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Differentiable Functions on Normed Linear
Spaces'
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Summary. In this article, we formalize differentiability of functions on
normed linear spaces. Partial derivative, mean value theorem for vector-valued
functions, continuous differentiability, etc. are formalized. As it is well known,
there is no exact analog of the mean value theorem for vector-valued functions.
However a certain type of generalization of the mean value theorem for vector-
valued functions is obtained as follows: If ||f’(z +¢- h)|| is bounded for ¢ between
0 and 1 by some constant M, then ||f(z+t-h)— f(x)|| < M -||h||. This theorem is
called the mean value theorem for vector-valued functions. By this theorem, the
relation between the (total) derivative and the partial derivatives of a function
is derived [23].
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The notation and terminology used here have been introduced in the following
papers: [28], [29], [9], [4], [30], [12], [10], [25], [11], [1], [2], [26], [7], [3], [5], [8],
[17], [22], [20], [27], [21], [31], [14], [24], [18], [16], [15], [19], [13], and [6].

1. PRELIMINARIES

In this paper r is a real number and S, T are non trivial real normed spaces.
Next we state several propositions:

(1) Let R be a function from R into S. Then R is rest-like if and only if for
every real number r such that » > 0 there exists a real number d such
that d > 0 and for every real number z such that z # 0 and |z| < d holds
2|7 R <
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(2) Let R be arest of S. Suppose Ry = 0g. Let e be a real number. Suppose
e > 0. Then there exists a real number d such that d > 0 and for every
real number h such that |h| < d holds ||Ry|| < e- |h|.

(3) For every rest R of S and for every bounded linear operator L from S
into T" holds L - R is a rest of T

(4) Let R; be a rest of S. Suppose (R1)p = 0g. Let Ry be a rest of S, T If
(R2)og = Or, then for every linear L of S holds Ry - (L + Ry) is a rest of
T.

(5) Let Ry be a rest of S. Suppose (R1)9 = 0g. Let R be a rest of S, T
Suppose (Rz)og = Or. Let Ly be a linear of S and Ly be a bounded linear
operator from S into 7. Then Ly - Ry + Ro - (L1 + Ry) is a rest of T.

(6) Let zy be an element of R and g be a partial function from R to the
carrier of S. Suppose g is differentiable in xy. Let f be a partial function
from the carrier of S to the carrier of 7. Suppose f is differentiable in g,,.
Then f - g is differentiable in zg and (f - g)'(x0) = f'(gao) (9’ (%0))-

(7) Let S be a real normed space, x1 be a finite sequence of elements of S,
and y; be a finite sequence of elements of R. Suppose lenx; = leny; and
for every element ¢ of N such that ¢ € domx; holds y;(i) = ||(x1):||. Then
12Xzl < X

(8) Let S be a real normed space, x be a point of S, and Ny, Ny be neigh-
bourhoods of z. Then N1 N Ny is a neighbourhood of z.

(9) For every non-empty finite sequence X and for every set x such that
x € [] X holds z is a finite sequence.

Let G be a real norm space sequence. One can verify that [ G is constituted
finite sequences.
Let G be a real linear space sequence, let z be an element of [[ G, and let j
be an element of dom G. Then z(j) is an element of G(j).
One can prove the following propositions:
(10) The carrier of [[G =[] G.
(11) Let i be an element of dom G, r be a set, and x be a function. If € the
carrier of G(i) and = € [[ G, then = +- (i,r) € the carrier of [[G.
Let G be a real norm space sequence. We say that G is nontrivial if and only
if:
(Def. 1) For every element j of dom G holds G(j) is non trivial.
Let us mention that there exists a real norm space sequence which is non-
trivial.
Let G be a nontrivial real norm space sequence and let ¢ be an element of
dom G. Note that G(i) is non trivial.
Let G be a nontrivial real norm space sequence. Note that [ G is non trivial.
The following propositions are true:



DIFFERENTIABLE FUNCTIONS ON NORMED LINEAR ... 33

(12) Let G be a real norm space sequence, p, ¢ be points of [ G, and rg, po,
qgo be elements of [ G. Suppose p = pg and ¢ = qo. Then p+ q = 7 if and
only if for every element i of dom G holds ro(i) = po () + qo(%).

(13) Let G be a real norm space sequence, p be a point of [[ G, r be a real
number, and 79, pg be elements of [[G. Suppose p = pg. Then r - p = 79
if and only if for every element i of dom G holds 7 (i) = r - po(i).

