδ2

)
ω1(f, δ), x ∈ [0, 1],

where ω1 is the classical modulus of continuity of order one, i.e.

ω1(f, δ) = sup{f(x+ h)− f(x) : x, x+ h ∈ [0, 1], 0 ≤ h ≤ δ}.

The constant Kτ from estimation (2) satisfy the condition

(3) (x− t)2Kτ ≤ τ ′(x)(τ(t)− τ(x))2, x, t ∈ [0, 1].

The existence of the constant Kτ from (3) is proved by Freud in [3]. For τ = e1

we have Kτ = 1.

Throughout the paper τ : [0, 1]→ [0, 1] is a function having the properties

i) and ii) and Kτ is a constant which satisfies the condition (3).

In Section 2 we give errors estimations in approximation by positive linear

operators which preserve the functions e0 and τ. We use the classical moduli

of smoothness of order one and two. We also get a quantitative result using a

generalized modulus of continuity of order two introduced in [7]. The Section

3 contains applications for the operators Bτ
n, some Kantorovich type operators

and some genuine Bernstein-Durrmeyer operators. Also, a class of Kantorovich

type operators which preserve linear functions is presented.

2 Quantitative results

For every f ∈ C[0, 1] and δ > 0 the second order modulus of continuity is

defined by

ω2(f, δ) = sup{f(x+ h)− 2f(x) + f(x− h) : x, x± h ∈ [0, 1], 0 ≤ h ≤ δ}.

Theorem 2 Let Lτ : C[0, 1] → C[0, 1] a positive linear operator which pre-

serves e0 and τ . Then, for every f ∈ C[0, 1] and δ > 0, we have the estimation

|f(x)− Lτ (f)(x)| ≤
(

1 +
Gτ (x)

δ2

)
ω1(f, δ), x ∈ [0, 1],

where

(4) Gτ (x) =
1

Kτ

(
Lτ (τ2)(x)− τ2(x)

)
τ ′(x).
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Proof. Let f ∈ C[0, 1], x ∈ [0, 1] and δ > 0. From [8] we have

(5)
|f(x)− Lτ (f)(x)| ≤ |f(x)| |Lτ (e0)(x)− e0(x)|

+

(
Lτ (e0)(x) +

Lτ (e1 − xe0)2(x)

δ2

)
ω1(f, δ).

.

Using (3) and the preservation properties of the operator Lτn we obtain

(6) Lτ (e1 − xe0)2(x) ≤ τ ′(x)

Kτ
Lτ (τ − τ(x)e0)

2(x) = Gτ (x).

The conclusion follows from (5), (6) and taking into account that the

operator Lτ fixes the constant functions.

Remark 1 If we take Lτ = Bτ
n, n ≥ 1, then we get estimation (2).

Theorem 3 Let Lτ : C[0, 1] → C[0, 1] a positive linear operators which pre-

serves e0 and τ . Then, for every f ∈ C[0, 1] and 0 < δ ≤ 1/2, we get

|f(x)− Lτ (f)(x)| ≤
√
Gτ (x)

δ
ω1(f, δ) +

(
1 +

Gτ (x)

2δ2

)
ω2(f, δ), x ∈ [0, 1],

where Gτ is given by (4).

Proof. Let f ∈ C[0, 1], x ∈ [0, 1] and 0 < δ ≤ 1/2. From [6] we have

(7)

|f(x)− Lτ (f)(x)| ≤ |f(x)| |Lτ (e0)(x)− e0(x)|+ |L
τ (e1 − xe0)(x)|

δ
ω1(f, δ)

+

(
Lτ (e0)(x) +

Lτ (e1 − xe0)2(x)

2δ2

)
ω2(f, δ).

.

Using Cauchy-Schwarz inequality and (6) we get

(8) |Lτ (e1 − xe0)(x)| ≤ Lτ (|e1 − xe0|)(x) ≤
√
Lτ (e1 − xe0)2(x) ≤

√
Gτ (x).

Using (7), (8) and the fact that the operator Lτ preserves the constant

functions we get the conclusion.

Next we present some notations, definitions and results from [7].

Let x ∈ (0, 1) and ν, η, σ ∈ C[0, 1] having the properties

i) mint∈[0,1] ν(t) = ν(x) = 1;
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ii) η(t) < 0, t ∈ [0, x) and η(x) = 0 and η(t) > 0, t ∈ (x, 1];

iii) σ(t) > 0, t ∈ [0, 1]\{x} and σ(x) = 0;

iv) {ν, η, σ} is an Extended Complete Chebyshev system on [0, 1].

We have the notations

l(t) =
η(t)

ν(t)
, t ∈ [0, 1],

d(u, v) = |l(v)− l(u)| , u, v ∈ [0, 1],

D(u, v) =

∣∣∣∣∣ ν(u) ν(v)

η(u) η(v)

∣∣∣∣∣ , u, v ∈ [0, 1].

