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Abstract

In the present investigation, by making use of strong differential
subordinations and superordinations, we introduce and study two new
classes of holomorphic functions containing generalized differential oper-
ator. Also we determine important properties for functions belongs to

these classes.
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1 Introduction

Indicate by H (U X @) the class of holomorphic functions in U x U, where
U the open unit disk of the complex plane U = {z € C : |2| < 1}, U =
{z € C : |z| < 1} the closed unit disk of the complex plane.

Forn € N={1,2,---} and a € C, let H[a,n,¢] = {f € H(UxTU) :
f(2,6) = a+an(s)z" + ant1 (c) 2" + ..., 2 € U, ¢ € U}, where q; () are
holomorphic functions in U for j > n.

Let A stands for the class of functions of the form:
(1) f(Z,<)=z+Zak(c)z’“, (€U, ¢el),
k=2

which are holomorphic in U x U and a, (5) are holomorphic functions in U for
k> 2.

Definition 1 [9]. Let Q¢ be the family of all functions that are holomorphic
and injective on U x U\E (f,<), where

E(f,5) = {reau:limf(z) = oo},

and fL (r,¢) # 0 forr € OU x U\E (f,s). The subfamily of Q. with f (0,s) = a
is denoted by Q. (a).

Definition 2 [9]. Let f (2,5), F (2,5) be holomorphic in Ux U. The function
f(z,¢) is said to be strongly subordinate to F (z,<) if there exists a function w
holomorphic in U with w (0) = 0 and |w (2)| < 1 (z € U) such that f (z,5) =
F(w(z),s) for alls € U. In such a case we write f (z,¢) << F (z,5), z € U,
csel.

Remark 1 [9].

(i) Since f (z,<) is holomorphic in U x U, for all s € U and schlicht in U,
for all ¢ € U, Definition (2) is equivalent to f (0,5) = F(0,5) for all¢ € U
and f (UxTU) c F(UxTD).

(ii) If f(z,5) = f(2) and F(z,5) = F(z), the strong subordination be-

comes the usual notion of subordination.
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If f(z,¢) is strongly subordinate to F'(z,¢), then F' (z,¢) is strongly su-
perordinate to f (z,¢).
As a dual notion of strong differential subordination, Oros [9] has intro-

duced and developed the notion of strong differential superordinations.

Lemma 1 [8]. Suppose that h(z,s) be a schlicht function with h(0,5) = a
for all s € U and v € C\{0} with Re (y) > 0. If p € H[a,1,5] and

1 _
(2) p(z,¢) + ;zpé (2,6) << h(z5), (z€U,cel),

then
p(z,6) << q(z,5) << h(z,5), (€U, cel),
where q (z,¢) =277 [ h(t,<)t7"1dt is convex and it is the best dominant of

(2).

Lemma 2 [9]. Suppose that h(z,<) be a convex function with h(0,s) = a for
alls € U and v € C\{0} with Re(y) > 0. Ifp € Hla,1,d]NQ., p(z,5) +
%zp’z (2,5) is schlicht in U x U and

1 _
(3) h(z,6) <<p(2,¢) + ;zpfz (2,¢), (€U, cel),

then
q(z,6) == p(2,), (€U, cel),

where q (z,¢) = vz~ [§ h(t,<) 7" dt is convex and it is the best subordinant
of (3).
Definition 3 [3]. For f € A, m € Ny = NU{0}, a,d >0, p, N\, >0 and
a # N, the generalized differential operator Am/\ﬁ(a,ﬁ) s Ac — Ac is defined
by

- > k—1)[(\— )8+ kd]T™
W) Al ) (i) =2+ Y [14 RO Z TR

k=2

ag (§) Zka

Here, we would point out some of the special cases of the operator defined
by (4) can be found in [1, 2, 4, 6, 10, 11].

In recent years, many authors obtained various interesting results associ-
ated with strong differential subordination and superordination for example
(see [5, 7, 12]).
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2 Key Lemma and Main Results

Before stating and proving our main results, we first establish the following

identities involving the operator defined by (4):

Lemma 3 If f € A, m € Ng = NU{0}, a,0 >0, p, A\, >0, a # X and
the operator A:Z/\ﬁ(a,ﬁ) be defined by (4), then

5) 2 (A7 50 B)f (2.9))) :%A,Ti};( B (2:6)

A
*(“‘uf$5+m>45““Mf“0‘

Proof. In the light of (4), we find that

A
(_M(;)WSAZI};( B (2:)

A
i (1 (A —MJB T ka) Al DI (2:6)