(14) Let G be a real norm space sequence and py be an element of [[ G. Then
OHG = po if and only if for every element i of dom G holds po(i) = Og(;)-

(15) Let G be a real norm space sequence, p, ¢ be points of [ G, and rg, po,
qo be elements of [[G. Suppose p = pg and ¢ = qo. Then p — g = 7 if and
only if for every element i of dom G holds 79 (i) = po(i) — qo(7).

2. MEAN VALUE THEOREM FOR VECTOR-VALUED FUNCTIONS

Let S be a real linear space and let p, ¢ be points of S. The functor |p, q|
yielding a subset of S is defined as follows:

(Def. 2) |p,q[={p+t-(q— p);t ranges over real numbers: 0 <t A t < 1}.

Let S be a real linear space and let p, ¢ be points of S. We introduce [p, ¢]
as a synonym of L(p, q).
Next we state several propositions:

(16) For every real linear space S and for all points p, ¢ of S holds |p, q[ C
[p, q-

(17) Let T be a non trivial real normed space and R be a partial function
from R to T'. Suppose R is total. Then R is rest-like if and only if for every
real number r such that r > 0 there exists a real number d such that d > 0

and for every real number z such that z # 0 and |z| < d holds % <.

(18) Let R be a function from R into R. Then R is rest-like if and only if
for every real number r such that r > 0 there exists a real number d such

that d > 0 and for every real number z such that z # 0 and |z| < d holds
IR

||
(19) Let S, T be non trivial real normed spaces, f be a partial function from
S to T, p, g be points of S, and M be a real number. Suppose that
(i) [p,q] € domf,
(ii)  for every point x of S such that x € [p, g] holds f is continuous in z,

(iii)  for every point x of S such that x € |p, q[ holds f is differentiable in z,
and

(iv)  for every point = of S such that = € |p, ¢[ holds || f'(z)|| < M.
Then [If; — fyll < M- lg — p.
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(20) Let S, T be non trivial real normed spaces, f be a partial function from
S to T, p, q be points of S, M be a real number, and L be a point of the
real norm space of bounded linear operators from .S into T". Suppose that

(i) [p,q] S domf,
(ii)  for every point x of S such that x € [p, g] holds f is continuous in z,
(ili)  for every point x of S such that = € |p, ¢[ holds f is differentiable in =,
and
(iv)  for every point z of S such that = € |p, ¢[ holds || f'(z) — L|| < M.

Then |[fy — fp — L{g = p)[| < M - [lg — p||.

3. PARTIAL DERIVATIVE OF A FUNCTION OF SEVERAL VARIABLES

Let G be a real norm space sequence and let ¢ be an element of dom G. The
projection onto i yielding a function from [[ G into G(i) is defined by:

(Def. 3) For every element = of [][G holds (the projection onto 7)(x) = z(i).

Let G be a real norm space sequence, let ¢ be an element of dom GG, and let
x be an element of []G. The functor reproj(i, z) yielding a function from G(i)
into [[ G is defined by:

(Def. 4) For every element r of G(i) holds (reproj(i,z))(r) =z +- (i, 7).
Let G be a nontrivial real norm space sequence and let j be a set. Let

us assume that 7 € dom G. The functor modetrans(G, j) yields an element of
dom G and is defined by:

(Def. 5) modetrans(G, j) = j.

Let G be a nontrivial real norm space sequence, let F' be a non trivial real
normed space, let i be a set, let f be a partial function from [[ G to F', and let
x be an element of [[ G. We say that f is partially differentiable in z w.r.t. 7 if
and only if:

(Def. 6) f - reproj(modetrans(G,i),z) is differentiable in (the projection onto
modetrans(G,i))(z).

Let G be a nontrivial real norm space sequence, let F' be a non trivial real
normed space, let ¢ be a set, let f be a partial function from [[G to F, and let x
be a point of [[ G. The functor partdiff(f,z,4) yielding a point of the real norm
space of bounded linear operators from G(modetrans(G,i)) into F' is defined as
follows:

(Def. 7) partdiff(f,z,7) = (f - reproj(modetrans(G, i), x))’((the projection onto
modetrans(G,i))(x)).
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4. LINEARITY OF PARTIAL DIFFERENTIAL OPERATOR

For simplicity, we adopt the following rules: G’ denotes a nontrivial real norm
space sequence, F' denotes a non trivial real normed space, ¢ denotes an element
of domG, f, f1, fo denote partial functions from [[ G to F, = denotes a point
of [] G, and X denotes a set.

