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Summary

The Cobb angle is calculated in the coronal plane, irrespective of verte-
bral rotation, lordokyphosis and local wedge properties of individual verte-
brae other than the end plates used for the measurement. Rigorous three-
dimensional generalizations of the Cobb angle are complicated for at least
two reasons. Firstly, the vertebral column is segmented, not continuous,
making the choice of rigorous model ambiguous. Secondly, there exists an
inherent curvature (in terms of thoracic kyphosis and lumbar lordosis) that
may be considered physiologically healthy or ’normal’. When attempting to
find a three-dimensional deviation measure, such normal sagittal curvature
must be compensated for.
In this paper we introduce a three-dimensional local deformation parameter
(which we call the local effective deformation) motivated by both biome-
chanics and the basic theory of spatial curves, and simultaneously introduce
a technical procedure to estimate the parameter from CT scans using MPR
(multi-phase reconstruction) in PACS (IDS-7). A detailed description of
the proposed modelling of vertebral column deformation is given, together
with a stepwise procedure to estimate the three-dimensional deformation
(in terms of local effective deformation). As a deformation measure it re-
quires knowledge about the natural healthy kypholordosis. A method is
described by which such knowledge may be incorporated in future work.

Key words: Scoliosis, Three-dimensional deformation, Cobb angle, Space
curve

1. Background

Many factors are logically involved when describing the spatial deformation
of the vertebral column in a scoliotic curve (see Dansereau and Stokes (1988)
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and Stokes et al. (2009)). The Cobb angle is calculated in the coronal plane,
irrespective of vertebral rotation, kypholordosis and local wedge properties
of individual vertebrae other than the end-plates, whereas some classifica-
tion systems, like the Lenke classification (2001), utilize an additional crude
sagittal modifier. For background on the most common classification sys-
tems (Lenke et al. 2001) in adolescent idiopathic scoliosis, see e.g. Ovadia
(2013). Some recent works on 3-D classification of spine deformation in-
clude Somoskeyöy et al. (2012), Sangole et al. (2009), Stokes (2009) and
Kawakami et al. (2009). For a recent review on 3-D scoliosis classifications
and on different existing methods for evaluation of spinal curvature, see e.g.
Donzelli et al. (2015), Vrtorvec et al. (2009). We also mention the book
edited by D’Amico et al. (1995) and Drerup and Hierholzer (1992) regard-
ing shape estimation from frontal radiographs, where harmonic estimation
is used. We believe also that the Lenke system is a good system in practice,
but does not reflect the three-dimensional deformity near the apex in an
optimal fashion (from a theoretical point of view, despite its sagittal modi-
fier). Stokes (1994) presented a report on the terminology used in describing
three-dimensional spinal deformity, where the notion of a ’vertebral body
line’ is used, and means a ’curved line’ passing through the ’centroids’ of
each vertebral body. The work is appealing from a technical viewpoint as
it promotes the application of the theory of space curves to scoliosis. The
notion of curvature and torsion would obviously be rather useful in describ-
ing the three-dimensional deformation of a vertebral column, and if there
were to exist a well-defined space curve associated to a given vertebra, then
the local curvature and torsions of that curve could be investigated in a
segment and render an appropriate measure of deformation for the corre-
sponding segment of the vertebral column. The authors believe that there
are ways to complement the notion of ’vertebral body line’ or to introduce
a similar notion that is more rigorous from a technical point of view. We
believe that associating a space curve to a vertebral column from a dis-
crete set of points is problematic from the perspective of uniqueness. For
this reason we propose merely to postulate the existence of a unique most
appropriate underlying curve, and then develop an algorithm that strives
to approximate curvatures and torsions based upon appropriate anatomical
reasoning.
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2. Aim

The aim of this paper is to introduce a local deformation parameter (which
we call the local effective deformation) motivated by both biomechanics and
the basic theory of spatial curves, and simultaneously introduce a techni-
cal procedure to estimate the parameter from CT scans. Apical rotation,
wedge properties and tilt will all automatically be part of the manifested
deformation measure. In such a model it will be clear that apical rotation,
for example, is simply a part of the torsion of a postulated underlying space
curve associated to the vertebral column. Obviously, a certain degree of
kypholordosis is naturally present in normal anatomy. To account for this,
one needs more detailed knowledge on what can be considered ’natural’ lo-
cal sagittal curvature, denoted κ̂. In Section 7 we shall propose a method to
estimate such natural curvatures, making it possible to use our parameter as
a measure of deviation relative to a normal (or healthy) vertebral column. It
is our intention to pursue such a method in future work (for comparison, we
shall have to estimate a curvature, denoted Cobb associated deformation,
derived from the Cobb angle and the end-plates used in the calculation of
the Cobb angle; see Section 5).

