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Summary. In this paper, we showed the linearity of the indefinite integral
f: fdx, the form of which was introduced in [11]. In addition, we proved some
theorems about the integral calculus on the subinterval of [a,b]. As a result, we
described the fundamental theorem of calculus, that we developed in [11], by a

more general expression.
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The articles [23], [25], [26], [2], [22], [4], [14], [1], [24], [5], [27], [7], [6], [21],
9], [3], [17], [16], [15], [18], [20], [8], [10], [13], [19], [12], and [11] provide the
notation and terminology for this paper.

1. PRELIMINARIES

We use the following convention: a, b, ¢, d, e, x are real numbers, A is a
closed-interval subset of R, and f, g are partial functions from R to R.
We now state several propositions:
(1) Ifa<bandc<danda+c=>b+d, then a=">band ¢ =d.
(2) Ifa<b, then |z —a,x+a][C ]z —bx+0b[

!This work has been partially supported by the MEXT grant Grant-in-Aid for Young
Scientists (B)16700156.

@ 2006 University of Bialystok
207 ISSN 1426-2630



208 NOBORU ENDOU et al.

(3) For every binary relation R and for all sets A, B, C such that A C B
and A C C holds R[B[A = R|CTA.

(4) For all sets A, B, C such that A C B and A C C holds Xp plA =
XcclA.

(5) If a < b, then vol(['a,b']) = b — a.
(6) vol(['min(a,b), max(a,b)’]) = |b— al.

2. INTEGRABILITY AND THE INTEGRAL OF PARTIAL FUNCTIONS

The following propositions are true:

(7) If AC dom f and f is integrable on A and f is bounded on A, then |f]

is integrable on A and |/f(m)da:] < /\f\(m)dm
A A
(8) If a < b and [a,b/] C dom f and f is integrable on ['a,t’] and f is

b b
bounded on ['a,b’], then ]/f(m)da:| < /\f\(m)dm

(9) Let r be a real number. Suppose A C dom f and f is integrable on A
and f is bounded on A. Then r f is integrable on A and /(r fx)dx =

r / f(2)dz.
A

(10) If a < b and [a,t/] C dom f and f is integrable on ['a,b’] and f is
b b

bounded on ['a, V'], then /(c (@)dz =c- /f(x)dx

a

A

(11) Suppose A C dom f and A C domg and f is integrable on A and f is
bounded on A and g is integrable on A and ¢ is bounded on A. Then
f+g is integrable on A and f — g is integrable on A and /(f +9)(x)dx =

A

/f(m)d:c+/g(x)dz and /(f—g)(:z)dx - /f(m)d:c—/g(m)dm.
A A A A

A
(12) Suppose that a < b and ['a,b’] C dom f and ['a,b'] C domg and f is
integrable on ['a, b’] and g is integrable on ['a, '] and f is bounded on ['a, V']
b b

b
and g is bounded on ['a,?’]. Then /(f +9)(z)dx = /f(m)d:c—l—/g(m)dm

a a
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b b

and/(f g)( dx—/f dm—/()dm.

a

(13) If f is bounded on A and ¢ is bounded on A, then f g is bounded on A.

(14) Suppose A C dom f and A C domg and f is integrable on A and f is
bounded on A and g is integrable on A and g is bounded on A. Then f g
is integrable on A.

(15) Let n be an element of N. Suppose n > 0 and vol(A) > 0. Then there

exists an element D of divs A such that len D = n and for every element
i of N such that i € dom D holds D(i) = inf A + XA

3. INTEGRABILITY ON A SUBINTERVAL

The following propositions are true:
(16) Suppose vol(A) > 0. Then there exists a DivSequence T" of A such that
(i)  Op is convergent,
(i) lim(dr) =0, and
(i)  for every element n of N there exists an element T of divs A such that
T divides into equal n + 1 and T'(n) = T3.
(17) Suppose a < b and f is integrable on ['a,?’] and f is bounded on [a, V']
and ['a,b’] C dom f and ¢ E ['a,b']. Then f is 1ntegrable on ['a,d] and f is

integrable on ['c, b'] and/f dz—/f dz—i—/f

(18) Suppose a < c and ¢ < d and d <b and fis mtegrable on ['a,b’] and f
is bounded on ['a,b'] and ['a,b'] C dom f. Then f is integrable on ['c,d’]
and f is bounded on ['¢,d’] and ['¢,d’] C dom f.

