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Univalence Criteria for a General Integral Operator '

Camelia Barbatu, Daniel Breaz

Abstract

In this paper we introduce a new general integral operator for analytic func-
tions in the open unit disk U and we obtain sufficient conditions for univalence
of this integral operator.
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1 Introduction

Let A denote the class of the functions of the form:
(1) Fe) =24+ Y ans,
n=2

which are analytic in the open unit disk
U={ze€C:|z|<1}

and satisfy the following usual normalization conditions:
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C being the set of complex numbers.

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

A function f € A is said to belong to the class R(A), 0 < A < 1, if

Re [f/(z)} >\ zel.

We denote by P the class of the functions p(z) which are analytic in U and satisfy
the following conditions:

p(0) =1, Re(p(z)) >0, =ze€U.

We consider the integral operator:

(2) Cn(z)z{dfozt‘s_lﬁ (fif)egi(f))ai_l (ni' ()" (@)7] dt}(ls,
=1

where f;, g;, h; are analytic in U and 9, «;, 5, 7; are complex numbers for all ¢ = 1, n,
n € N\ {0}, 6 € C, with Red > 0..

This is a general integral operator of Pfaltzgraff, Kim-Merkes and Oversea types
which extends also the other operators as follows:

Remark 1.1. i) Form =1, 0 =1 and ay — 1 = 1 = 0 we obtain the integral
operator which was studied by Kim-Merkes [7]

Fulz) = /0 <fff)>adt.

ii) Forn =1, =1 and a1 — 1 =y, = 0 we obtain the integral operator which
was studied by Pfaltzgraff [18]

iit) For a; — 1 = B; = 0 we obtain the integral operator which was defined and
studied by D. Breaz and N. Breaz [2]

Dp(z) = [5/02755—1]31 (@)a dtr,

this integral operator is a generalization of the integral operator introduced by Pascu
and Pescar [12].

i) For a; — 1 = ~; = 0 we obtain the integral operator which was defined and
studied by D. Breaz, Owa and N. Breaz [4]

T,(2) = lé/ozt‘HH FAG dt] ,
=1

=
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this integral operator is a generalization of the integral operator introduced by Pescar
and Owa in [17] .
v) For a; — 1 = 0 we obtain the integral operator which was defined and studied

by Frasin [5]
s o T (N ]
Fnlz) = [5 /O ¢ 1i|:|1< , > (fi'(t)) dt] ,

this integral operator is a generalization of the integral operator introduced by Oversea

in [9].
vi) Formn=1,0 = f and o; — 1 = o and f; = v; = 0 we obtain the integral
operator which was defined and studied by Stanciu in [19]

wio =[5 [ (L) a]

Thus, the integral operator Cy,, introduced here by the formula (2), can be con-
sidered as an extension and a generalization of these operators above mentioned.

We need in our present investigation the following lemmas:
Lemma 1.2. (Pascu [11]) Let 7,0 be complex numbers, Rey > 0 and f € A. If

1— ‘Z|2Re’y

2f"(2))
f'(2)

for all z € U, then for any complex number 6, Red > Rey , the function Fs defined

by 1
Fs(z) = <5 /OZ t“f’(t)dt) ’ ,

15 regular and univalent in U.

<1
Rey ’_’

Lemma 1.3. (Pescar [14]) Let 6 be complex number, Red > 0 and ¢ a complex
number, |c| <1, c# —1, and f € A, f(2) =2+ a2 + ... If

elof” + (1= 1) 20 <1,

for all z € U, then the function Fs defined by

Fs(z) = <5 /0 t“f'(t)dtf ,

s regular and univalent in U.
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Lemma 1.4. (General Schwarz Lemma [8]) Let f be the function regular in the disk
Ur={2€C:|z| < R,R >0} with |f(z)] < M for a fixzed number M > 0 fized. If
f(2) has one zero with multiplicity order bigger than a positive integer m for z = 0,
then

M
) < 7™ 2 € Ur.