3. Method

Our method for defining a three-dimensional definition of the deformation
of the vertebral column is based upon a small set of base assumptions, and
the definition obtained is manifested through analogy with the theory of
space-curves. The technical procedure to estimate the descriptor from CT
scans is based on the use of MPR (multi-phase reconstruction) in PACS
(IDS-7). A detailed description of the proposed modelling of vertebral col-
umn deformation is given together with a stepwise procedure to estimate the
three-dimensional deformation from CT scans. We call our deformation pa-
rameter the effective deformation. The idea is inspired by the use of a space
curve associated to a given set of vertebra; then discrete analogues of the
local curvature and torsions of that curve can be investigated in a segment
and render an appropriate measure of deformation for the corresponding
segment of the vertebral column. However, we believe that associating a
space curve to a vertebral column from a discrete set of points is problem-
atic from the perspective of uniqueness. For this reason we propose merely
to postulate the existence of a unique most appropriate underlying curve,
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and then develop an algorithm that strives to approximate curvatures and
torsions based upon appropriate anatomical reasoning. An exception clause
is used in the case of anatomical anomalies which hinder the steps of the
main algorithm, so that in such cases a method of modelling by artificial
geometric shapes, detailed previously in Daghighi et al. (2018), is used.
We shall describe how the main procedures are obtainable using modern
roentgenological software. For our model we use the following postulates.

(P1) The axial vertebral rotation in a model healthy vertebral column is
assumed to be zero for each vertebra. The procedure of calculating the
Cobb angle applied to any level of a healthy vertebral column where
the calculation is possible will render the angle zero.

(P2) There exists a unique C∞-smooth space curve associated to the seg-
ment L5-T1 of any given complete vertebral column, whose curvature
and torsion are most appropriate for describing the three-dimensional
deformation of the vertebral column segment.

(P3) A model healthy vertebral column has a natural sagittal kypholordo-
sis; in particular we postulate that at each vertebral level there exists
a number that describes the ’mean’ of the random variable describ-
ing local curvature at that level, with respect to healthy vertebral
columns.

4. Results

The result is a rigorous procedure for calculating a deformation parameter
(local and global respectively) which is mathematically well-motivated from
the theory of space curves. To present this resultant procedure we must thus
give a detailed presentation and motivation of the steps involved.

Proposed deformation parameter.
The procedure we propose can be described by the following steps.

(1) To each vertebra from L5 to T1 we associate three points and three
2-dimensional planes. (The exclusion of C1–C7 is due to the use of
certain anatomical landmarks in our procedure, the fact that often
the cervical vertebrae are not included in the preoperative CT, and
our belief that this restriction is affordable due to the fact that usually
the apex of a deformation does not lie close to the cervical vertebrae).
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(2) Using the three planes we obtain uniquely defined pairs of unit vectors
(they will be used as ’tangent’ and ’normal’ vectors) at each of the
three points.

(3) We work under the hypothesis (P2) that there exists a unique C∞-
smooth curve, denoted γ, which passes through all position data points
and at those points has the tangents and normals from previous steps,
and in some sense best approximates the spatial deformation of the
spine. Obviously, attempting actually to interpolate a large number
of points will usually give unrealistic oscillations. For this reason we
shall use discrete approximation. (Obviously it would be sufficient to
require C3-smoothness, but even in the case of C∞-smooth curves
the problem of unique assignment is not straightforward due to abun-
dance. On the other hand, real analyticity is too strong if there exist
certain known curve segments that one believes should be part of the
chosen representative.)