Let G be a nontrivial real norm space sequence, let F' be a non trivial real
normed space, let i be a set, let f be a partial function from [[G to F', and let
X be a set. We say that f is partially differentiable on X w.r.t. ¢ if and only if:

(Def. 8) X C dom f and for every point z of [ G such that x € X holds f[X is
partially differentiable in  w.r.t. i.

Next we state several propositions:
(21) For every element x5 of G(i) holds H(reproj(z',()HG))(xg)H = ||x2]|.

(22) Let G be a nontrivial real norm space sequence, i be an element of dom G,
x be a point of [[ G, and r be a point of G(i). Then (reproj(i, x))(r) —x =
(reproj(i, 011 @) (r — (the projection onto i)(z)) and  — (reproj(i, z))(r) =
(reproj(t, OH «))((the projection onto 7)(x) —r).

(23) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
x be a point of [[G, and Z be a subset of []G. Suppose Z is open and
x € Z. Then there exists a neighbourhood N of (the projection onto )(x)
such that for every point z of G(i) if z € N, then (reproj(i,x))(z) € Z.

(24) Let G be a nontrivial real norm space sequence, T' be a non trivial real
normed space, i be a set, f be a partial function from [[G to T, and Z
be a subset of [[G. Suppose Z is open. Then f is partially differentiable
on Z w.r.t. ¢ if and only if Z C dom f and for every point = of [[ G such
that x € Z holds f is partially differentiable in x w.r.t. 7.

(25) For every set ¢ such that i € dom G and f is partially differentiable on
X w.r.t. ¢ holds X is a subset of [[G.

Let G be a nontrivial real norm space sequence, let S be a non trivial real
normed space, and let ¢ be a set. Let us assume that ¢ € dom G. Let f be a partial
function from [[G to S and let X be a set. Let us assume that f is partially
differentiable on X w.r.t. i. The functor f[*X yields a partial function from [ G

to the real norm space of bounded linear operators from G(modetrans(G, )) into
S and is defined by:

(Def. 9) dom(f["X) = X and for every point x of [[G such that € X holds
(f le)x = partdlﬁ(fv Zz, Z)
One can prove the following propositions:

(26) For every set i such that ¢ € domG holds (fi + fa2) -
reproj(modetrans(G,i),z) = fi - reproj(modetrans(G,i),x) + f2 -
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reproj(modetrans(G,i),z) and (f; — fa) - reproj(modetrans(G,i),z) =
f1 - reproj(modetrans(G, i), z) — f2 - reproj(modetrans(G, i), x).

(27) For every set i such that i € dom G holds r-(f-reproj(modetrans(G, i), x))
(r - f) - reproj(modetrans(G, i), x).

(28) Let i be a set. Suppose ¢ € dom G and f; is partially differentiable in z
w.r.t. ¢ and fs is partially differentiable in  w.r.t. i. Then f1+ f> is partially
differentiable in x w.r.t. ¢ and partdiff(f1 + fo,x,4) = partdiff(fi1,z,q) +
partdiff (fo, z, 7).

(29) Let i be a set. Suppose i € dom G and f; is partially differentiable in x
w.r.t. ¢ and fs is partially differentiable in x w.r.t. ¢. Then f;— f5 is partially
differentiable in = w.r.t. ¢ and partdiff(fi — fa,x,4) = partdiff(fi,z,7) —
partdiff (fo, z, 7).

(30) Let i be a set. Suppose i € dom G and f is partially differentiable in x
w.r.t. i. Then r - f is partially differentiable in z w.r.t. ¢ and partdiff(r -
fyx i) = r - partdiff (f, z,17).

5. CONTINUOUS DIFFERENTIATIBILITY OF PARTIAL DERIVATIVE

Next we state the proposition
(31) ||(the projection onto 7)(x)| < |||
Let G be a nontrivial real norm space sequence. One can verify that every
point of [] G is len G-element.
We now state a number of propositions:

(32) Let G be a nontrivial real norm space sequence, T' be a non trivial real
normed space, i be a set, Z be a subset of [[ G, and f be a partial function
from [[G to T. Suppose Z is open. Then f is partially differentiable on
Z w.r.t. ¢ if and only if Z C dom f and for every point x of [[ G such that
x € Z holds f is partially differentiable in z w.r.t. 7.