The equality for z # 0 can hold only if

fle) =02,

where 0 is constant.

2 Main results

Our main results give sufficient conditions for the general integral operator C,
defined by (2) to be univalent in the open disk U.

Theorem 2.1. Let 7,0, ay, B,y be complex numbers, ¢ = Rey > 0, M;, N;, P;, Q;
are real positive numbers, i = 1,n, and fi, g, h; € A, fi(2) = 2+ agiz? +aziz> + ...,
Gi(2) = 2 + b2z + 0323 + ..., hi(2) =2+ 022 + 32 + .., i =1,n. If

ij}l((zz))—l'SMi lgi(2)] < Ny, Z:f;(;)) <P,
zhi(2) |zi(2)
hl(z)_l‘ SQ’M gl(z) Sl,
forallz €U, i=1,n and
3 2+ 1)
(3) > llew — 1 (M; + Ni) + [8i] P + ] Qi] < (C+2)

i=1

then, for all & complex numbers, Red > Rey, the integral operator Cy, given by (2)
is in the class S.

Proof. Let us define the function

)= [ 1:11 Kﬁft}ew(ﬂ)ai_l (! (1))" (hit(“y] at,

for fiagia hl € A7 i = 17777‘
The function H, is regular in U and satisfy the following usual normalization

!

conditions H,(0) = H,(0) — 1 = 0.

n
After we calculate the first-order and second-order derivatives, we obtain

- S0 (5 o) oo (55 )
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for all z € U.
Therefore
L— |2 |2Hp(2)| _ 1|21 © 2fi(2) /
- < i—1 -1 i
i on i ¥ L Te et AU
1— |z & zh!(z) zh!(2)
— il | = il |7~ — 1| -
for all z € U.
Then, we obtain
L— |2 |2Hp(2)| _ 1— |21 ¢ [ < 2fi(2) ‘ 2gi' () )]
x < a; — 1 2 -1+ gilz +
e e | < e 2 UG 5 |9
1— |z & zh(2) zh!(2)
4 — il | =7 il |~ — 1|,
0 HEEY 1| T2+ |35
for all z € U.
By applying the General Schwarz Lemma to the functions f;,g;, ¢ = 1,n we
obtain 112)
zfl(z
L -1 < M|z, lgi(2)| < Nilz|,
R E R ETES
zhl(2) zhl! (2)
: -1 < -PZ ) . < @ )
o = [55] so
forall 2 € U, i =1,n.
Using these inequalities from (4) we have
1— 2% |zH"(2)| _1-]2]*, <
- i — 1 (M; + N; il P+ 17l Qil s
) S o3l = 1+ )+ 151 B+ il @
for all z € U.
Since
ERIE 2
max = ;
l21<1 c (2¢ + 1)2%1
from (5) we obtain
1— |z* |zH"(2) 2 -
| < : [lov = L[ (M; + Ni) + [Bil Pi + il Q]
¢ TH( 7 @er1)s ;
and hence, by (3) we have
1— |2 |2H"(2) 2 (2c+1)% ,
P T ’
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for all z € U.
So,
1—|2)% | zH!(2)
6 n <1.
©) e | H) |

and using (6), by Lemma 1.2, it results that the integral operator C,, given by (2)
is in the class S. O

Theorem 2.2. Let v, oy, 5,7 be complex numbers, ¢ = Rey > 0 and f;,h; € S,
hi € P, gi € R, fi(z) = 2+ a2% + az3;2® + ..., gi(2) = z + by;2% + b3;2% + ...,
hi(2) = 24 c2i2® + 3123 + oy i = 1,n. If

n n n
(7) 4 =1+ D 1B +2) Il <5 for 0<e<1
i=1 =1 =1
or
" " " 1
(8) 4D loi =1+ 1B +2) Inl < 5, for =1
=1 =1 =1

then, for any complex numbers &, Red > ¢, the integral operator C,, defined by (2) is
in the class S.