(4) To each of the points p1, p2, p3 associated to a vertebral body we
associate an estimate of the local curvature and local torsion of the
hypothesized curve γ, given in vector form (κj , τj), j = 1, 2, 3, where
κj denotes the estimate of local curvature and τj the estimate of local
torsion at pj . This can be motivated based upon (P1). We will be able
to do this for all except the end points corresponding to the bottom
of L5 and the top of T1. According to Postulate (P3) there exist
physiologically healthy curvatures κ̂j at each pj , j = 1, 2, 3, and we
replace κj with sign(κj) |κj − κ̂j |. We call the latter the local effective
curvature.
Our deformation parameter with respect to each point is the absolute
value |(κj , τj)| for all except the points associated with the bottom of
L5 and top of T1.

(Exception clause) In the case of abnormal anatomy (e.g. congenital
or previous operation with pedicle screws) we include a case exception,
where the vertebra under consideration is modelled by the procedure
described in detail in our previous work, Daghighi et al. (2018), Sec-
tion 3.3, Figures 5 and 6.

Remark 4.1. The contribution of axial vertebral rotation, vertebral tilt and
the wedge properties of each vertebra are incorporated in the choice of the
planes associated to the vertebrae. Note also that in a healthy spine we
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postulate that the axial vertebral rotation and the local torsion of the curve
equal zero, so that the contribution of τ in |(κ, τ)|2 = κ2 + τ2 is assumed
to be zero for healthy patients. However, we know that in healthy patients
the local curvature is nonzero, due to the fact that there exists a natural
kypholordosis. The possibility of estimating this in practice is discussed in
Section 7.

Let us now give the details of each step.

4.1. Step 1. (The points p1, p2, p3 and associated planes Π1,Π2,Π3)

Let η′1 and η′2 respectively denote points of the left and right superior verte-
bral notch (recall that the superior vertebral notch lies between the vertebral
body and the superior articulate facet) such that the line defined by these
points is tangential to the superior vertebral notch on both sides. Choose
these points such that they divide the length of the superior margin of the
notches approximately in half.

Let η1 and η2 denote the two points on the apical marginal ridge (top
surface) of the vertebral body that have minimum Euclidean distance to η′1
and η′2 respectively.

Let η′3 and η′4 respectively denote the points of the left and right inferior
vertebral notch of closest Euclidean distance to the most apical point η0 of
the vertebral groove, such that the line defined by η′3, η′4 is tangential to the
inferior vertebral notch on both sides.

Let η3 and η4 denote the points on the caudal marginal ridge (bottom
surface) of the vertebral body that have minimum distance to η′3 and η′4
respectively.

Let q0 denote the mean of the two points 12(η1 + η3) and 12(η2 + η4),
and let p0 be the point on the vertebral groove of closest Euclidean distance
to q0. Let η5 (η6 respectively) be the point on the line defined by {η1, η3}
({η2, η4}) of closest Euclidean distance to p0. Denote by Π1 the plane defined
by p0, η5, η6.

Figure 1 shows the choices of p0, η5, η6 and thereby Π1, for a lumbar
vertebra. Isolate the slice of the vertebra in the plane Π1. Postulating a
theoretical slice symmetry of the vertebra, and attempting to find a practical
analogue of a symmetry invariant line through p0, we select (similarly as in
the procedure described in Lam et al. (2008) and Ho et al. (1993)) the line,
denoted `, in Π1, obtained as follows: (i) Let Crj be the circle in Π1, centred
at p0 with radius rj > 0, j = 1, . . . , 5, where rk− rk+1 is a positive constant
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Figure 1. The choices of p0, η5, η6 and thereby Π1, for a lumbar vertebra. This
is part of Step 1 (Section 4.1). Here we use the fact that any three non-collinear

points define a unique two-dimensional plane (here Π1)

(independent of k) and r1 is chosen such that the intersection of Cr1 with the
slice of the foramen vertebralis in Π1 consists of precisely two points, R11, R12,
on the posterior arc of the foramen. Since the rj are decreasing, we then
obtain, for each j, that the intersection of Crj with the slice of the foramen
vertebralis in Π1 consists of precisely two points, Rj1, R

j
2, on the posterior

arc of the foramen. (ii) For each j = 1, . . . , 5, let `j denote the bisector of
the angle formed by the two vectors (Rj1 − p0), (R

j
2 − p0) originating at p0.

