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Abstract: 4 new parametric probabilistic measure of information and a
corresponding symmetric divergence (distance) measure is proposed. The
information measure is useful to study the uncertainty and the corresponding
divergence measure is useful for comparing two probability distributions. The
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terms of some well known divergence measures. Some properties of the proposed
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1. Introduction

The information and divergence (or distance) measures are of key importance in a
number of theoretical and applied statistical inference and data processing
problems. M aji [13] presented generalized f-information measures as evaluation
criteria for gene selection problem.

The literature on the development and applications of information and
divergence measures has expanded considerably in recent years. Taneja [18],
Besseville[1],Estebanand Morales [10] are good references to review the
development of generalized information and divergence measures. Depending on
the nature of the problem, the different information and divergence measures are
suitable. So it is always desirable to develop a new information or divergence
measure.

In this paper we present a new parametric information measure and a
corresponding parametric divergence measure which belongs to the class of
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Csiszar’s f~divergences. In Section 2 some preliminaries are presented, in Section 3
some approaches to develop new information and divergence measures are
presented. A new parametric information measure and its axiomatic
characterization is presented in Section 4. The main advantage of this new
parametric measure of information is that its maximum value depends on parameter
o and the disadvantage is that it is non-additive. Shannon’s measure [17] is the
limiting case of the proposed measure of information, therefore it has more
flexibility of application than Shannon’s measure. In order to increase the flexibility
of application of this measure of information, two parametric generalizations may
be explored. A new parametric divergence measure and its characterization are
presented in Section 5. The advantage of the new parametric divergence measure is
that it is a distance measure and the value of divergence can be adjusted by
adjusting the value of parameter a. Further, it is approximated in terms of
Pearson [14] divergence measure. In order to increase the flexibility of
application of this divergence measure, two parametric generalizations may be
explored. In Section 6 a new symmetric divergence (distance) measure is proposed
and in Section 7 some bounds in terms of some well known divergence measures
are presented. In Section 8 the approximation in terms of a well known divergence
measure is obtained.

2. Preliminaries

2.1. Information measure

The measure of information was defined by Claude E. Shannon in his treatise paper
[17] in 1948:

(2.1) H(P)=)plogp,, Pel,,

i=1

where ', ={P=(p,,p,,-..0,) P, 20, pr =1;n>2}, is the set of all complete
i=1

finite discrete probability distributions. To improve the weakness of Shannon’s

measure in certain situations Renyi [15] took the first step and proposed a

parametric measure of information

(2.2) H,(P)=

log Q. pf), a#l,a>0.
i=l1

After Renyi many generalized information and divergence measures have been
developed. Taneja [18], Basseville [1], Esteban and Morales [10] and
Wang [21] can be consulted for survey of generalized information and divergence
measures.

l-a

2.2. Divergence measure

The relative entropy or the directed divergence is a measure of the distance between
two probability distributions. In statistics it arises as the expected logarithm of the
likelihood ratio. The relative entropy D(P, Q) is the measure of inefficiency
assuming that the distribution is ¢ when the true distribution is p. For example, if
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we knew the true distribution of the random variable, then we could construct a
code with average description length H(P). If, instead, we used the code for a
distribution g, we would need H(P) + D(P, Q) bits on the average to describe the
random variable, Cover and Thomas [3]. The relative entropy or Kullback
Leibler distance Kullback and Leibler [12] between two probability
distributions is defined as
(2.3) D(P,0)=Y p, log 7,
i=1 i

A correct measure of directed divergence must satisfy the following
postulates:

(a) D(P, Q) = 0;

(b) D(P, Q)=0 iff P=0;

(¢c) D(P,Q) is a convex function of both P = (p1, p>, p3, ..., p» ) and

O =(q1, 92> G35 > qn)-

If in addition symmetry and triangle inequality is also satisfied by D(P, Q),
then it is called a distance measure. Properties (a)-(c) are essential to define a new
measure of directed divergence. A parametric measure of directed divergence can
also be characterized in terms of its parameter(s).

