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Summary. The main result of the article is the solution to the problem
of short axiomatizations of orthomodular ortholattices. Based on EQP/Otter
results [10], we gave a set of three equations which is equivalent to the classical,
much longer equational basis of such a class. Also the basic example of the lattice
which is not orthomodular, i.e. benzene (or Bs) is defined in two settings — as a
relational structure (poset) and as a lattice.

As a preliminary work, we present the proofs of the dependence of other axio-
matizations of ortholattices. The formalization of the properties of orthomodular
lattices follows [4].
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The articles [6], [11], [13], [5], [2], [1], [3], [14], [12], [7], [8], and [9] provide the
terminology and notation for this paper.

1. PRELIMINARIES

Let L be a lattice. One can verify that the lattice structure of L is lattice-like.
Next we state the proposition

(1) For all lattices K, L such that the lattice structure of K = the lattice
structure of L holds Poset(K) = Poset(L).

Let us note that every non empty ortholattice structure which is trivial is
also quasi-meet-absorbing.

One can check that every ortholattice is lower-bounded and every ortholat-
tice is upper-bounded.
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In the sequel L denotes an ortholattice and a, b, ¢ denote elements of L.
We now state three propositions:

(2) ala®*=TpandaMa®= 1p.

(3) Let L be a non empty ortholattice structure. Then L is an ortholattice

if and only if the following conditions are satisfied:

(i)  for all elements a, b, ¢ of L holds allblUc = (¢ M%) U a,

(ii)  for all elements a, b of L holds a = a M (aUb), and

(iii)  for all elements a, b of L holds a = a Ll (b115°).

(4) Let L be an involutive lattice-like non empty ortholattice structure. Then

L is de Morgan if and only if for all elements a, b of L such that a C b
holds b° C aF.

2. ORTHOMODULARITY

Let L be a non empty ortholattice structure. We say that L is orthomodular
if and only if:
(Def. 1) For all elements x, y of L such that = C y holds y = 2 U (z° My).
Let us observe that there exists an ortholattice which is trivial, orthomodu-
lar, modular, and Boolean.
Next we state the proposition

(5) Every modular ortholattice is orthomodular.

An orthomodular lattice is an orthomodular ortholattice.
One can prove the following proposition

(6) Let L be an orthomodular meet-absorbing join-absorbing join-associative
meet-commutative non empty ortholattice structure and x, y be elements
of L. Then x U (z° M (zUy)) =z Uy.

Let L be a non empty ortholattice structure. We say that L satisfies OM if
and only if:

(Def. 2) For all elements z, y of L holds z U (z° M (x Uy)) = Uy.

Let us observe that every meet-absorbing join-absorbing join-associative
meet-commutative non empty ortholattice structure which satisfies OM is also
orthomodular and every meet-absorbing join-absorbing join-associative meet-
commutative non empty ortholattice structure which is orthomodular satisfies
also OM.

Let us observe that every ortholattice which is modular is also orthomodular.

Let us mention that there exists an ortholattice which is quasi-join-
associative, quasi-meet-absorbing, de Morgan, and orthomodular.
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3. EXAMPLES: THE BENZENE RING

The relational structure Bg is defined by:
(Def. 3) Bg=({0,1,3\1,2,3\2,3},C).
Let us note that Bg is non empty and Bg is reflexive, transitive, and anti-
symmetric.
Let us note that Bg has l.u.b.’s and g.l.b.’s.
One can prove the following propositions:

(7) The carrier of Lg, = {0,1,3\ 1,2,3\ 2,3}.
(8) For every set a such that a € the carrier of L, holds a C 3.

The strict ortholattice structure Benzene is defined by the conditions
(Def. 4).

(Def. 4)(i)  The lattice structure of Benzene = Lp,, and
(ii)  for every element z of the carrier of Benzene and for every subset y of
3 such that x = y holds (the complement operation of Benzene)(z) = y°.

The following three propositions are true:
(9) The carrier of Benzene = {0,1,3\ 1,2,3\ 2,3}.
(10) The carrier of Benzene C 23.
(11) For every set a such that a € the carrier of Benzene holds a C {0, 1, 2}.