(iii) For each j let Φj denote the midpoint of the intersection of `j with the
slice of the vertebral body in Π1, and let ρj denote the radius of the largest
disc that can be fitted into that slice with centre Φj . Choose ` := `J , where
ρJ = maxj ρj . Choose p1 as the midpoint of the intersection of ` with the
slice of the vertebral body in Π1.

Figure 2 shows the choices of Cr1 , R11, R12,Φ1 in the first iteration of the
procedure for defining p1.

Let Π0 denote the plane passing through p1 and spanned by (p1 − p0)
and (p1−p0)×(η6−η5). Isolate the slice of the vertebra in the plane Π0, and
approximate the top (bottom) by a line segment denoted `′1 (`′2). Denote
by s1 (s2) the midpoint of `′1 (`′2). Denote by Π̂j the plane passing through
sj and spanned by (sj − p1) and (sj − p1)× (p1 − p0), j = 1, 2. Isolate the
slice of the vertebra in the plane Π̂2 (Π̂3) and approximate the top (bottom)
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Figure 2. The choices of Cr1 , R11, R12,Φ1 in the first iteration of the procedure
for defining p1. This is part of Step 1 (Section 4.1). This process takes place in
the plane Π1 (see Figure 1) previously defined in Step 1. The notations are

described in detail in the main text of Step 1

by a line segment denoted `1 (`2). The point p2 is defined as the midpoint
of `1, and the point p3 is defined as the midpoint of `2. Denote by v′1, the
unit direction vector of `. Denote by v2 (v′2) the (up to sign) unit direction
vector of `1 (`′1). Denote by v3 (v′3) the (up to sign) unit direction vector of
`2 (`′2). Define Π2 to be the plane passing through p2 and spanned by the
unit direction vectors v2 and v′2. Define Π3 to be the plane passing through
p3 and spanned by the unit direction vectors v3 and v′3.

Figure 3 shows the choices of `′1, `′2, `1, `2,Π0,Π2,Π3, p2, p3.

4.2. Step 2. (Unit normals, n1, n2, n3, and unit tangents t1, t2, t3)

If necessary we change the sign of v′1, v′2, v′3 so that they point in the ventral
direction. The ’normal’ unit vector, nj , associated to pj is chosen as v′j ,
j = 1, 2, 3. The ’tangent’ unit vector, tj , associated to pj is chosen as the
apically pointing normal vector of the plane Πj , j = 1, 2, 3.

This concludes the definition of the data {pj , nj , tj ,Πj , j = 1, 2, 3}. Fig-
ure 4 shows as an example the set of data for the first two adjacent lumbar
vertebrae.

(The technique of using wedge properties of the vertebrae in precisely
two directions to prescribe approximating planes for the top and bottom
of a vertebra was recently used in a procedure described in Daghighi et al.
(2018) in the context of obtaining artificial geometrical semi-global models.)
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Figure 3. The choices of `′1, `′2, `1, `2,Π0,Π2,Π3, p2, p3 obtained in Step 1
(Section 4.1). The notations are described in detail in the main text of Step 1

Figure 4. Set of data for the first three adjacent lumbar vertebrae. This is an
illustration of the normals and tangents obtained in Step 2 (Section 4.2)
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4.3. Step 3. (The estimates for curvature and torsion)

Let us order the points from Step 1 as follows:
(w1, . . . , wN ) := (pL53 , p

L5
1 , p

L5
2 , p

L4
3 , . . . , p

T1
3 , p

T1
1 , p

T1
2 ), N = 22 · 3 = 66,

where for example pL53 denotes the point p3 from Step 1 with respect to the
vertebra L5.

A regular C∞-smooth curve γ : R→ R3, ν 7→ γ(ν), that passes through
a set of points w1, . . . , wN for a positive integer N can be written γ(ν) =
(γ1, γ2, γ3)(ν) for C∞-smooth components γj , j = 1, 2, 3, such that for all ν,
∂γ
∂ν 6= 0. In particular all of its three components are C∞-smooth functions
of the variable ν ∈ R, and there are no singularities. Recall that having
the tangent and normal at a given point means that we have the so-called
osculating plane at that point. Recall that the curvature at a point ν0 of
γ is (up to sign) 1∥∥∥ ∂γ(ν0)∂ν

∥∥∥3
∥∥∥∂γ(ν0)∂ν × ∂2γ(ν0)