- At A (k—1)[(A— )8+ ko)™ !
Z—l-kz; —Oéﬁ—f—k’(; |:1 ,u+)\ ] ak(g)zk
u+>\ (k—=1)[(A—a)B+kd]]™
R | e e
— ( JT w+ A+ (k=1)[(N— )b+ kd]
P A—a)B+ ko A
A—a)B+ké —p— A (k=1 [(A—a)B+ks]]™
T )t ke >P+ A }  (5)

N (k=1 [X=)B+ k™
_z—l—;k[l—k = ] ar (<) 2%,

which establishes the identity (5).
Definition 4 Assume that ¢ (z,<) be an holomorphic function in U x U with

¥ (0,6) =1 for all ¢ € U and 0, u, \,8 >0, a,8 >0, a # N\, m € Ng. A
function f € Ac is called in the class V (n, u, A, 0, , B, m; 1)) if the following
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strong differential subordination is satisfied:

% [(1 - m> Ay s(a, B) f (2,9)

A function f € Ac is called in the class W (n,u, A, 9, o, 3, m; 1)) if the

following strong differential superordination is satisfied:

+

v << 1| (1= GHEED ) A (0,00t ()

+(—(§>+6A+)k6 AT (0, B)f (2, )].

Theorem 1 Suppose that ) (z,<) be a convex function in UxU with 1 (0,5) =
1foralls €U andn > 0. If f € V(n,u,\ 6, ,B,m;1), then there exists a
convez function q (z,<) such that q (z,5) << ¢ (z,5) and f € V (0, u, A, 6, 0, B,m;q).

Proof. Assume that
A;T)\,é(a’ ﬁ)f (Z, §)

(6) p(z,5) = .
B > (k=1 [(A—a)B+kéT™ B
—1+22P+ Y } ay (¢) 2"

It is obvious that p € H [1,1,¢].
Since f € V (n, u, A\, d, a, B, m; 1)), then we find that

) (1 ) At )
+m ij{}s(a B)f(z,g)] << (2,5).

Now from (5), (6)

a.
% [< _g—;)_\:k5> A/T)\,(S(O‘¢B)f (2,5)

+%Aﬁi HE ﬁ)f(z,o}

=p(2,6) +nzpl, (2,6) << (2,6).

nd (7), it is evident that
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By making use of Lemma 1 with v = %, we deduce that

P(2,6) =< q(z,6) =<9 (2,9).
It follows from (6) that
A:Z)\’(;(Oé, B)f (Z’ §)

z

<=<q(2,5) ==Y (z,9),

where
1 _1 [# 1
15 =277 [Cwtoti T
n 0

is convex and it is the best dominant.
This shows that f € V (0, u, A, d, v, B,m; q) and the proof is completed.

Theorem 2 Suppose that 1 (z,<) be a convex function in UxU with 1 (0,¢) =
1 forallc €U andn > 0. If f € W (n,p, A\, 0, a, B,m;), M €
H [17 17 §] ﬂ Q€ and

(1 e ) st (9

A
+mAﬁi%<a,ﬁ>f <z,<>}

is schlicht in U x U, then there exists a conver function q(z,5) such that
f 6 W(O?M7A’57a?67m;q)'

Proof. Suppose that the function p (z,<) be defined by (6). It is evident that
p € H[I,I,C] ng.
After a short calculation and considering f € W (n, u, A, 0, o, B, m; 1)), we can

conclude that
¥ (2,6) == p(2,6) + 120, (2,9) -

By making use of Lemma 2 with v = %, we obtain
q(z,6) =< p(z).

In view of (6), yields

AT s(a, B)f (2,6)
q(z,6) << - . :
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where
1 1 [* 1
q(z,6)=—=z 77/ Y (t,¢)tn dt
n 0

is convex and it is the best subordinant and the theorem is proved.
If we combine the results of Theorem 1 and Theorem 2, we obtain the

following ”strong sandwich theorem?”.

Theorem 3 Let 91 (2,5) and 12 (2,5) be convex functions in U x U with
Y1 (0,6) =2 (0,6) =1 for all¢ € U and n > 0. If

fe V(Uy/ﬁ,)\a&aaﬁ,mﬂbl)ﬂW(%M,)\,(S;a»B,m;wﬂy

AZ?)\’(;(OZ, ﬁ)f (Za C) c
z

H [L 17 §] N Q§
and

% Kl N %) Ains(@, B)f (2,9)

%Aﬁﬁ(a, B)f (Z,c)}

+
is schlicht in U x U, then
f € V(Ovua)Héva’ﬂ’m;(h) ﬂW(O,,u,)\,cS,oz,ﬁ,m;qg),

where
1 _1 [# 14
0 (s =2 [ el
n 0
and

1 1+ [7 14
QQ(ng):HZ "/ o (t,¢) tn dt.
0

The functions g1 and qo are conve.
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