(19) Suppose that a < cand ¢ < d and d < b and f is integrable on ['a, V']
and g is integrable on ['a,b’] and f is bounded on ['a, '] and g is bounded
on ['a,t] and ['a,b'] C dom f and ['a,b'] C dom g. Then f + g is integrable
on ['¢,d'] and f + g is bounded on ['¢, d'].

(20) Suppose a < b and f is integrable on ['a,?’] and f is bounded on [a, V']

d

and [‘a,t’] C dom f and ¢ € ['a,b'] and d € [a,]. Then /f(m)dm =

/cf(x)da:+/df(x)dx

(21) Suppose a < b and f is integrable on ['a,b’] and f is bounded
on [a,b] and [a,b/] € domf and ¢ € [a,0/] and d € [a,b].
Then ['min(e,d), max(c,d)’] < dom|f| and |f| is integrable on
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['min(c, d), max(c,d)’] and |f| is bounded on ['min(c,d), max(c,d)’] and

d max(c,d)
Mﬂmms /|mmm
c min(c,d)

(22) Suppose a < b and ¢ < d and f is integrable on ['a,b’] and f is bounded
on ['a,b'] and ['a,b'] C dom f and ¢ € ['a,b’] and d € ['a,b’]. Then ['c,d'] C
dom\f\ and \f\ is integrable on ['c,d’] and ]f] is bounded on ['¢,d’] and

szm</m Mwm/fdﬂaﬂﬂ

(23) Suppose that a <bandc § d and f is mtegrable on ['a,b'] and f is
bounded on ['a,b] and ['a,b'] € dom f and ¢ € [a,V/] and d € [a,V']
and for every real number x such that x € ['c,d’] holds |f(z)| < e. Then

|/f(x)dz| <e-(d—c)and /f(x)dz] <e-(d—c).

(24) Suppose that a < b and f is integrable on ['a,b’] and g is integrable
on ['a,b'] and f is bounded on ['a,b’| and g is bounded on ['a,b’] and

[a,b'] C dom f and ['a,b'] C domg and ¢ € ['a,V'] and d € ['a,b']. Then
d d d d d

/(f + 9)(z)dz = /f(x)dz+/g(m)d:c and /(f —g)(z)dz = /f(m)dx_

c Cc Cc Cc

/ g(x)da.

(25) Suppose a < b and f is integrable on ['a,b'] and f is bounded on ['a,t’]
d

and ['a,b'] C dom f and ¢ € ['a,V'] and d € ['a,V']. Then /(e (x)de =

; c
e- /f(a:)da:

(26) Suppose a < b and ['a,b'] C dom f and for every real number x such
that € [a,b’] holds f(z) = e. Then f is integrable on ['a,b’] and f is
b

bounded on ['a, '] and /f(x)dz =e-(b—a).

(27) Suppose a < b and for every real number x such that = € ['a,b’] holds
(m) = e and ['a,V'] € dom f and ¢ € ['a,b] and d € [a,b]. Then

/f (d—c).



INTEGRABILITY AND THE INTEGRAL ... 211

4. FUNDAMENTAL THEOREM OF CALCULUS

Next we state two propositions:

(28) Let zp be a real number and F' be a partial function from R to R.
Suppose that a < b and f is integrable on ['a,b’| and f is bounded on
[a,t] and ['a,b’] C dom f and ]a,b] C dom F and for every real number

x such that =z € Ja,b[ holds F(z) = /f(x)dx and xo € Ja,b[ and f is

a
continuous in xg. Then F is differentiable in z¢ and F'(z¢) = f(xo).

(29) Let zp be a real number. Suppose a < b and f is integrable on ['a, V']
and f is bounded on ['a,V/] and ['a,b'] C dom f and xy € Ja,b] and f is
continuous in xg. Then there exists a partial function F' from R to R such
that |a,b] C dom F' and for every real number x such that = € ]a, b[ holds

T

F(z) = /f(x)dac and F' is differentiable in xg and F’(x¢) = f(xo).
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