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Certain basic information related to the Tremblay
operator and some applications in connection therewith1

Hüseyin Irmak

Abstract

In this scientific note, an operator, which is the well-known Tremblay oper-
ator in the literature, is first introduced and some of its applications to certain
analytic complex functions, which are normalized and analytic in the open unit
disk, are then determined. In addition, certain special results of the related
applications are also emphasized.
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1 Introduction and motivation

As it is known from literature, the well-known fractional calculus (FC) is a gener-
alization of the classical calculus concerned with operations of integration and also
differentiation of integer or non-integer (fractional) order. The concept of fractional
operators, which are constituted by FC, has been introduced almost simultaneously
with the development of the classical ones. The first known reference can be found
in the correspondence of G. W. Leibniz and Marquis de L’Hospital in 1695, where
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the question of meaning of the semi-derivative has been raised. This question conse-
quently attracted the interest of many well-known mathematicians, including Euler,
Liouville, Laplace, Riemann, Grünwald, Letnikov and many others. Since the 19th
century, the theory of FC developed rapidly, mostly as a foundation for a number
of applied disciplines, including fractional geometry, fractional differential equations
(FDE), i.e., differential equations determined by FC, and fractional dynamics.

In the literature, several works consisting of theoretical, practical results and,
specially new definitions, which are determined by FC (or FDE), can be encountered,
and, besides, there are several results consisting of some relations between certain
novel results constituted by fractional or ordinary differential operators. In this
note, as a novel example or certain applications of FC (or FDE), one of those is
first reminded and some of its applications are also presented. For this, there is
a need to recall or to introduce some information and also definitions regarding
to certain applications of, specially, the Trembley operator constituted by FC. For
certain operators and their applications, one can check certain works in [2], [5] and
[7]-[9].

For this investigation relating to the Tremblay operator, there is a need to recall
certain basic notations and well-known definitions.

2 Notations, definitions and lemmas

First of them, there is a need to introduce some notations and definitions. For those,
let C,R,N and U be the set of complex numbers, be the set of real numbers, be the
set of positive integers and be the open unit disk, i.e., the open set in:

U :=
{
z : z ∈ C and |z| < 1

}
,

respectively.
Moreover, let An denote the family of the (complex valued) functions f(z) nor-

malized by the following Taylor-Maclaurin series:

f(z) = z + an+1z
n+1 + an+2z

n+2 + · · ·
(
an+1 ∈ C ; n ∈ N

)
,

which are analytic (and univalent) in the domain U and also let Hq denote the family
of (complex valued) functions g(z) in the following Taylor-Maclaurin:

g(z) = q + bnz
n + bn+1z

n+1 + · · ·
(
q ∈ C ; bn ∈ C ; n ∈ N

)
,

which are analytic (and univalent) in the the domain U.
We next recall, for a complex function κ := κ(z), in general, the definition of

fractional derivative is denoted by the symbol:

Dµz [κ]
(
0 ≤ µ < 1

)
and also defined as follows (cf., e.g., [14], [15], [1]-[3], [7]-[12]):
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Let the function κ(z) be analytic in a simply-connected region of the z−plane
containing the origin. Then, the fractional derivative of order µ is defined by

(1) Dµz [κ] =
1

Γ(1− µ)

d

dz

∫ z

0

κ(ξ)

(z − ξ)µ
dξ (0 ≤ µ < 1),

where the multiplicity of (z − ξ)−µ above is removed requiring log(z − ξ) to be real
when z − ξ > 0. All right, here and throughout this paper, the function Γ is the
well-known gamma function in the literature.

Under favour of the definition given in (1), for an analytic function κ(z), the
well-known derivative, which is the Srivastava-Owa derivative of order m+µ is then
presented by

Dm+µ
z [κ] =

dm

dzm

(
Dµz [κ]

) (
0 ≤ µ < 1;m ∈ N ∪ {0}

)
,

which readily yields
D0+µ
z [κ] = Dµz [κ]

(
0 ≤ µ < 1

)
and

D1+µ
z [κ] =

d

dz

(
Dµz [κ]

) (
0 ≤ µ < 1

)
.

More recently, by means of the Srivastava-Owa derivative in [12] and the Trem-
blay operator in [5] and [18], certain operators were introduced and also studied as
an certain novel applications of fractional derivative’s operator:

Tτ,µ[ · ]
(
0 < τ ≤ 1; 0 < µ ≤ 1; 0 ≤ τ − µ < 1

)
,

which was defined in the domain of the complex plane and whose properties in
several spaces were discussed systematically. For both the details of FC and, as
example, some novel results proven by certain different methods, one may refer to
the scientific works given by [1]-[3], [5], [6]-[13] and see also [14]-[18].