(33) Let i, j be elements of dom G, = be a point of G(i), and z be an element
of [1G such that z = (reproj(, OHG))(JJ) Then
(i) if i = j, then 2(j) = z, and
(ii) if ¢ # j, then 2(j) = Og(j).
(34) For all points z, y of G(i) holds (reproj(i, 011 o +y) =
(reproj(i, 01 ) (%) + (reproj(i, 01 o)) (v)-
(35) Let z, y be points of []G. Then (the projection onto i)(z + y) = (the
projection onto i)(x) + (the projection onto 7)(y).
(36) For all points z, y of G(i) holds (reproj(s, OHG))(a: -y =
(reproj(i, 01 ) (%) — (reproj(i, 01 o)) (v)-



DIFFERENTIABLE FUNCTIONS ON NORMED LINEAR ... 37

(37) Let x, y be points of [[G. Then (the projection onto ¢)(z — y) = (the
projection onto 7)(x) — (the projection onto 7)(y).

(38) For every point = of G(7) such that = # 0¢(;) holds (reproj(s, 01T a)(x) #

OHG‘

(39) For every point x of G(i) and for every element a of R holds
(reproj(s, OH o)(a- ) =a- (reproj(i, OH o) (@).

(40) Let = be a point of [[ G and a be an element of R. Then (the projection
onto i)(a - x) = a - (the projection onto @)(x).

(41) Let G be a nontrivial real norm space sequence, S be a non trivial
real normed space, f be a partial function from [[G to S, = be a
point of [[G, and i be a set. Suppose f is differentiable in x. Then
f is partially differentiable in x w.r.t. ¢ and partdiff(f,z,7) = f/'(z) -
reproj(modetrans(G, i), OH )

(42) Let S be a real normed space and h, g be finite sequences of elements
of S. Suppose lenh = leng 4+ 1 and for every natural number 7 such that
i € dom g holds g; = h; — hi+1. Then h1 — hjenp = Zg.

(43) Let G be a nontrivial real norm space sequence, z, y be elements of [[ G,
and Z be a set. Then x+-y[Z is an element of [[G.

(44) Let G be a nontrivial real norm space sequence, x, y be points of [[ G,
Z, zo be elements of [[G, and X be a set. If Z = OHG and g = = and
y = Z+-a0l X, then ||yl < Jl2].

(45) Let G be a nontrivial real norm space sequence, S be a non trivial real
normed space, f be a partial function from [] G to S, and z, y be points
of [T G. Then there exists a finite sequence h of elements of [| G and there
exists a finite sequence g of elements of S and there exist elements Z, g
of [I G such that
yo=yand Z = OHG and lenh = len G+1 and len g = len G and for every
natural number ¢ such that ¢ € dom h holds h; = Z+-yo[ Seg((len G+1) —'
i) and for every natural number ¢ such that ¢ € dom g holds ¢g; = fy4pn, —
fz+h,, and for every natural number ¢ and for every point h; of [[ G such
that ¢ € domh and h; = hq holds ||hi|| < ||y|| and foiy — fo =D 9.

(46) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
x, y be points of [[ G, and 2 be a point of G(7). If y = (reproj(i, x))(z2),
then (the projection onto i)(y) = x2.

(47) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
y be a point of [[ G, and ¢ be a point of G(7). If ¢ = (the projection onto
i)(y), then y = (reproj(i, y))(q)-

(48) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
x, y be points of [ G, and 3 be a point of G(7). If y = (reproj(i, x))(z2),
then reproj(i, z) = reproj(i,y).
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(49) Let G be a nontrivial real norm space sequence, i, j be elements of
dom @G, z, y be points of [[G, and z2 be a point of G(i). Suppose
y = (reproj(i,x))(z2) and i # j. Then (the projection onto j)(z) = (the
projection onto 7)(y).

(50) Let G be a nontrivial real norm space sequence, F' be a non trivial real
normed space, ¢ be an element of dom G, = be a point of [[ G, z2 be a point
of G(i), f be a partial function from [] G to F', and g be a partial function
from G(i) to F. If (the projection onto 7)(z) = x2 and g = f - reproj(i, z),
then ¢'(x9) = partdiff (f, x,1).