Proof. From the proof of Theorem 2.1, we have:

1— 2% | zH(2) 1— |z & ‘ zfl(2) )
o e |5 e ;D‘“”( 7i(2) ‘1'”’"% @) +
1— |2 ¢ zhi (2) 112 (=)
+Cizl[|m el eIt
for all z € U.
1— 2% | zH(2) 1— |z & ‘ zfl(2) )
o e |5 ;[’“””< ol k) |+
1— 2% & zhj(2) 1 |#hi(=)
M Z{ﬁ' i | (e + 1))
for all z € U.
Since f;, h; € S we have
zfl(z) 1+ 2] zhl(2) 1+ |z]
fitz) | 7 L=12]" [ hi(z) | = 1|z

forall z €U, i =1,n.
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For h;' € P we have

zhi(2) 22|
Ri(z) | 1 —z[*
forall z €U, i =1,n.
For g; € R we have g;/ € P and
1+ ||
|9i'(2)| < =]
Using these relations we get
1— |2 |zH! (= T—z* [ [1+]z z| (14 |2])
o <82 1= 2, D Z‘%_H
c H! (z) c 1—z] 1—|z]

1—22c 2|z
+ ’ ‘|22|51

c

|’Yz =
1—\z|26 2 K 1+|z
< -1
- c 1—|z[+ Z‘Z |+

1—z* 2
(9) i 'Z'QZMH

C

for all z € U.
For 0 < ¢ < 1, we have 1 — |2/** <1 —|2|?, z € U and by (9) we obtain

1—|2)* | zH!(2) 4 4\ < 2 o 4 &
10 " S e i— 1+ - il + il s
(10) T <\ete ;\a %;'5’%;'”
for all z € U.
From (7) and (10) we have
_|.|2¢ "
(11) 1 ’Z‘ TL(Z) 1,
¢ n(2)

forall ze Uand 0 <ec <1,
For ¢ > 1 we have # < 1—|zf% for all z € U and by (9) we obtain

1— |z |zH"(2) - & &
(12) by <A+ o =1 +2) (Bl +4 |l
n i=1 i=1 i=1

forall ze€ U and ¢ > 1.
From (8) and (12) we obtain

1_ ’Z‘QC
C

n(2)
n(2)

(13)

49
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forall z€ U and ¢ > 1.
And by (11), (13) and Lemma 1.2 it results that the integral operator C,,, defined
by (2) is in the class S. O

Theorem 2.3. Let o be complex number, Rea > 0, i = 1,n, M;, N;, P; are real
positive numbers and f;, gi, hi € A, fi(2) = 2+ a2+ a3z +...., gi(2) = 2+ by 2% +
b3iz3 4 o, hi(2) = 24 c2i2® + 3128 4 o, i = 1n. If

2fi(2) zhi (2)
— | <M, ai(x)| < Niy |5 <L
0 |9:(2)] 72
/ 2
zhi(z) _ ‘ <P, z gz(’z; _ 1‘ <1,
hi(2) [9i(2)]
forallz€U,i=1,n and
—1
(14) <12 ’(Mi+2Ni2+Pi+3), ceC, c# —1,

then, the integral operator C;, given by

z n . ) a—1 é

s in the class S.

Proof. Let us consider the function
1 f) hi(8)\*
Hy(2) = 95O p,/ (¢t dt
@- 121( ©) g0, 1y 0 ,

for f;,gi,hi € A, i = 1,n. The function H,, is regular in U.
Also, a simple computation yields

TR 500 (B g+ O )]

H(z) 2= fi(2) ) hiz)
for all z € U.
Therefore Y (
o (1) S
= |c]z|* + (1 — |ZFO‘) éz [(a —1) <Z]fi((;)) -1+ zg/(z)ﬂ ‘
i=1 v

_|_

i

s o) o (2]

i=
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for all z € U.
Then, we obtain

