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Summary. In this paper we show the finite dimensionality of real linear
spaces with their carriers equal R"™. We also give the standard basis of such
spaces. For the set R™ we introduce the concepts of linear manifold subsets and

orthogonal subsets. The cardinality of orthonormal basis of discussed spaces is
proved to equal n.
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The articles [32], [7], [11], [33], [9], [2], [8], [5], [31], [4], [6], [18], [13], [22], [20],
[14], [1], [21], [29], [28], [26], [3], [23], [10], [12], [30], [19], [34], [16], [17], [25],
[15], [24], and [27] provide the notation and terminology for this paper.

1. PRELIMINARIES

We use the following convention: i, j, n are elements of N, z, By are sets,
and f, zg are real-valued finite sequences.
Next we state several propositions:

(1) For all functions f, g holds dom(f - g) = domgn g~ !(dom f).

(2) For every binary relation R and for every set Y such that rngR C Y
holds R~}(Y) = dom R.
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(3) Let X be a set, Y be a non empty set, and f be a function from X into
Y. If f is bijective, then X =Y.
(4) (2)- (1) = (2).
(5) For every element x of R? holds = = ep.
(6) For all elements a, b, ¢ of R™ holds (a —b) +c+b=a+c.
Let f1, f2 be finite sequences. One can verify that (fi, f2) is finite sequence-
like.
Let D be a set and let fi, fo be finite sequences of elements of D. Then
(f1, f2) is a finite sequence of elements of D x D.
Let h be a real-valued finite sequence. Let us observe that A is increasing if
and only if:
(Def. 1) For every ¢ such that 1 < ¢ <lenh holds h(i) < h(i+ 1).
One can prove the following four propositions:
(7) Let h be a real-valued finite sequence. Suppose h is increasing. Let given
i,j.Ifi<jand 1 <iandj <lenh, then h(i) < h(j).
(8) Let h be a real-valued finite sequence. Suppose h is increasing. Let given
i,7.Ifi <jand 1 <iand j <lenh, then h(i) < h(j).
(9) Let h be a natural-valued finite sequence. Suppose h is increasing. Let
given ¢. If 1 <i <lenh and 1 < h(1), then i < h(i).
(10) Let V be a real linear space and X be a subspace of V. Suppose V is
strict and X is strict and the carrier of X = the carrier of V. Then X = V.

Let D be a set, let F' be a finite sequence of elements of D, and let h be a
permutation of dom F. The functor F o h yields a finite sequence of elements of
D and is defined as follows:

(Def. 2) Foh=F-h.
One can prove the following propositions:

(11) Let D be a non empty set and f be a finite sequence of elements of D.
If1 <i<lenfand 1 < j <lenf, then (Swap(f,i,75))(i) = f(j) and
(Swap(f, i,4))(4) = f(@)-

(12) 0 is a permutation of ().

(13) (1) is a permutation of {1}.

(14) For every finite sequence h of elements of R holds h is one-to-one iff
sort, h is one-to-one.

(15) Let h be a finite sequence of elements of N. Suppose h is one-to-one.
Then there exists a permutation h3g of domh and there exists a finite
sequence ho of elements of N such that ho = h - hg and ho is increasing
and dom h = dom ho and rng h = rng ho.
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2. ORTHOGONAL BASIS

Let By be a set. We say that By is R-orthogonal if and only if:

(Def. 3) For all real-valued finite sequences x, y such that z, y € By and z # y
holds |(z,y)| = 0.
Let us observe that every set which is empty is also R-orthogonal.
We now state the proposition

(16) Byg is R-orthogonal if and only if for all points x, y of &} such that x,
y € By and x # y holds x, y are orthogonal.

