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Summary. This article describes definitions of elementary operations
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The articles [8], [13], [17], [11], [1], [18], [5], [6], [2], [7], [15], [16], [9], [10], [20],
[4], [3], [21], [12], [14], and [19] provide the notation and terminology for this
paper.

For simplicity, we adopt the following convention: j, k, [, n, m, i are natural
numbers, K is a field, a is an element of K, M, M7 are matrices over K of
dimension n X m, and A is a matrix over K of dimension n.

Let us consider n, m, let us consider K, let M be a matrix over
K of dimension n x m, and let [, £ be natural numbers. The functor
InterchangeLine(M, [, k) yielding a matrix over K of dimension n x m is defined
by the conditions (Def. 1).

(Def. 1)(i)  lenInterchangeLine(M,l, k) = len M, and
(i)  for all 4, j such that i € domM and j € Segwidth M holds if
i = [, then (InterchangeLine(M,l,k));; = My; and if i = k, then
(InterchangeLine(M, [, k));; = M;; and if ¢ # [ and i # k, then
(InterchangeLine(M, [, k)); ; = M, ;.

@ 2007 University of Bialystok
151 ISSN 1426-2630



152 XIQUAN LIANG AND TAO SUN AND DAHAI HU

The following three propositions are true:

(1) For all matrices My, My over K of dimension n x m holds width M; =
width M.
(2) Let given M, Mj, i such that [ € dom M and k € dom M and i € dom M
and M; = InterchangeLine(M, [, k). Then
(i) if ¢ =1, then Line(Mj,i) = Line(M, k),
(ii) if ¢ = k, then Line(M,4) = Line(M, 1), and
(iii) if i # 1 and i # k, then Line(My,7) = Line(M, ).
(3) For all a, i, j, M such that i € dom M and j € Segwidth M holds
(a-Line(M,4))(j) = a- M; ;.
Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [ be a natural number, and let a be an element of K. The

functor ScalarXLine(M, [, a) yields a matrix over K of dimension n x m and is
defined by the conditions (Def. 2).

(Def. 2)(i)  lenScalarXLine(M,l,a) = len M, and
(i)  for all 4, j such that i € domM and j € Segwidth M holds if
i = [, then (ScalarXLine(M,l,a));; = a - M;; and if i # [, then
(ScalarXLine(M, 1, a)); j = M; ;.
We now state the proposition

4 ¥l € domM and ¢ € domM and a # Og and M; =
ScalarXLine(M, [, a), then if ¢ = [, then Line(M1,i) = a-Line(M, 1) and if

i # 1, then Line(M,i) = Line(M,1).
Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [, k be natural numbers, and let a be an element of K. Let
us assume that | € dom M and k € dom M. The functor RlineXScalar(M, [, k, a)

yielding a matrix over K of dimension n x m is defined by the conditions
(Def. 3).

(Def. 3)(i) lenRlineXScalar(M,l,k,a) = len M, and
(i)  for all 4, j such that ¢ € dom M and j € Segwidth M holds if i =
[, then (RlineXScalar(M,l,k,a));; = a- My ; + M;; and if i # [, then
(RlineXScalar(M, 1, k,a)); ; = M; ;.
We now state the proposition

(5) If I € domM and k € domM and ¢ € domM and M; =
RlineXScalar(M, [, k,a), then if i = [, then Line(M;,i) = a - Line(M, k) +
Line(M,1) and if ¢ # [, then Line(M,4) = Line(M,1).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, and let [, k be natural numbers. We introduce ILine(M, [, k)
as a synonym of InterchangeLine(M, [, k).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, let [ be a natural number, and let a be an element of K. We
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introduce SXLine(M, [, a) as a synonym of ScalarXLine(M, [, a).
Let us consider n, m, let us consider K, let M be a matrix over K of

dimension n X m, let [, k£ be natural numbers, and let a be an element of K.
We introduce RLineXS(M, 1, k,a) as a synonym of RlineXScalar(M, [, k,a).

We now state several propositions:

1 0\"" 1 0\""
(6) If I € dom( ) and k € dom( ), then
0 1) 0 1)
1 0 nxn
ILine( U, k) A= 1ILine(A,l k).
0 L)
1 0 nxXn
(7) For all [, a, A such that [ € dom( ) and a # Og holds
0 L)
1 0 nxn
SXLine( ,I,a) - A= SXLine(A4,l,a).
0 L) .
1 0\"" 1 0\""
(8) If I € dom( ) and k € dom( ), then
0 1) 0 1)
1 0 nxn
RLineXS( I, k,a) - A =RLineXS(A,l,k,a).
0 L)

(9) ILine(M,k, k) = M.
(10) ILine(M,l, k) = ILine(M, k,1).
(11) Ifl € dom M and k € dom M, then ILine(ILine(M, 1, k),l, k) = M.