(51) Let G be a nontrivial real norm space sequence, F' be a non trivial real
normed space, f be a partial function from [[G to F, x be a point of
[ G, i be a set, M be a real number, L be a point of the real norm space
of bounded linear operators from G(modetrans(G,i)) into F, and p, q be
points of G(modetrans(G,i)). Suppose that

(i) i€dom@G,

(ii)  for every point h of G(modetrans(G,i)) such that A € |p,q[ holds
|partdiff (f, (reproj(modetrans(G, i), z))(h),i) — L|| < M,

(ili)  for every point h of G(modetrans(G,i)) such that A € [p,q| holds
(reproj(modetrans(G, i), z))(h) € dom f, and

(iv)  for every point h of G(modetrans(G,1)) such that h € [p,q] holds f is
partially differentiable in (reproj(modetrans(G,i),z))(h) w.r.t. i.
Then ||f(reproj(modetrans(G,i),x))(q) - f(reproj(modetrans(G,i),x))(p) - L(q - p) || <
M -lg —pll.

(52) Let G be a nontrivial real norm space sequence, x, y, z, w be points of
I1G, i be an element of dom GG, d be a real number, and p, ¢, r be points
of G(i). Suppose ||y — z|| < d and ||z — z|| < d and p = (the projection
onto i)(y) and z = (reproj(i,y))(q) and r € [p, q] and w = (reproj(i,y))(r).
Then ||w — z|| < d.

(53) Let G be a nontrivial real norm space sequence, S be a non trivial real
normed space, f be a partial function from [ G to .S, X be a subset of [[ G,
x, y, z be points of [ G, i be a set, p, ¢ be points of G(modetrans(G, 1)),
and d, r be real numbers. Suppose that i € dom G and X is open and x €
X and ||ly—z|| < dand ||z—z|| < dand X C dom f and for every point x of
[1 G such that x € X holds f is partially differentiable in « w.r.t. ¢ and for
every point z of [] G such that ||z—z|| < d holds z € X and for every point
z of [T G such that ||z — || < d holds ||partdiff(f, z,7) — partdiff (f, z,4)|| <
r and z = (reproj(modetrans(G,i),y))(p) and ¢ = (the projection onto
modetrans(G, 7)) (y). Then || f, — f, — (partdiff (f, z,7))(p—q)|| < |[[p—ql| -

(54) Let G be a nontrivial real norm space sequence, h be a finite sequ-
ence of elements of [[G, y, x be points of [[G, vy, Z be elements of
[IG, and j be an element of N. Suppose y = 1o and Z = OHG and
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lenh = lenG 4+ 1 and 1 < j < lenG and for every natural number
i such that ¢ € domh holds h; = Z+-yo|Seg((lenG + 1) =" i). Then
x+ h; = (reproj(modetrans(G, (len G+ 1) —' j), x4+ hj41))((the projection
onto modetrans(G, (len G + 1) —' j))(z + y)).

(55) Let G be a nontrivial real norm space sequence, h be a finite sequ-
ence of elements of [[G, y, x be points of [[G, yo, Z be elements of
[IG, and j be an element of N. Suppose y = yog and Z = OHG and
lenh = lenG+1 and 1 < j < lenG and for every natural number 1
such that ¢ € domh holds h; = Z+-yo| Seg((len G + 1) —' i). Then (the
projection onto modetrans(G, (len G + 1) —' j))(z + y) — (the projection
onto modetrans(G, (len G 4+ 1) =’ j))(xz + hj41) = (the projection onto
modetrans(G, (len G + 1) = 5))(y).

(56) Let G be a nontrivial real norm space sequence, S be a non trivial real
normed space, f be a partial function from [[G to S, X be a subset of
I G, and = be a point of [[G. Suppose that

(i) X is open,

(i) ze€ X, and

(iii)  for every set i such that ¢ € dom G holds f is partially differentiable
on X w.r.t. i and f]?X is continuous on X.
Then

(iv)  f is differentiable in x, and

(v) for every point h of [][G there exists a finite sequence w of elements
of S such that domw = dom G and for every set ¢ such that i € dom G
holds w(i) = (partdiff (f, z,7))((the projection onto modetrans(G,i))(h))
and f'(z)(h) = > w.

(57) Let G be a nontrivial real norm space sequence, F' be a non trivial real
normed space, f be a partial function from [[G to F', and X be a subset
of [ G. Suppose X is open. Then for every set i such that ¢ € dom G holds
f is partially differentiable on X w.r.t. i and f|'X is continuous on X if
and only if f is differentiable on X and ff y is continuous on X.
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