Definition 1 [7] If f : [0, 1]→ R and δ > 0 we define

ω∗1(f, δ) = sup

{∣∣∣∣f(u)

ν(u)
− f(v)

ν(v)

∣∣∣∣ , u, v ∈ [0, 1], d(u, v) ≤ δ
}

and

(9)

ω∗2(f, δ) = sup{|∆(f ;u, v, w)| , 0 ≤ u < v < w ≤ 1, d(u, v) ≤ δ, d(v, w) ≤ δ},

where

∆(f ;u, v, w) =
D(v, w)

D(u,w)
f(u) +

D(u, v)

D(u,w)
f(w)− f(v).

Definition 2 [7] For 0 < δ ≤ d(0, 1)/2 we define

Ψ(δ) = inf {|∆(σ;u, v, w)| , 0 ≤ u < v < w ≤ 1, d(u, v) = d(v, w) = δ}

Theorem 4 [7] Let L : C[0, 1]→ C[0, 1] a positive linear operator. Then, for

any f ∈ C[0, 1], x ∈ [0, 1] and 0 < δ ≤ d(0, 1)/2, we have

|L(f)(x)− f(x)| ≤ |f(x)| |L(ν)(x)− 1|+ 1

δ
|L(η)(x)|ω∗1(f, δ)

+

(
2L(ν)(x) +

L(σ)(x)

Ψ(δ)

)
ω∗2(f, δ)
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Theorem 5 Let Lτ : C[0, 1] → C[0, 1] a positive linear operator which pre-

serves e0 and τ . Then, for any f ∈ C[0, 1], x ∈ [0, 1] and 0 < δ ≤ 1/2, we

have

(10) |Lτ (f)(x)− f(x)| ≤
(

2 +
Lτ (τ2)(x)− τ2(x)

δ2

)
ω∗2,τ (f, δ),

where

(11)

ω∗2,τ (f, δ) =

sup{|∆(f ;u, v, w)| , 0 ≤ u < v < w ≤ 1, τ(v)− τ(u) ≤ δ, τ(w)− τ(v) ≤ δ}

with

∆(f ;u, v, w) =
τ(w)− τ(v)

τ(w)− τ(u)
f(u) +

τ(v)− τ(u)

τ(w)− τ(u)
f(w)− f(v).

Proof. Let f ∈ C[0, 1] and 0 < δ ≤ 1/2.

If x ∈ {0, 1} , then Lτ (f)(x) = f(x). Thus the estimation (10) holds.

Let x ∈ (0, 1). We use Theorem 4 with

(12) ν = e0, η = τ − τ(x)e0, σ = (τ − τ(x)e0)
2.

It is easy to check that the functions given by (12) satisfy the properties

i)-iv) from this section.

We also have

l(t) = τ(t)− τ(x), t ∈ [0, 1],

d(s, t) = τ(t)− τ(s), 0 ≤ s < t ≤ 1,

D(s, t) = τ(t)− τ(s), s, t ∈ [0, 1].

It follows that ω∗2(f, δ) given by (9) becomes ω∗2,τ (f, δ) from (11).

As Ψ(δ) = δ2 and using the preservation properties of the operator Lτ we

get the conclusion.

3 Applications

3.1 The operators Bτ
n

Let Bτ
n the operator given by (1).



Quantitative results for positive linear operators 91

Theorem 6 For every f ∈ C[0, 1] we have

|f(x)−Bτ
n(f)(x)| ≤

√
τ ′(x)

Kτ
ω1

(
f,

√
τ(x)(1− τ(x))

n

)

+

(
1 +

τ ′(x)

2Kτ

)
ω2

(
f,

√
τ(x)(1− τ(x))

n

)
, x ∈ [0, 1]

and

|f(x)−Bτ
n(f)(x)| ≤ 3ω∗2,τ

(
f,

√
τ(x)(1− τ(x))

n

)
, x ∈ [0, 1].

Proof. We use Theorem 3 and Theorem 5 with

δ =

√
τ(x)(1− τ(x))

n
.

3.2 Kantorovich type operators

Let an ∈ R+, n ≥ 1 with an ≤ 1/n. Let f : [0, 1]→ R be a continuous function

in x = 0, 1 and f ∈ L1[−an + k/n, an + k/n], k = 1, 2, ..., n− 1.

For x ∈ [0, 1], we define the positive linear operators

Kn(f)(x) = pn,0(x)f(0) + pn,n(x)f(1) +
1

2an

n−1∑
k=1

pn,k(x)

∫ an+k/n

−an+k/n
f(t)dt.

It is easy to check that

(13)

Kn(e0)(x)=1, Kn(e1)(x)=x, Kn(e2)(x)=x2+
x(1−x)

n
+
a2n
3

(1−xn−(1−x)n) .

We observe that the operators Kn reproduce the linear functions.