3. Approaches to develop information and divergence measures

3.1. From an entropy functional

Esteban and Morales [10] proposed a mathematical expression. Most of the
information measures cited in literature can be obtained as a particular or limiting
case of this entropy functional H*%(P). Let (X, fx, P), P e I',, be a statistical

h,v

space, where X={X1,X2, X3, ..., Xp}, L, ={P=(p, Pys-s P,)/ P; 20,
Z p,=1; n>2} and fy is the o-field of all subsets of X. Then the entropy
i=1
functional is defined as

Zvi $(p,)
(3.1) H}5 (P) = h| |,

Zvi #(p)

i=1

where v; is the weight associated with the x, € X and ¢, :[0,1) > R, ¢, :[0,1) > R
and 4:[0,1) > R are any suitable functions.

Let H(P) be the entropy function and P, Q €', Then the divergence measure
of Jenson-Shannon type is given by
(3.2) Dy (P, Q)= H(AP+4,0)-AH(P)=4,H(Q),
where A=(4,4,), 4,20, 4,20 and 4, +4, =1.
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3.2. Csiszar’s f~divergences

Csiszar’s f-divergence between two probability distributions introduced by
Csiszar[5] and are defined as

(33) ¢, Q>=iql.f[if‘j,

where f'is a convex function satisfying f(1)=0, f'(1)=0, f"(1)=1.
A list of f-divergence measures is provided in Salicru [16] and
Taneja[19].

3.3. Bregman’s divergences

Bregman divergences, introduced by Bregman [2] and are defined for vectors,
matrices, functions and probability distributions. The Bregman divergence between
vectors is defined as

(3.4) Dy(x,9) = ¢(x) = $(») ~ (x =) V(»).
With ¢ a differentiable strictly convex function R — R. The symmetrised
Bregman divergence is

3.5) Dy(x, ) =(Vh(x) = V()" (x = »).
The Bregman matrix divergence is defined as
(3.6) Dy(x, ) =$(X) = $(¥) = Tr(V(Y))" (X - Y).

For X, Y real symmetric dxd matrices, and ¢ a differentiable strictly convex
function S — R.

3.4. Mean divergences

The divergence measure can be formed by taking the difference of some classical
means and Greek means, suggested by Taneja [20]. Further Taneja [19]
proposed their generalized version. These divergence measures also belong to the
class of Csiszar’s f~divergences.

4. A new parametric measure of information

We propose a new parametric information measure using entropy functional
approach. In equation (3.1), taking

v, =1, ¢(x)=—xsinh(x log x), ¢(x)=x, h(x)=x (sinh(a))”
we have the following parametric measure of information:

(4.1) H (P)=-

sinh(a log p.)), a>0,
Sinh(a)(p, (alog p))

4.2) lim, ,, H, (P)=H(P).
Thus the Shannon measure (2.1) is the limiting case of the measure proposed
in (4.1).
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Theorem 4.1. For PeT’

n?’

the measure of information (4.1) satisfies the
following properties:

Symmetry. From (4.1) it is clear that A (P) is a permutationally symmetric
function of p;.

Continuity. H,(p,1— p) is a continuous function.

Normality. H,(1/2, 1/2)=1.

Non-additive. H (P*Q)# H (P)+H_(Q), P, QeTl,.

Monotonicity w.r.t. p. H,(p,, p,,-..p,) 1is a monotonic decreasing function

of p; forall i=1,2,3, ..., n
Monotonicity w.r.t. a. We have

dH,(P) _ 1 (

> p,log p, sinh(a)cosh(a log p,) +

i=1

da sinh(«)
+ p, cosh(a)sinh(a log pi)j, a > 0.

dHa(P)

That 1is,
dao

> 0. Therefore, H ,(P) is a monotonic increasing
function of c.
Concavity. The determining function for measure (9) is

f()=— xsmh(alogx) a0,
sinh(ex)

which gives f"(x) <0, forall @ >0.
Therefore, H,(P) is a concave function.