1 0 nxn 1 0 nxn
(12) If I € dom( ) and k € dom( ), then

1 0

ILine( ,1, k) is invertible and
0 L) .
1 O nxn 1 O nxn

(ILine( ,1,k))” = ILine( k)
0 1 0 1
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1 O nxn 1 O nxn
(13) If I € dom( ) and k € dom( )
0 1) 0 1)
1 0 nxn
and k # [, then RLineXS( ,I,k,a) is invertible and
0 L)
1 0 nxn 1 0 nxn
(RLineXS( I k,a))” = RLineXS( )
0 L /) 0 1)
Ik, —a).
1 0 nxn
(14) If I € dom( ) and a # Ok, then
0 L)
1 0 nxn
SXLine( ,1,a) is invertible and
0 L)
1 0 nxn 1 0 nxn
(SXLine( ,1,a))” = SXLine( Jya™h).
0 1) 0 L/

Let us consider n, m, let us consider K, let M be a matrix over K of dimen-
sion n X m, and let [, k be natural numbers. Let us assume that [ € Seg width M
and k € Seg width M and n > 0 and m > 0. The functor InterchangeCol(M, [, k)
yields a matrix over K of dimension n x m and is defined by the conditions

(Def. 4).

(Def. 4)(1)  len InterchangeCol(M, !, k) = len M, and
(i)  for all 4, j such that ¢ € domM and j € Segwidth M holds if
j = [, then (InterchangeCol(M,l,k));; = M, and if j = Fk, then
(InterchangeCol(M, 1, k));; = M,;; and if j # [ and j # k, then
(InterchangeCol(M, 1, k)); ; = M; ;.

Let us consider n, m, let us consider K, let M be a matrix over K of di-
mension n X m, let [ be a natural number, and let a be an element of K.
Let us assume that [ € SegwidthM and n > 0 and m > 0. The functor
ScalarXCol(M, 1, a) yielding a matrix over K of dimension n x m is defined
by the conditions (Def. 5).

(Def. 5)(1)  lenScalarXCol(M,!l,a) = len M, and
(i)  for all 4, j such that i € domM and j € Segwidth M holds if
j = [, then (ScalarXCol(M,l,a));; = a - M;; and if j # [, then
(ScalarXCol(M, 1, a)); j = M; ;.
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Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [, k£ be natural numbers, and let a be an element of K.
Let us assume that [ € Segwidth M and k& € Seg width M and n > 0 and m > 0.
The functor ReolXScalar(M, [, k, a) yielding a matrix over K of dimension n X
m is defined by the conditions (Def. 6).

(Def. 6)(i) len RcolXScalar(M,l, k,a) = len M, and

(ii)  for all 4, j such that i € dom M and j € Segwidth M holds if j =
[, then (RcolXScalar(M,l,k,a));; = a- My + M;; and if j # [, then
(ReolXScalar(M, 1, k,a));; = M; ;.

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, and let [, k be natural numbers. We introduce ICol(M, [, k)
as a synonym of InterchangeCol(M, 1, k).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, let [ be a natural number, and let a be an element of K. We
introduce SXCol(M,1,a) as a synonym of ScalarXCol(M,l,a).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [, k£ be natural numbers, and let a be an element of K.
We introduce RColXS(M, 1, k,a) as a synonym of RcolXScalar(M, 1, k, a).

We now state several propositions:
(15) If I € Segwidth M and k € SegwidthM and n > 0 and m > 0 and
My = M", then (ILine(M,1,k))T = ICol(M,1, k).
(16) If I € SegwidthM and a # O and n > 0 and m > 0 and M; = MT,
then (SXLine(My,1,a))T = SXCol(M, 1, a).

(17) If I € SegwidthM and k € SegwidthM and n > 0 and m > 0 and
My = M7, then (RLineXS(Mji,1, k,a))T = RColXS(M,1,k,a).

1 0 nxn 1 0 nxn
(18) If I € dom( ) and k € dom( ) and
0 L) 0 L)
1 O nxn
n > 0, then A - ICol( I, k) =1Col(A,l, k).
0 1)
1 0 nxn
(19) If I € dom( ) and a # Ox and n > 0, then A -
0 L) .
1 0 nxn
SXCol( ,I,a) = SXCol(A,l,a).
0 1
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1 0 nxn 1 0 nxn
(20) If I € dom( ) and k € dom( ) and
0 L) 0 L)
1 O nxn
n > 0, then A - RColXS( I k,a) = RColXS(A, L, k,a).
0 1)
1 0 nxn 1 0 nxn
(21) If I € dom( ) and k € dom( ) and
0 L) 0 L)
1 0 nxn 1 0 nxn
n > 0, then (ICol( 1, k)~ =1ICol( )
0 L) 0 L)
LK)
1 0 nxn 1 0 nxn
(22) If | € dom( ) and k£ € dom( )
0 L)k 0 L/
1 O nxn
and k # [ and n > 0, then (RColXS( U kya)T =
0 1/
1 0 nxn
RColXS( Ak, —a).
0 L)
1 0 nxn
(23) If | € dom( ) and @ # Og and m > 0, then
0 1)
1 0 nxn 1 0 nxn
(SXCol( ,1,a))” = SXCol( Ja™h).
0 L) 0 L)
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