If f ∈ C[0, 1], then it follows

lim
n→∞

Kn(f) = f, uniformly on [0, 1].

Theorem 7 Let f ∈ C[0, 1] and

δKn (x) =

√
x(1− x)

n
+
a2n
3

(1− xn − (1− x)n), x ∈ [0, 1].
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We have the estimations

(14) |f(x)−Kn(f)(x)| ≤ 2ω1

(
f, δKn (x)

)
, x ∈ [0, 1]

and

(15) |f(x)−Kn(f)(x)| ≤ 3

2
ω2

(
f, δKn (x)

)
, x ∈ [0, 1].

Proof. The estimations (14) and (15) follow using (13) and the estimations

(5) and (7) respectively.

For every f ∈ C[0, 1] we define

Kτ
n(f) = Kn(f ◦ τ−1) ◦ τ.

i.e.
Kτ
n(f)(x) = pn,0(τ(x))f(0) + pn,n(τ(x))f(1)

+
1

2an

n−1∑
k=1

pn,k(τ(x))

∫ an+k/n

−an+k/n
f(τ−1(t))dt, x ∈ [0, 1].

We have

Kτ
n(e0) = e0, K

τ
n(τ) = τ, Kτ

n(τ2) = τ2 +
τ(1− τ)

n
+
a2n
3

(1− τn − (1− τ)n) .

If f ∈ C[0, 1], then it follows

lim
n→∞

Kτ
n(f) = f, uniformly on [0, 1].

Theorem 8 Let

δKn,τ (x) =

√
τ(x)(1− τ(x))

n
+
a2n
3

(1− τ(x)n − (1− τ(x))n), x ∈ [0, 1]

For every f ∈ C[0, 1] we get the estimations

(16) |f(x)−Kτ
n(f)(x)| ≤

(
1 +

τ ′(x)

Kτ

)
ω1

(
f, δKn,τ (x)

)
, x ∈ [0, 1],

(17)

|f(x)−Kτ
n(f)(x)| ≤

√
τ ′(x)

Kτ
ω1

(
f, δKn,τ (x)

)
+

(
1 +

τ ′(x)

2Kτ

)
ω2

(
f, δKn,τ (x)

)
, x ∈ [0, 1]

and

(18) |f(x)−Kτ
n(f)(x)| ≤ 3ω∗2

(
f, δKn,τ (x)

)
, x ∈ [0, 1].

Proof. The estimations (16), (17) and (18) follow using Theorem 2, Theorem

3 and Theorem 5 respectively with δ = δKn,τ (x).
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3.3 Genuine Bernstein-Durrmeyer type operators

The genuine-Bernstein-Durrmeyer operator was introduced in [2] and [4].

For f ∈ C[0, 1] and x ∈ [0, 1] it is defined by

Un(f)(x) = pn,0(x)f(0)+pn,n(x)f(1)+(n−1)
n−1∑
k=1

pn,k(x)

∫ 1

0
pn−2,k−1(x)f(t)dt.

We have

Un(e0)(x) = 1, Un(e1)(x) = x, Un(e2)(x) = x2 +
2x(1− x)

n+ 1
.

If f ∈ C[0, 1], then we get

lim
n→∞

Un(f) = f, uniformly on [0, 1].

For every f ∈ C[0, 1] we define

U τn(f) = Un(f ◦ τ−1) ◦ τ

i.e.

U τn(f)(x) = pn,0(τ(x))f(0) + pn,n(τ(x))f(1)

+(n− 1)

n−1∑
k=1

pn,k(τ(x))

∫ 1

0
pn−2,k−1(x)f(τ−1(t))dt, x ∈ [0, 1].

We have

U τn(e0) = e0, U
τ
n(τ) = τ, U τn(τ) = τ2 +

2τ(1− τ)

n+ 1
.

If f ∈ C[0, 1], then it follows

lim
n→∞

U τn(f) = f, uniformly on [0, 1].

Theorem 9 For every f ∈ C[0, 1] we get the estimations

|f(x)− U τn(f)(x)| ≤
(

1 +
τ ′(x)

Kτ

)
ω1

(
f,

√
2τ(x)(1− τ(x))

n+ 1

)
, x ∈ [0, 1],

|f(x)− U τn(f)(x)| ≤

√
τ ′(x)

Kτ
ω1

(
f,

√
2τ(x)(1− τ(x))

n+ 1

)
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+

(
1 +

τ ′(x)

2Kτ

)
ω2

(
f,

√
2τ(x)(1− τ(x))

n+ 1

)
, x ∈ [0, 1]

and

|f(x)− U τn(f)(x)| ≤ 3ω∗2

(
f,

√
2τ(x)(1− τ(x))

n+ 1

)
, x ∈ [0, 1].

Proof. We use the estimations from Theorem 2, Theorem 3 and Theorem 5

with

δ =

√
2τ(x)(1− τ(x))

n+ 1
.
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