5. A new parametric divergence measure

We propose a new parametric divergence measure using Csiszar’s f-divergence
approach. Consider the function

51) f)=TENERED)
sinh(a)

we have

(5.2) 1) = acosh(a logx) + sinh( log x) a0,
sinh(ax)

2 .
(5.3) £ = a cosh(a log x). + " sinh(a logx)’ a0

xsinh(e)

From (5.1), (5.2) and (5.3) we have f"(x)>0 for all x > 0, therefore f{x) is

convex for x>0 and a > 0.
Also, f(1)=0, f'(1)=0, Here the condition f"(1)=1 is to be relaxed.
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Thus using (3.3) and (5.1) the new parametric non symmetric divergence

measure is given by
p,; sinh [a log p"j
4q;

54 =
G4 b.(F.0) ,Z::‘ sinh(a)

Here we observe that the axioms (a) and (b) in Section 2 are obviously
satisfied.

The following theorem is well known in literature [5], related to Csiszar’s
f-divergences.

Theorem 5.1. Let the function f [0, ©) — R be differentiable convex and
normalized, i.e., if(1)=0, then the Csiszar’s f-divergence, C; (P, Q) is nonnegative
and convex in the pair of probability distribution (P, Q) € I, xT,.

All the requirements in this theorem have already been satisfied, so
Cr (P, Q) = DyP, Q) is convex in pairs probability distribution (P, Q) € I',xT’,.
This proves axiom (c) of Section 2. Hence, D,(P, Q) is a correct measure of
divergence.

The determining function of the new parametric divergence measure (5.4) is
xsinh(a log x
f(x) = Toinherlog )
sinh(x)
The behaviour of the divergence measure (5.4) with increasing value of « is

shown in Fig. 1.
440 a=t
350
300

18 a=1.5

, o >0.

, a>0.

50 _—'/_,.-:u =1
=05
1 &

X

Fig. 1

From Fig. 1 it is clear that D (P, Q) has a steeper slope for increasing
values of a.

6. New parametric symmetric divergence (distance) measure

The divergence measure proposed in (5.4) is non symmetric. Now we propose a
symmetric divergence measure using (5.4) as follows:

(6.1) Dy(P, Q) = DP, Q)+ DO, P).

From the discussion carried in Section 5 and from (6.1) we conclude that:
e D,(P,0)20;

e D(P,0)=0 iff P=0;
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* Dy(P, Q) = Di/P, Q).
Now if the triangle inequality is satisfied, then D;(P, Q) becomes a distance
measure. For this we prove the following.

Theorem 6.1. Let
psinh[a log pJ + qsinh(a logq]
q 4

(6.2) d,(p,q)= sinh(a)

Then d,(p, 9)<d (p, r)+d (r, q) for p, q, re R".

Proof (i) First we prove the result for a=0.
To prove the desired result we prove:

(6.3) Jd,(p.q) <\Jd,(p.r) +/d, (. 9).
Let
(6.4) K, =\d, (p.r) +d,(r.q).
We have
, _d d,(p,r) d,(r,q)
6.5 =— ="« a .
65) K dr () 2\/da (p,r) " 2\/da (r,q)

,a>0.

Now

p sinh(alogp) + rsinh(a 1ogrj
(6.6) d,(p,r)= - F

Therefore,

,a>0.

sinh(er)

tsinh(alogr)+ sinh(a logij

(6.7) d,(t,1)= , a>0.

sinh()
From (6.6) and (6.7) we have

(6.8) Jd (p,r)=~lrd,1).