Let us note that Benzene is non empty and Benzene is lattice-like.
The following propositions are true:
(12) Poset(the lattice structure of Benzene) = Bg.
(13) For all elements a, b of Bg and for all elements z, y of Benzene such that
a=xzand b=y holdsa < biff z C y.
(14) For all elements a, b of Bg and for all elements z, y of Benzene such that
a=zxzand b=y holdsallb=zxzUyand alb=xMy.
(15) For all elements a, b of Bs such that a =3\ 1 and b=2 holds alUb =3

and alb = 0.

(16) For all elements a, b of Bg such that a =3\ 2 and b=1 holds aUUb =3
and alb = 0.

(17) For all elements a, b of Bg such that a =3\ 1 and b =1 holds alUb =3
and alb = 0.

(18) For all elements a, b of Bg such that a =3\ 2 and b =2 holds alUb =3
and aMb=0.

(19) For all elements a, b of Benzene such that a = 3\ 1 and b = 2 holds
alb=3and alb=0.

(20) For all elements a, b of Benzene such that a = 3\ 2 and b = 1 holds
alb=3.
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(21) For all elements a, b of Benzene such that a = 3\ 1 and b = 1 holds

alb=3.
(22) For all elements a, b of Benzene such that a = 3\ 2 and b = 2 holds
alb=3.

(23) Let a be an element of Benzene. Then
if a =0, then a¢ = 3,
if a = 3, then a® =0,
if a =1, then a® =3\ 1,
if a =3\ 1, then a° =1,
if a = 2, then a° = 3\ 2, and
if a =3\ 2, then a® = 2.
) For all elements a, b of Benzene holds a C b iff a C b.
25) For all elements a, z of Benzene such that a =0 holds a Mz = a.
) For all elements a, x of Benzene such that ¢ =0 holds alUlz = z.
) For all elements a, x of Benzene such that a = 3 holds a Uz = a.
One can check that Benzene is lower-bounded and Benzene is upper-
bounded.
We now state two propositions:

(28) TBenzene =3.
(29> LBenzene =0.

Let us note that Benzene is involutive and de Morgan and has top and
Benzene is non orthomodular.

4. ORTHOGONALITY

Let L be an ortholattice and let a, b be elements of L. We say that a, b are

orthogonal if and only if:
(Def. 5) a C b°.

Let L be an ortholattice and let a, b be elements of L. We introduce a L b
as a synonym of a, b are orthogonal.

Next we state the proposition

(30) alaiffa=_1p.

Let L be an ortholattice and let a, b be elements of L. Let us note that the
predicate a, b are orthogonal is symmetric.

The following proposition is true

(31) Ifalbanda L ¢, thena LbMcanda LbUec.
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5. ORTHOMODULARITY CONDITIONS

One can prove the following propositions:
(32) L is orthomodular iff for all elements a, b of L such that b C a and
amb= 1y holds a = b°.
(33) L is orthomodular iff for all elements a, b of L such that a L b and
allb= Ty holds a = b°.
(34) L is orthomodular iff for all elements a, b of L such that b C a holds
a(a®Lb) =b.
(35) L is orthomodular iff for all a, b holds a M (a U (aMb)) = aMb.
(36) L is orthomodular iff for all elements a, b of L holds alLlb = ((a Ub) M
a) U ((alUd) Ma®).
(37) L is orthomodular iff for all a, b such that a C b holds (aUb) M (bUa®) =
(ab)U (b a®).
(38) Let L be a non empty ortholattice structure. Then L is an orthomodular
lattice if and only if the following conditions are satisfied:
(i) for all elements a, b, c of L holds aLlblJc= (c*Mb°)° Ua,
(ii)  for all elements a, b, ¢ of L holds alUb = ((aUb)M(alc))U((alb)Mac),
and
(iii)  for all elements a, b of L holds a = a LU (b110°).

One can verify that every quasi-join-associative quasi-meet-absorbing de
Morgan orthomodular lattice-like non empty ortholattice structure has top.
Next we state the proposition

(39) Let L be a non empty ortholattice structure. Then L is an orthomodular
lattice if and only if L is quasi-join-associative, quasi-meet-absorbing, and
de Morgan and satisfies OM.
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