∂ν2

∥∥∥ and the torsion at ν0 of γ is

1∥∥∥ ∂
∂ν
× ∂2

∂ν2

∥∥∥Det(∂γ∂ν ,
∂2γ
∂ν2 ,

∂3γ
∂ν3 )(ν0) where Det(·) denotes the determinant. Let

us assume that γ passes through the set of points w1, . . . , wN . When γ can
be assumed to be parametrized by arc length the curvature at ν0 can (up
to sign) be calculated as

∥∥∥∂t̂(ν0)∂ν

∥∥∥ and the torsion at ν0 can (up to sign) be

calculated as
∥∥∥∂(t̂×n̂)(ν0)∂ν

∥∥∥, where n̂(ν) denotes the unit normal at ν and t̂(ν)
denotes the unit tangent at ν. We keep the original point set w1, . . . , wN
and assume arc length parametrization with parameter ν ∈ R. In particular
there exist points ν1, . . . , νN , νj + 1 > νj , j = 1, . . . , N − 1 such that
γ(νj) = wj .

We use the following central difference scheme for (up to sign) the first
order derivatives:

κj :=

∥∥∥∥∥ tj+1 + tj−1 − 2tj
νj+1 − νj−1

∥∥∥∥∥ ,

τj :=

∥∥∥∥∥ tj+1 × nj+1 + tj−1 × nj−1 − 2tj × nj
νj+1 − νj−1

∥∥∥∥∥ .
It remains (under the assumption of arc length parametrization) to make
an appropriate choice for the points νj , j = 1, . . . , N. Since ν is supposed
to be arc length, i.e.

∥∥∥∂γ(ν)∂ν

∥∥∥ ≡ 1, we can interpolate, using the tangents
associated to the starting point set w1, . . . , wN , new points iteratively and
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Figure 5. Interpolated points and tangents after two iterations starting from the
first two points w1, w2 (with associated tangents t1, t2) in the process of

approximating the arc length of γ between these points. This is an illustration of
the process described in detail in Step 3 (Section 4.3)

obtain an estimate of the arc length of γ between each pair wj+1 − wj ,
j = 1, . . . , N − 1.

The interpolation will be done piecewise linearly, as follows: For two
vectors α1, α2 in R3 recall that the orthogonal projection of α1 on α2 is
α2

α1•α2
α2•α2 , where • denotes the Euclidean inner product on R3. Starting from

the pair of points (wj , wj+1), introduce the two interpolated points w0j,1 :=

wj + |(wj+1−wj)•tj |
3 tj , w

0
j,2 := wj+1 + |(wj+1−wj)•tj+1|

3 (−tj+1).

Set tj,1 :=
w0j,2−w

0
j,1

‖w0j,2−w0j,1‖
. Associate to w0j,1 the tangent vector 1

‖ 12 (tj+tj,1)‖
1
2(tj + tj,1) = tj+tj,1

‖tj+tj,1‖ and associate to w0j,2 the tangent vector tj+1+tj,1
‖tj+1+tj,1‖ .

This yields the augmented point set w1, w01,1, w01,2, w2, . . . , wN−1, w0N−1,1,
w0N−1,2, wN . The process can now be repeated using the pairs (w1, w01,1),
(w01,1, w

0
1,2), . . .,(w0N−1,1, w

0
N−1,2),(w

0
N−1,2, wN ).

For example, in the second iteration, w1, w01,1, w01,2, w2 is replaced by
w1, w

1
1,1, w

1
1,2, w

0
1,1, w

1
1,3, w

1
1,4, w2 and so on.

Figure 5 shows as an example the interpolated points and tangents after
two iterations starting from the first two points w1, w2 (with associated
tangents t1, t2) in the process of approximating the arc length of γ between
these points.