Let By be a set. We say that By is R-normal if and only if:
(Def. 4) For every real-valued finite sequence x such that x € By holds |z| = 1.
Let us observe that every set which is empty is also R-normal.
Let us observe that there exists a set which is R-normal.
Let By, B1 be R-normal sets. One can verify that By U By is R-normal.
One can prove the following propositions:
(17) If |f| =1, then {f} is R-normal.
(18) If By is R-normal and |zo| = 1, then By U {z¢} is R-normal.
Let By be a set. We say that Bg is R-orthonormal if and only if:
(Def. 5) By is R-orthogonal and R-normal.
Let us note that every set which is R-orthonormal is also R-orthogonal and R-
normal and every set which is R-orthogonal and R-normal is also R-orthonormal.
Let us observe that {(1)} is R-orthonormal.
Let us observe that there exists a set which is R-orthonormal and non empty.

Let us consider n. One can verify that there exists a subset of R™ which is
R-orthonormal.

Let us consider n and let By be a subset of R™. We say that By is complete
if and only if:
(Def. 6) For every R-orthonormal subset B of R™ such that By C B holds
B = By.
Let n be an element of N and let By be a subset of R™. We say that By is
orthogonal basis if and only if:
(Def. 7) By is R-orthonormal and complete.

Let us consider n. One can verify that every subset of R™ which is orthogonal
basis is also R-orthonormal and complete and every subset of R™ which is R-
orthonormal and complete is also orthogonal basis.

The following propositions are true:

(19) For every subset By of R? such that By is orthogonal basis holds By = ().
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(20) Let By be a subset of R™ and y be an element of R™. Suppose By is
orthogonal basis and for every element x of R™ such that = € By holds
|(z,y)] = 0. Then y = (0, ...,0).

——

n

3. LINEAR MANIFOLDS

Let us consider n and let X be a subset of R™. We say that X is linear
manifold if and only if:
(Def. 8) For all elements z, y of R™ and for all elements a, b of R such that z,
ye X holdsa-xz+b-yeX.
Let us consider n. Observe that Qp» is linear manifold.
The following proposition is true

(21) {(0,...,0)} is linear manifold.
——
Let us consider n. Observe that {(0,...,0)} is linear manifold.
———

Let us consider n and let X be a subsent of R™. The linear span of X yielding
a subset of R™ is defined by:
(Def. 9) The linear span of X = {Y C R™: Y is linear manifold A X C Y'}.
Let us consider n and let X be a subset of R". Observe that the linear span
of X is linear manifold.
Let us consider n and let f be a finite sequence of elements of R™. The
functor Y f yielding an element of R is defined as follows:
(Def. 10)(i)  There exists a finite sequence g of elements of R™ such that len f =
leng and f(1) = g(1) and for every natural number i such that 1 < i <
len f holds g(i + 1) = g; + fix1 and > f = g(len f) if len f > 0,
(i) > f=10,...,0), otherwise.
n
Let n be a natural number and let f be a finite sequence of elements of R".
The functor accum f yields a finite sequence of elements of R™ and is defined
as follows:
(Def. 11) len f = lenaccum f and f(1) = (accum f)(1) and for every natural num-
ber i such that 1 <4 < len f holds (accum f)(i + 1) = (accum f); + fit1.
We now state several propositions:
(22) For every finite sequence f of elements of R™ such that len f > 0 holds
(accum f)(len f) = > f.
(23) For all finite sequences F', F; of elements of R™ and for every permutation
h of dom F' such that F» = F o h holds Y F» = F.
(24) For every element k of N holds Yk +— (0,...,0) = (0,...,0).
—— ——



THE REAL VECTOR SPACES OF FINITE SEQUENCES ... )

(25) Let g be a finite sequence of elements of R™, h be a finite sequence of

elements of N, and F' be a finite sequence of elements of R™. Suppose

h is increasing and rngh C domg and F' = g - h and for every element

i of N such that ¢ € domg and 7 ¢ rngh holds g(i) = (0,...,0). Then
——

n
Y9=2F
(26) Let g be a finite sequence of elements of R™, h be a finite sequence of
elements of N, and F' be a finite sequence of elements of R™. Suppose h
is one-to-one and rngh C domg and F' = g - h and for every element
i of N such that ¢ € domg and ¢ ¢ rngh holds g(i) = (0,...,0). Then
——

n

>9=>F.