For a function f(z) belonging to the class An, in general, the Tremblay operator:

Tτ,µ[f(z)] or Tτ,µ[f ]

is denoted and

(2) Tτ,µ[f ] :=
Γ(µ)

Γ(τ)
z1−µDτ−µz

[
zτ−1f(z)

]
,

is also defined, where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1 and z ∈ U .
As a result of a simple research, it is easily seen that the operator:

Dτ−µz [ · ]
(
0 < τ ≤ 1; 0 < µ ≤ 1; 0 ≤ τ − µ < 1

)
is equivalent to the operator, which is the Srivastava-Owa operator of fractional
derivative of order τ − µ represented by (1).
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In order to prove the main results in relation with the Tremblay opertor intro-
duced by (2), the following lemmas will be required.

Lemma 1. (see [5]) Let a function f(z) be in the class A(n). Then,

(3) Tτ,µ[f(z)] =
τ

µ
z +

∞∑
k=n+1

Γ(k + τ)Γ(µ)

Γ(k + µ)Γ(τ)
akz

k ,

where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1, and z ∈ U.

Lemma 2. (see [5]) Let a function f(z) be in the class A(n). Then,

(4)
d

dz

(
Tτ,µ[f(z)]

)
=

τ

µ
+

∞∑
k=n+1

kΓ(k + τ)Γ(µ)

Γ(k + µ)Γ(τ)
akz

k−1 ,

where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1, and z ∈ U.

Lemma 3. (see [15]) Let a function g(z) be in the class H := H1. If there exists a
point z0 in U such that

(5) <e
(
g(z)

)
> 0

(
|z| < |z0| < 1

)
, <e

(
g(z0)

)
= 0 and g(z0) 6= 0,

then

(6) g(z0) = iυ and zg′(z)
∣∣∣
z=z0

= i
ω

2

(
υ +

1

υ

)
g(z)

∣∣∣
z=z0

,

where ω ≥ 1 and υ ∈ R∗ := R− {0}.

In view of the information above, it is clear that

Tτ,µ[f ]

z
∈ Hτ/µ

and
d

dz

(
Tτ,µ[f ]

)
∈ Hτ/µ ,

and, specially,

T1,1
[
f
]

= f(z) ∈ An ,

d

dz

(
T1,1
[
f
])

= f ′(z) ∈ H1

and also
T1,1[f ]

z
=
f(z)

z
∈ H1 ,

where f ≡ f(z) ∈ An, 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1, and z ∈ U.
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3 Main results and implications

We now begin by setting and then by proving the main results associating with cer-
tain complex equations or inequalities, which are specified by the Tremblay operator,
defined as in (2), for functions in the family An.
Theorem 1. Let Φ(z) be a function defined as the complex equation given in the
form:

(7) z
d2

dz2

(
Tτ,µ[f ]

)
+

d

dz

(
Tτ,µ[f ]

)
− Φ(z) = 0

and also let the following condition:

(8) <e
(

Φ
(
z
))

>
1

2

(
3κ− τ

µ

)
satisfy for some z (z ∈ U), κ

(
0 ≤ κ < 1

)
, µ (0 < µ ≤ 1) and τ (0 < τ ≤ 1), where

0 ≤ τ − µ < 1 and f ∈ An.
Then, the following inequality:

(9) <e
(
d

dz

(
Tτ,µ[f ]

))
> κ

(
0 ≤ κ < 1 ; f ≡ f(z) ∈ An ; z ∈ U

)
is also satisfied.

textbfProof. In the light of (1) and (2), let us define a function q(z) as in the
following-implicit form:

(10)
d

dz

(
Tτ,µ[f ]

)
= κ+

( τ
µ
− κ
)
q(z) ,

where f ∈ An, z ∈ U, 0 ≤ κ < 1, 0 < µ ≤ 1, 0 < τ ≤ 1 and 0 ≤ τ − µ < 1. When
taking into consideration the form of the function q(z), defined in the form (10), it
is easily seen that the function q(z) is in the family H1. Namely, it is an analytic
function in U and q(0) = 1. In the light of (3) of Lemma 1 and also (4) of Lemma
2, from (10), it follows that

(11) z
d2

dz2

(
Tτ,µ[f ]

)
=
( τ
µ
− κ
)
z
d

dz

(
q(z)

)
.

Thus, the results in (10) and also (11) give us

z
d2

dz2

(
Tτ,µ[f ]

)
+

d

dz

(
Tτ,µ[f ]

)

(12) =
( τ
µ
− κ
)
z
d

dz

(
q(z)

)
+ κ +

( τ
µ
− κ
)
q(z)
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=: Φ(z) (say.)