The process can easily be implemented in Matlab, and the user can
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choose the number of iterations. For example, after the first iteration the
estimated arc length becomes A(wj+1, wj) :=

∥∥∥wj − w0j,1∥∥∥+
∥∥∥w0j,1 − w0j,2∥∥∥+∥∥∥w0j,2 − wj+1∥∥∥ . And for m > m′

A(wm, wm′) = A(wm′ , wm′+1) + · · ·+A(wm−1, wm)

We shall thus use the following estimates:

κj :=

∥∥∥∥∥ tj+1 + tj−1 − 2tj
A(wj+1, wj−1)

∥∥∥∥∥
τj :=

∥∥∥∥∥ tj+1 × nj+1 + tj−1 × nj−1 − 2tj × nj
A(wj+1, wj−1)

∥∥∥∥∥
Finally we replace κj with sign(κj) |κj − κ̂j | in order to obtain what we call
the local effective curvature at pj , and we do this for all the points (ordered
caudally to apically) vk, k = 2, . . . , N − 1.

4.4. Step 4

Definition 4.2 (Local effective deformation). The local effective deforma-
tion associated to the point pj is defined as |(κj , τj)|, j = 2, . . . , N − 1.
When the correction using the κ̂j is not used, we shall call κj the non-
corrected local curvature at pj , and sign(κj) |κj − κ̂j | is called the corrected
local effective curvature at pj .

In order to find an estimate for the curvature or torsion of a segment of
the vertebral body (e.g. between two end-plates that are used to calculate
the Cobb angle) we sum over all local curvatures at points within that
segment.

Definition 4.3 (Segmental effective deformation). The segmental effective
deformation for the segment of the vertebral column starting at the lower
vertebra X1 and ending at the vertebra XM , for a positive integerM , where
X1, . . . , XM is a subset (with the inherited order) among the ordered set
L5, L4, . . . , T2, T1, is defined as the sum

∑
k,j

∣∣∣(κXk,j , τXk,j )∣∣∣, where κXk,j
denotes κj calculated with respect to the point pj associated to the vertebra
Xk. When the correction using the κ̂j is not used, we shall use the term
non-corrected segmental effective curvature of the segment X1 to XM .
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Case exception clause for abnormal anatomy: In the case of abnor-
mal anatomy (e.g. congenital or previous operation which has disrupted the
anatomical landmarks rendering them incompatible with one of the steps
above) we include a case exception, where any such vertebra under consider-
ation is modelled by the procedure described in detail in our previous work,
Daghighi et al. (2018), Section 3.3, Figures 5 and 6 (these are called arti-
ficial geometric models of vertebrae). In particular the artificial geometric
modelling renders an ellipse in a two-dimensional plane for both the top and
bottom of the modelled vertebra, hence there is a unique well-defined unit
normal vector assigned to the top and bottom respectively; these are taken
as t1, t2, t3 (cf. Step 2), and furthermore the simple geometric shape of these
models makes it natural to choose the centres of the aforementioned ellipses
together with the centre of mass of the modelled vertebra to play the role
of the three points (p1, p2, p3, cf. Step 1) which the method of the present
article assigns to vertebrae with normal anatomy. To obtain replacements
of vectors n1, n2, n3 we only need to specify a direction corresponding to
an approximation of axial rotation, and for this we use the point in the
vertebral groove (or an approximation of it) with minimal distance to p1
(such a point will play the role of p0 in the above method). This gives,
together with any two of p1, , p2, p3, a plane which plays the role of Π0,
whence a natural choice of n1 – and similarly for n2 and n3. Obviously, the
case exception procedure can be repeated for each vertebra which has an
anatomical anomaly that disrupts the procedure of the present article (e.g.
if a previous scoliosis operation with pedicle screws has been performed,
this usually involves several vertebrae).

5. Cobb angle equivalence classes

In order to illustrate why we find Cobb angle insufficient as a measure of
deformation, we introduce an equivalence relation on the set of 3D models
of vertebral columns.