& o\ 25 (2)
|z + (1— ER )m <
16
(<ri|+ ‘“‘1] (Zfi'(z) +1)+ 29/ (2) || las(2)P| | | 2kt (2) +<zh;<z> +1>
B « fi(2) [g,;(z)]2 z hi(z) hi(z) ’

for all z € U.
By applying the General Schwarz Lemma to the functions g;, i = 1,n we obtain

|9i(2)| < Nilz],

forall 2 € U, i =1,n.
Using these inequalities from (16) we have

a o\ 2H(2)
clel®+ (1= 1) T5 05

a—1
S’C‘—F‘a‘[Mi+1+2Ni2+1+Pi+1],

for all z € U.
So

Hl/
c ’Z‘Qa + (1 - ‘Z|2o¢> < n(z)

(17) aH! (2)

<o+ |21 [M; +2N? + P, + 3],
(0

and hence, by inequality (14) we have

H//
C|Z|2a + (1 o |Z|2a) z /n(z) < 1’
H;,(2)
for all z € U.
Applying Lemma 1.3, we conclude that the integral operator C;, given by (15)
is in the class S. O

3 Corollaries and consequences

First of all, upon setting 6 = 1 in Theorem 2.1, we immediately arrive at the following
corollary:

Corollary 3.1. Let v, a4, 35,7 be complex numbers, 0 < Rey < 1, M;, N;, P;, Q;
are real positive numbers and f;,gi,hi € A, fi(2) = 2z + a22% + agiz® + ..., gi(2) =
z + b27;22 + bgiz?’ + .. h@(z) =z+ Cgiz2 + 631'23 +..,i=1n. If

2fiz) N O
fi(z) 1' < M, gi(2)| <N, 1.(2) <P
zhi(2) _ |zdi)
7(2) 1‘ < Qi 5(2) <1,
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forallz€ U, i=1,n and

n 2c+1

2c+1) 2
D llei = 1/ (M + Ni) + |8 Py + |7 Qi) < (2)7
=1

then, the integral operator K, defined by

1§ K- [ H (F0e0) "™ (i) (hif)))%] i

1s in the class S.

If we consider § = 1 and «; = 0 in Theorem 2.1, obtain the next corollary:

Corollary 3.2. Let v, «a;, B; be complex numbers, 0 < Rey <1, ¢ = Rey, M;, N;, P;
are real positive numbers and fi, gi,h; € A, fi(2) = z + ag;iz® + a3;2> + ..., gi(2) =
z+ b2i22 + bgiz?’ + ..., h,(z) =z+ 622'2’2 + 03iz3 4+ .., 1=1n. If

/ " /
2ilz) 1’ <Myl <N, |[PiE)) op o |2E) oy
fi(2) hi(2) 9i(2)
forallze U, i=1,n and
- (2¢ + 1)2§t1
> Mo = 1 (Mi+ Ni) + |Bi] Pi] < =,

i=1

then, the integral operator 7T, defined by

- T ED e o ®
(19) T(2) /{)]_jj(t )" (n ) ]du

1s in the class S.

Remark 3.3. In the integral operator given by (19) if we take ~v; = 0, we obtain
known result proven in [19].

If we consider § = 1 and 8; = 0 in Theorem 2.1, obtain the next corollary:

Corollary 3.4. Let v, ay,y; be complex numbers, 0 < Rey < 1, ¢ = Rey, M;, N;, Q;
are real positive numbers and f;,gi,hi € A, fi(2) = 2z + a22% + az;i2® + ..., gi(2) =
z + 1727;22 + b3¢Z3 + . hz(z) =z+ CQiZ2 + C3i23 + ..., 1=1,n. If

Zf/(Z) ’ Zh/(Z) ‘ Zg,(z)
—= =1 < M; i(2)] < N, - =1 < Qy : <1,
() 42 hi(2) 5:()
forallze U, i=1,n and
(2c+1)72

[Je; = 1| (M; + N;) + 7] Qi] <

M-

2 )
=1
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then, the integral operator R, defined by

(20) Rn(2) = /0 ; [(Jtiit)ew))ai_l <h§t))>7] dt,

1s in the class S.