4. STANDARD BASIS

Let us consider n, i. Then the base finite sequence of n and 7 is an element
of R™.
The following propositions are true:
(27) Let i1, 12 be elements of N. Suppose that
() 1<iy,
(11) il < n,
(iil) 1<,
(iv) iz < n,and
(v)  the base finite sequence of n and i; = the base finite sequence of n
and 79.
Then il = iz.
(28) 2(the base finite sequence of n and i) = the base finite sequence of n
and 4.
(29) If 1 <i < n, then ) the base finite sequence of n and ¢ = 1.
(30) If 1 <i < mn, then |the base finite sequence of n and i| = 1.
(31) Suppose 1 < i <mnand 1l < j <nandi # j. Then |(the base finite
sequence of n and i, the base finite sequence of n and j)| = 0.
(32) For every element x of R" such that 1 < i < n holds |(x, the base finite
sequence of n and )| = x(i).

Let us consider n and let 2o be an element of R™. The functor ProjFinSeq xq
yields a finite sequence of elements of R™ and is defined by the conditions
(Def. 12).

(Def. 12)(i)  lenProjFinSeqzo = n, and
(ii)  for every i such that 1 < ¢ < n holds (ProjFinSeqxo)(i) = |(zo, the
base finite sequence of n and )| - the base finite sequence of n and i.
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The following proposition is true

(33) For every element xg of R™ holds xg = > ProjFinSeq zy.
Let us consider n. The functor RN-Base n yields a subset of R™ and is defined

by:
(Def. 13) RN-Basen = {the base finite sequence of n and i; i ranges over elements
of N: 1 <i A i<n}.

Next we state the proposition

(34) For every non zero element n of N holds RN-Basen # (.

Let us mention that RN-Base 0 is empty.

Let n be a non zero element of N. Note that RN-Basen is non empty.

Let us consider n. Observe that RN-Basen is orthogonal basis.

Let us consider n. Observe that there exists a subset of R™ which is ortho-
gonal basis.

Let us consider n. An orthogonal basis of n is an orthogonal basis subset of
R™.

Let n be a non zero element of N. Observe that every orthogonal basis of n
is non empty.

5. FINITE REAL UNITARY SPACES AND FINITE REAL LINEAR SPACES

Let n be an element of N. Observe that (£, (+|-)) is constituted finite sequ-
ences. Let n be an element of N. One can check that every element of (£, (|-))
is real-valued.

Let n be an element of N, let =, y be vectors of (€™, (+]-)), and let a, b be
real-valued functions. One can verify that 4y and a+ b can be identified when
xr=a and y =b.

Let n be an element of N, let z be a vector of (€™, (+|)), let y be a real-
valued function, and let a, b be elements of R. Observe that a -z and by can be
identified when a = b and = = y.

Let n be an element of N, let x be a vector of (£",(-|-)), and let a be a
real-valued function. Observe that —z and —a can be identified when = = a.

Let n be an element of N, let =, y be vectors of (€™, (+])), and let a, b be
real-valued functions. One can check that x —y and a — b can be identified when
x = a and y = b. The following three propositions are true:

(35) Let n be an element of N, z, y be elements of R", and u, v be points of
(€™, (-]'). If z = v and y = v, then ®gn({u, v)) = |(z,y)|.