Now
, d
(6.9) d,(p,r)=—(d,(p,r))=
dr
=— —atcosh(alogt) + sinh(aloglj + acosh(aloglj , Where p/r=t.
sinh(a) t t
Let
1
ty=d. (p, =
n0)=da(p r)|€:’ sinh(«)

—[atcosh(a logt) + sinh(a log%j +a cosh(a log%H ,and d(1)=./d,(t,1).

Define a function
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n(t)

%.

Clearly d(¢) is positive for all £ > 0 and o >0.
Therefore the sign of 4(¢) depends on n(¢). We have

n'(t)y=-

(6.10) h(t) =

— | —a?*sinh(alogt) + @ cosh(alogt) +
sinh(a)[ (erlog?) ( 8 )

2
+a tcosh(a log%) + aTsinh(a logéﬂ.

Thus, 7n'(¢)<0, for all >0 and a > 0; n(¢) is a monotonic decreasing function

with n(1) = 0 therefore A(¢) is a monotonic decreasing function with /(1) = 0, hence
h(?) changes its sign at /=1 and it is observed that:

>0, r<1,
h(t) =
<0, t>1,

as £:t, then g=1£=ﬁt, where ,Bzi.
r ropr )%

Now (6.5) can be written as
(6.11) WrK! (1) = h(t) + h(B1).
Now suppose > 1, g > p, this gives:

o for 1< % < 1: h(¢) and A(ft) both are positive;

e for ¢ > 1: h(¢) and A(f¢) both are negative;

o forte [%, lj s h(®) > 0 and h(St) <O0.

Since 4 (f) is a monotonic decreasing function, therefore for

o tc [%, l) we have A(f) > h(ft), this implies A(¢) + h(ff) > 0O;

o fort>1,h(t)<0and A(fr) <O thatis, h(t) + h(ft) <O0.

Therefore K7, =%(K ,,)» indeed changes the sign at =1, r = p. Thus there

is a minimum at ¢ = 1.
Since A(f) is monotonically decreasing, this implies that A'(¢) <0, for all z >0
and we know that /(¢) changes the sign only once. This gives

%(h(t) +h(Br))=h'(1)+ B () <0.
The case f < 1, g <p, can be investigated similarly.
Now by symmetry K, = %(qu) changes the sign at = g.
Hence the proof of (6.3) follows.
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Next we prove the result for a = 0.
When o — 0 then (6.2) reduces to

(6.12) T(p.q)=(p —q)logf.
And we shall show that
(6.13) \/T(p,q)S\/T(p,q)+\/T(p,r), for p,q,reR".
Let
T, (r)=\T(p,r) +\T(r, p),
then
, d T'(p,q) | T'(r,q)
(6.14) T (r)=-~(T, )= + :
: dr 2\/T(p, q) 2\/T(r, q)
Now we have
(6.15) T(p, r)=(p—r)10g£=r[£—ljlog£,
r r r
(6.16) T'(p, r):di(r(p, M =1-L logZ.
r r r
This gives
T'(p,r) _ h(1) P
6.17 = , wh Sy
(6.17) T 2 where ¢ p
(6.18) hl(t):(l—t)—logt_nl(t)

Jt—Dlogt dy(1)
Here d,(t)=./(t—1)logt is positive for all + > 0, the sign of A/(¢) is
determined by n,(?) .

Now nl’(z):—l—;<0, for all > 0.

Since n(¢) = 0, then n,(¢) changes the sign at ¢ =1. This results in the fact that
hy(f) changes the sign at t = 1 and it is observed that

ho(1) = >0, <1,
e <0, t>1.

As £=t, then iziﬁzﬁt, where ,Bzg.
r ropr P

Now (6.14) can be written as
(6.19) 2T (r) = b (6)+ by (Be), £ = 5.
Now suppose > 1, ¢ > p, this gives:

1
o for¢< E <1 : h(t) and h(p¢t) both are positive;
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e for¢>1: h(t) and h(pt) both are negative;
. for te(%, 1): h(t) >0 and h(fr)<0.