Definition 5.1. To each theoretical anatomically possible vertebral column
segment L5–T1, we associate its isolated skeletal 3D segmentation (i.e. sur-
rounding soft tissue, vertebral discs and ribs being removed), and to each
such object we associate the chain of isolated vertebral bodies (i.e. with
lamina, processus spinosus, processus transversus, etc. removed) and de-
note the set of objects (segmentations) so obtained as S. Assume that there
exists a rigorously reproducible process for taking a frontal X-ray, in the
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sense that the patient can be assumed always to have precisely one posture
during the scan representative of their habitual state. Order the set of ver-
tebrae L5, L4, . . . , T2, T1 and rename them according to X1, . . . , XN , where
in normal anatomy N = 17. Let X ∈ S be such that the underlying ver-
tebral column for X, in a rigorously (in the above sense) obtained clinical
X-ray, has apex vertebra Xn and Cobb angle θ calculated with respect to
the end-plates of the end vertebrae Xn+j , Xn−k, for positive integers j, k
such that 1  n− k ¬ N, 1  n+ j ¬ N. An element Y ∈ S is called Cobb
angle equivalent to X, denoted X ∼ Y , if Y in a rigorously obtained clinical
X-ray has the same apex vertebra Xn, the same orientation (right or left
convex), and Cobb angle θ calculated with respect to the same end-plates
(Xn+j , Xn−k). Clearly (i) X ∼ X, (ii) X ∼ Y ⇒ Y ∼ X, (iii) if Z ∈ S
then X ∼ Y ∨ Y ∼ Z ⇒ X ∼ Z. Thus ∼ is an equivalence relation, and we
denote by [X] the equivalence class of all members of S that are equivalent
(with respect to ∼) to X.

The quotient space S/ ∼ is what one is considering in clinical practice
when using merely the Cobb angle. But it is clear that each [X] is a large set
containing members corresponding to vertebral columns with greatly vary-
ing 3D deformations. We shall for our purposes pick a representative (called
the canonical representative) whose segment underlying the calculation for
the Cobb angle of the largest appearing scoliosis curve is particularly simple.
We do this with less attention to how the remaining parts of the vertebral
column become represented as long as the choice is unique, since we shall
only use the first mentioned segment for our comparisons in future work.

Definition 5.2 (Cobb associated deformation). In order to be able to
compare our deformation measure to Cobb angle measurements in future
work, we shall to each X ∈ S associate the unique member X̂ ∈ [X]
(X̂corr ∈ [X] respectively), called the canonical representative, such that:
(i) X̂ has zero kypholordosis (or ’healthy’ values κ̂ respectively) in the seg-
ment Xn−k, Xn−k+1, . . . , Xn+j , used for the Cobb angle. (ii) Each vertebra
Xn−k, Xn−k+1, . . . , Xn+j , has zero axial rotation. (Note that (i) and (ii)
together imply that the normals and tangents from the procedure for mea-
suring segmental effective deformation can be obtained without the use of
the anatomical landmarks previously required, hence it is sufficient to con-
sider only the vertebral bodies in the representation.) (iii) The points of
the procedure for measuring segmental effective deformation (as presented
in this paper) for the segment Xn−k, Xn−k+1, . . . , Xn+j , lie on a circular
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arc C, and the middle point of the segment coincides with the middle point
p1 associated to the apex vertebra according to the procedure described in
this text. The canonical representative X̂ is stipulated to have length |C|
given by m · 4 cm, where m is the number of vertebrae in the main scoliosis
curve. (iv) The segments X1, . . . , Xn−k, and Xn+j , . . . , XN , have the points
in the procedure for measuring segmental effective deformation, following
circular arcs of half and opposite curvature, and in the same plane, as the
arc chosen for the segment Xn−k, Xn−k+1, . . . , Xn+j . (v) The vertebrae for
the segment C are obtained by starting from a thickening of the circular arc,
to a cylindrical solid with diameter10 cm, and removing, at equally spaced
angles, a segment corresponding to 4 degrees for each vertebral disc (see
Figure 6). (One may choose the size of the thickening arbitrarily, and each
fixed choice will provide an applicable equivalence relation. It is clear that
there is no need to vary the diameter along the vertebral column, as the
equivalence relation is based upon the curvature. We have chosen 10 cm
for the diameter, as this seems to be an appropriate average measure.) The
angle, ϕ, corresponding to each vertebra is determined by the subdivision of
the middle circular arc based upon the number of vertebrae used to calcu-
late the Cobb angle. (vi) The vertebrae for the remaining two segments are
obtained by starting from a thickening of the circular arcs to a cylindrical
solid with diameter 10 cm, and removing, at equally spaced angles of ϕ

2 , a
segment corresponding to 2 degrees for each vertebral disc. (see Figure 6).
Note that for a given Cobb angle θ and a given sector length |C| cm, we have
a corresponding circle with a radius which we denote ρ cm (thus depending
upon the number of vertebrae m in the main scoliosis curve and on the
Cobb angle), such that |C| = ρ · (θ · 2π/360).
This choice of X̂ ∈ [X] (X̂corr ∈ [X] respectively) is by construction unique
with respect to S (in the set of bone segmented vertebral columns it is only
unique up to different shapes of all parts of the vertebrae except the verte-
bral body).
The segmental effective deformation of X̂ (X̂corr respectively) for the seg-
ment Xn−k, Xn−k+1, . . . , Xn+j , is called the Cobb associated deformation
(corrected Cobb associated deformation respectively) of the vertebral column
representative X.