(36) Let n, j be elements of N, F' be a finite sequence of elements of the carrier
of (€™, (")), B2 be a subset of (£", (+]-)), vo be an element of (E", (-|-)),
and [ be a linear combination of Bs. Suppose F' is one-to-one and Bj is
R-orthogonal and rng F' = the support of [ and vy € By and j € dom(l F')

and vy = F(j). Then ®@gn((vo, DU F)) = @gn({vo, L(F}) - vo)).
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(37) Let n be an element of N, f be a finite sequence of elements of R™, and
g be a finite sequence of elements of the carrier of (€™, (-|-)). If f = g, then

=29
Let A be a set. Note that Rﬁ is constituted functions.
Let us consider n. Observe that R]%an is constituted finite sequences.
Let A be a set. One can verify that every element of Rﬁ is real-valued.
Let A be a set, let x, y be vectors of R{é, and let a, b be real-valued functions.
Observe that z 4+ y and a + b can be identified when x = a and y = b.
Let A be a set, let  be a vector of ]Rﬁ, let y be a real-valued function, and
let a, b be elements of R. Observe that a-x and by can be identified when a = b
and z = y.
Let A be a set, let x be a vector of Rﬁ, and let a be a real-valued function.
One can check that —z and —a can be identified when = = a.
Let A be a set, let z, y be vectors of R{é, and let a, b be real-valued functions.
Observe that £ — y and a — b can be identified when x = a and y = b.
The following propositions are true:
(38) Let X be a subspace of R%egn, x be an element of R", and a be a real
number. If x € the carrier of X, then a - z € the carrier of X.
(39) Let X be a subspace of ]R%eg" and x, y be elements of R™. Suppose

x € the carrier of X and y € the carrier of X. Then = + y € the carrier of
X.

(40) Let X be a subspace of ]Rﬂs;gn, x, y be elements of R™, and a, b be real
numbers. Suppose = € the carrier of X and y € the carrier of X. Then
a-x+b-y € the carrier of X.

(41) For all elements z, y of R™ and for all points u, v of R%eg " such that
r =wu and y = v holds ®gn ({u, v)) = |(z,y)|.

(42) Let F be a finite sequence of elements of the carrier of R]%eg", B; be a
subset of R%egn, vo be an element of R%eg", and [ be a linear combination
of By. Suppose F' is one-to-one and Bs is R-orthogonal and rng F' = the
support of [ and vy € Bg and j € dom(l F') and vy = F(j). Then ®¢n ({vo,
Y1E)) = ®en({vo, L(F}) - vo))-

Let us consider n. Note that every subset of R%egn which is R-orthonormal
is also linearly independent.
Let n be an element of N. Note that every subset of (£",(:|-)) which is
R-orthonormal is also linearly independent. Next we state the proposition
(43) Let Bs be a subset of R%eg", x, iy be elements of R", and a be a real
number. If By is linearly independent and z, y € Bs and y = a - x, then
T =1y.
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6. FINITE DIMENSIONALITY OF THE SPACES

Let us consider n. One can check that RN-Basen is finite.
The following propositions are true:

(44) card RN-Basen = n.

(45) Let f be a finite sequence of elements of R™ and ¢ be a finite sequence
of elements of the carrier of Rﬂssg". If f=g,then > f=>Y¢.

(46) Let xo be an element of Ry*™™ and B be a subset of REE™, If B =
RN-Basen, then there exists a linear combination [ of B such that xg =
S

(47) Let n be an element of N, 2y be an element of (€™, (+|-)), and B be a subset
of (€™,(:]-)). If B = RN-Basen, then there exists a linear combination [
of B such that x¢g = >_ 1.

(48) For every subset B of Ry such that B = RN-Basen holds B is a basis
S
of Rp™®™.
Segn

Let us consider n. Observe that R ™" is finite dimensional.
We now state several propositions:

(49) dim(R3®E™) =n
(50) For every subset B of R3®™ such that B is a basis of Ro®™ holds B = n.
(51) 0 is a basis of R3®°.
(52) For every element n of N holds RN-Basen is a basis of (£", (-|-)).
. . . Segn
(53) Every orthogonal basis of n is a basis of Rg®".

Let n be an element of N. Note that (€™, (+]-)) is finite dimensional.
We now state two propositions:

(54) For every element n of N holds dim((E", (-|-))) = n.
(55) For every orthogonal basis B of n holds B =n.
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