. : . : . 1
Since A(f) is a monotonic decreasing function, therefore for te(E, 1),

h(t) > h(pt) this implies &, () + b, (f1) > 0.
e fort>1, h(t)<O0and h(Lt)<0,thatis, h(¢)+h(Lt)<0.

, d . . _ _
Therefore 7, (r)= Z(T ) indeed changes the sign at = 1, » = p. Thus there

rq
is a minimum at £ = 1.
Since A(f) is monotonically decreasing, this implies that //(¢) <0 . For all
¢t > 0 and we know that /() changes the sign only once. This gives

d ’ ’
E(hl(t) +h(B0)) = h(t) + B (f1) <O0.
The case f < 1, ¢ <p, can be investigated similarly.
Now by symmetry 7 (r)= %(qu) changes the sign at r = q.

Hence the proof of (6.13) follows.
In view of this result we conclude that the new parametric symmetric
divergence measure

Dy (P, O)= DP, Q)+ D,Q, P) is a distance measure.

7. Information bounds of the new parametric divergence measure

Many of the divergence measures used in statistics are of the f~divergence type.
Often one is interested in the inequalities for one f~divergence in terms of another
f-divergence. Such inequalities are for instance needed in order to calculate the
relative efficiency of two f-divergences when used for testing goodness of fit but
there are many other applications.

First we cite a divergence measure in terms of which bounds are obtained in
this section:

* Hellinger Discrimination (Hellinger[11])

nP.0)=3 3 (Jr 1)

Following the theorems provides bounds on Csiszdr’s f~divergence measure.
Theorem 7.1 (Dragomir [6]). Let f:R" — R be differentiable convex.

2

If p,qe R} aresuchthat P =0, ,where P, = Zp[ and O, = Zp[ and
i=1 i=1
m<p —q,<M,i=12,..n,
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0<r<PicR<o, i=12,..n
q;
then we have the inequality

7.1)  0<I,(p,q9)-0, f(l)sH[l—%ED(m—M)(f’(R)—f'(r)).

Here we have the case in which P =0, =1, fil1)=0,p=P, q = O and
Ir(p, q) = D(P,Q), therefore the inequality (7.1) is reduced to
n 1| n , ,
(7.2) 0<D,(P,0)< [5}(1 _;{ED(’” —M)(f'(R)= f(r)).
Theorem 7.2 (Dragomir [6]).
Let f:R" >R be differentiable convex. If p,qeR" are such that

P =Q, , where P, =Zp,., and Q, =Zpl., and OSrS&SR<oo, i=1,2,..,n,
ol i=1 q;

then we have the inequality
(7.3) 0<I,(p,q)=-0, f(H< %(R =) (f'(R) = f'(r)).

Here we have the case in which P =0 =1, f(1)=0, p=P,q =0 and
Iy (p, q) = D(P, QO), therefore the inequality (7.3) is reduced to

1 ’ !/
(7.4) 0<D,(P,0)< Z(R =/ (R) = f'(r)).
Theorem 7.3 (Dragomir [7]). Assume that the generating mapping
f:(0,1) >R is normalized, i.e., f (1) = 0 and it satisfies the assumptions:
(i) f'is twice differentiable on (7, R), where 0<r <R <o,
(ii) there exist real constants m, M, such that m < x f"(x) < M for x e (r, R).
If P, Q are discrete probability distributions satisfying the assumption
0<r=r S&SR, i=12,..,n,
q;
then we have the inequality
(7.5) mD(P,Q)<1,(P,0)<M D(P,Q),
where D(P, Q) is Kullback Liebler’s divergence measure.
Here we have I (P, Q) = D(P, Q),
xsinh(a log x) o