Remark 3.5. Putting 5; = 0 in (20) we obtain the integral operator introduced in
[19].
If we consider § = 1 and «; = 0 in Theorem 2.1, obtain the next corollary:

Corollary 3.6. Let v, 8;,7; be complex numbers, 0 < Rey < 1, ¢ = Rey, P;,Q; are
real positive numbers and h; € A, hi(2) = z + boiz? + b3i23 + ..., i = 1L,n. If

2h! (2) 2h(z)
: [ ’ -1 < I3
n) | =1 e TR
forallze U, i=1,n and
n (2 +1)°%
> 1Bl P+ vl @i < —

i=1

then, the integral operator I, defined by

e 7.6 - | H oy (M2) o

1s in the class S.

Remark 3.7. The integral operator from Corollary 3.6, given by (21) is a known
result proven in [5].

If we consider § = 1, 8; = 0 and ; = 0 in Theorem 2.1, obtain the next corollary:

Corollary 3.8. Let v,qa; be complexr numbers, 0 < Rey < 1, ¢ = Rey, M;, N;

are real positive numbers and f;,g; € A, fi(2) = z + a2iz® + aziz® + ..., gi(2) =
z + bgizz -+ bgiz?’ + ., t=1,n. If
!/ /
S <mn sy, |29 <
fi(z) 9i(2)
forall z€U,i=1,n and
n 2c41
2c+1) 2
> flos 1) (o ) < BEEDT
i=1

then, the integral operator I, defined by

(22) Tn(z) = /0 ﬁl [(ﬁit)egi“))ai_l] dt,

1s in the class S.
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Remark 3.9. This integral operator given by (22) was defined in [19].
If we consider § = 1, o; = 0 and «; = 0 in Theorem 2.1, obtain the next corollary:

Corollary 3.10. Let v, 5; be complex numbers, 0 < Rey < 1, ¢ = Revy, P; are real
positive numbers and h; € A, hi(z) = z + 02 +c3:2° + ..., i = L,n. If

2hl! (2)
: < Pi7
hi(z) |~
forall z€e U, i=1,n and
n 2c41
(2¢41) 2
Slsip < EET

=1

then, the integral operator I, defined by

(23) 7, = [ T (o)™

1s in the class S.

Remark 3.11. The integral operator from Corollary 3.10, given by (23) is another
known result proven in [4].

If we consider 6 = 1, ; = 0 and 8; = 0 in Theorem 2.1, obtain the next corollary:

Corollary 3.12. Let v,~; be complex numbers, 0 < Rey <1, ¢ = Rey, Q; are real
positive numbers and h; € A, hi(2) = 2z + c0;2® + 32 + ..., i = 1,n. If

A1 < Q;
e L
forallze U, i=1,n and
n 2c+1
2c+1) 2
> vl @il < (2),

i=1
then, the integral operator I,, defined by

(24) 1.6 = [ 1 (M)

i=1

s in the class S.

Remark 3.13. This integral operator given by (24) is a well know result proven in

[2].
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If we considern =1, =y =« and a; — 1 = 5; = ; in Theorem 2.1, obtain the
next corollary:

Corollary 3.14. Let a be complexr number, Rea > 0, M, N, P,Q are real positive
numbers and f,g,h € A, f(2) = 2+ a2z® + a3z® + ..., g(2) = 2 + baz® + b32% + ...,
h(z) =z + 222 + 323 + ... If

Zf’(z) Zh’/(z) Zh’(z) Zg’(z)
flz) 1’ <M, |g(z)| <N, W (2) <P, ) 1’ <Q, ) <1,
for all z € U and
m—1@W+N+P+Qy;@Ma2U2M7

then, the integral operator C defined by

z a—1 é
(25) a@:{aA pwéwwwh®q ﬁ},

t

18 in the class S.
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