Suppose now that there exists a point z0 satisfying the condition:

<e
(
z0
)

= 0
(
z0 ∈ U

)
,

given by (5) of Lemma 3. Then, by applying the assertions given by (6) of Lemma
3, which are

q(z0) = iυ and zq′(z)
∣∣∣
z=z0

= i ω
(
υ +

1

υ

)
q(z)

∣∣∣
z=z0(

ω ≥ 1/2 ; υ ∈ R∗ ; z0 ∈ U
)

in the last equation given by (13), the following results:

Φ
(
z0
)

=
( τ
µ
− κ
)
z0q
′(z0)+ κ+

( τ
µ
− κ
)
q
(
z0
)
,

or, equivalently,

(13) Φ
(
z0
)

= −ω
(

1 + υ2
)( τ

µ
− κ
)

+ κ+
( τ
µ
− κ
)
iυ

are then obtained.

By considering the values of the parameters ω and υ, the real part of Φ
(
z0
)
,

given by (13), follows that

<e
(

Φ
(
z0
))

= κ− ω
(

1 + υ2
)( τ

µ
− κ
)

≤ κ− 1 + υ2

2

( τ
µ
− κ
)

≤ κ− 1

2

( τ
µ
− κ
)

=
1

2

(
3κ− τ

µ

)
,

which is a contradiction with the hypothesis of Theorem 1, given by (8). Thus, there
is no any point z0 such that

<e
{
q(z0)

}
= 0,

where z0 ∈ U. This means that <e
{
q(z0)

}
> 0 for all z ∈ U. So, the statement,

given by (10), immediately requires the inequality:

<e
(
d

dz

(
Tτ,µ[f ]

))
= <e

(
κ+

( τ
µ
− κ
)
q(z)

)
> κ

(
0 ≤ κ < 1 ; z ∈ U

)
,
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which is the inequality given by (9). Thereby, the proof of Theorem 1 is completed.

Theorem 2. Let Φ(z) be a function defined by the following equation:

z
d

dz

(
Tτ,µ[f ]

)
+
(
Tτ,µ[f ]

)
− zΦ(z) = 0

and also let the inequality:

<e
(

Φ
(
z
))

>
1

2

(
5κ− τ

µ

)
satisfy for all for some z (z ∈ U), κ

(
0 ≤ κ < 1

)
, µ (0 < µ ≤ 1) and τ (0 < τ ≤ 1),

where 0 ≤ τ − µ < 1 and f ∈ An.
Then, the following inequality:

<e
(
z Tτ,µ[f ]

)
> κ |z|2(

0 ≤ κ < 1 ; f ≡ f(z) ∈ An ; z ∈ U
)

is satisfied.

Proof. First of all, let f ∈ An, z ∈ U, 0 ≤ κ < 1, 0 < µ ≤ 1, 0 < τ ≤ 1 and
0 ≤ τ − µ < 1. Then, if one defines a function q(z) as in the implicit form:

Tτ,µ[f ]

z
= κ+

( τ
µ
− κ
)
q(z)

and then follows the all steps used in the proof of Theorem 1, it can be easily arrived
at the desired proof. Therefore, it is here omitted.

By a simple focusing on the main results (Theorems 1 and 2), it is easy to see
that they include many interesting and useful results in relation with FC, FDE and
certain equations or inequalities, which will be obtained by the main results above.
So, as certain implications of the main results, i.e., theorems 1 and 2, there can
determine several special results by choosing the values of the parameters in both
theorems. At the same time, a number of specific results can be also obtained by
taking extra condition(s) into consideration for all possible results. We want to
present only one of them, which relates to geometric properties of analytic (and
univalent) functions. For its details and also some novel examples, see the works in
[4], [1]-[3] and [6]-[13].

As a consequence of Theorem 1, by taking τ := 1 and µ := 1 in Theorem 1, the
following special result can be easily constituted.

Corollary 1. Let 0 ≤ κ < 1, f(z) ∈ An and z ∈ U. If the following inequality:

<e
(
zf ′′(z) + f ′(z)

)
>

3κ− 1

2

is provided, then

<e
(
f ′(z)

)
> κ

is also provided.
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4 Conclusions

In the first section of this investigation, various basic information in relation with
FC and the Tremblay operator were introduced. In the second section, some results
specified by the Tremblay operator were then created. In addition, as certain im-
plications of the related results (Theorems 1 and 2), some extra information were
presented. As an example, only one of them, namely, Corollary 1 (above) was also
revealed.
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