J()= sinh(r) >0
(7.6) X (x) = acosh(alogx.) +a’ sinh(a logx)’ o> 0.
sinh(«r)
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It can be observed that the minimum value of x f"(x) is obtained at
1

a+1)\a _ ) )
X= 1 provided that@ > 1 and the maximum value of x f”(x) cannot be
a pa—
determined here. We can find m by putting this value of x in (7.6). Consequently,
we find a lower bound for D,(P, Q) from (7.5) as follows:
(7.7) mD(P,Q)<D,(P, Q).
Theorem 7.4 (Dragomir [8]). Assume that the generating mapping
f:(0,1) >R is normalized, i.e., f{1) = 0 and satisfies the assumptions:
(1) fis twice differentiable on (7, R), where 0 <7 <1< R < oo,
(ii) there exist real constants m, M such that m<x”* f"(x)<M, for
xe(r,R).
If P, Q are discrete probability distributions satisfying the assumption
0<r=r S&SR, i=12,..,n,
4
then we have the inequality
(7.8) 4mh*(P,Q)<1,(P,Q)<4M h*(P, Q),

where h*(P, Q) is Hellinger discrimination.
Here we have I, (p, q) = D(P, Q),
xsinh(a log x) o

= 2 07
SO =@ g
(7.9) X2 ) = x2 a cosh(a logx.) + o’ sinh(a log x) a0
sinh()

It can be observed that the minimum value of x"?f”"(x) is obtained at

1
e (a+DRa+1)
(a-DR2a-1)
cannot be determined here. We can find m by putting this value of x in (7.9).
Consequently, we find a lower bound for D (P, Q) from (7.8) as follows:

(7.10) 4mh*(P,Q)< D, (P, Q).

The upper bound for D,(P, Q) is given by the following

Theorem 7.5 (Dragmir [6, 9]). Let the function f:R, =R be
differentiable convex and normalized, i.e., f{1)= 0. Then

2a
J provided that & >1and the maximum value of x°* f”(x)

(7.11) 0<C,(P,Q)SE, (P,0),

where

(7.12) E. (P, Q):Zn:(pl. —q,.)f’[ﬁJ forall P, Qel,.
i=1 q;
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Let P, QeI be such that O<r:r,.£&£R<oo, i=12,...,n, then

q;

(7.13) 0<C (P,O)< 4. (P,0),

where

(7.14) A R =L (R=PLF'(R) - 1))

Further, if we suppose that 0 <7 <1< R <o, r# R, then

(7.15) 0<C,(P,Q)<B (P,0),

where

716) PRy LS IIGELELIG)

Theorem (7.5) provides the upper bounds for D,(P, Q).
8. Approximation of the new divergence measure

in terms of »* divergence measure

4 divergence proposed by Pearsons [14]
7 0=3

i

-4

In this section we shall bring the asymptotic approximation of the divergence

measure given by (14) in terms of »* divergence.
Lemma 8.1. If fis twice differentiable at x =1 and f"(x) >0, A1) =0,

then
(8.1) C,(P,Q)~=—=1*(P,0).
Proof From Taylor’s expansmn, we have
£ = s -0+ EEZ 4k ye-1y,
where f(1)=0and K(x) >0 as x—1.
S"O(P=4) K[p, ) (P-4
24, q;

f "(1)

Hence, q,-f(&j = f'()(p, — )+

i q;
Approximating p, — ¢, and summing overi=1, 2, 3, ..., n we have
" 1
¢ .0~ 0)
Theorem 8.1. For D,(P, Q) as defined in (14) the following result holds:
8.2 D ~—— (P, 0).
(8.2) (P Q)zh()l( 0)
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Proof Wehave
f(x)= xsinh(a log x)
sinh(«)

Clearly, f(x) satisfies the conditions of Lemma 8.1, thus we have
¢, (P02 p.0), and f7()=

From Section 3 we also know that

D,(P,0)= C_,-(P, Q).

This gives D, (P, Q)~2 h( )}(( ,0).

b

h(a)

Also, when a — 0, we have
sinh()

Consequently,

D,(P.0)= %;/(P, 0).

Thus the desired result follows.
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