Clearly, we can use the corrected Cobb associated deformation when
performing a study of comparison to the segmental effective deformation of
a given segment that is used for Cobb angle measurement.
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Figure 6. The representative of X used for Cobb associated deformation in the
sense of Definition 5.2, for the case where X has apex at T7 with associated

Cobb angle using end vertebrae T3 and T11 respectively. In this case the number
m in Definition 5.2 (i.e. the number of vertebrae involved in the definition of the

main scoliosis curve) is 9, so ρ = (9 · 4 cm )/(θ · 2π/360 radians)

Remark 5.3. Note that the chosen representative X̂ is adapted to the major
scoliosis curve, i.e. (since it has piecewise constant curvature) the segment
underlying the calculation for the Cobb angle of the largest appearing sco-
liosis curve. We do this with less attention to how the remaining parts of
the vertebral column become represented, since we shall only use the first
mentioned segment for our comparisons in future work. What is important
is that the choice of representative is unique and particularly simple in the
region of interest.

Figure 6 shows the representative of X used for Cobb associated defor-
mation in the sense of Definition 5.2, for the case where X has apex at T7
with associated Cobb angle using end vertebrae T3 and T11 respectively;
notice how only the sagittal wedge properties of the vertebrae are relevant.
As this text is intended to be a technical method article, no patient con-
sents for publication of CT extracted data are available, although it should
be perfectly clear for any reader who has a working experience of the MPR
application in the PACS system that by adjusting the planes in three dimen-
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sions, all the required points for each of the steps in the algorithm are easily
obtainable, and the algorithm is tailored for these to be essentially unique
(up to measurement errors and certain natural user variation) for a given CT
scan. Our goal is to present explicit calculations pre-and post-operatively
after presenting an upcoming paper regarding appropriate normal values of
lordokyphosis. The latter will provide the obligatory prerequisites needed
to obtain the corrected effective curvature.

For the reader’s convenience, however, we may use the definition of Cobb
angle equivalence classes to present an example which does not require
any patient CT scan, because we shall base our values on an elementary
geometric model, in fact one obtained from a canonical representative of a
Cobb angle equivalence class.

Example 5.4. Recall that for a given thoracic Cobb angle with associ-
ated orientation (right or left convex) and fixed apex and end-plates for the
curve associated to the Cobb angle, we have a canonical representative of
the Cobb angle equivalence class. Consider the vertebral column given by
the canonical representative of the Cobb angle equivalence class of verte-
bral columns with a right-convex Cobb angle of 10 degrees, with apex at
T7 and end-plates T4 and T10. In this case the number m in Definition
5.2 (i.e. the number of vertebrae involved in the definition of the main sco-
liosis curve) is 7, so we have an induced circle (see Figure 6) with radius
ρ = (7 · 4 cm)/(θ · 2π/360 radians), where θ = 10 degrees. Note that the
canonical representative, by (i) of Definition 5.2, has no lordokyphosis. We
shall see that, by Definition 5.2, a simple modification of the canonical rep-
resentative, we obtain a vertebral column for which the full CT algorithm
is greatly reduced. Fix the origin (0, 0, 0) in xyz-space to lie at the cen-
tre of the aforementioned circle with radius ρ (note that this circle lies in
the xz-plane). Technically, to be able to apply the algorithm we need some
anatomical landmarks. Note that the set of points of a given vertebra of the
canonical representative (in the given coordinate system) that intersect the
plane {y = −5 cm} forms a curve segment, α, in that plane {y = −5 cm},
which is a translate of a segment of the initial circular arc in Definition
5.2 of the canonical representative. Thus we adjoin to the vertebral body
a curved cylindrical shell obtained from a thickening of α, and this will
simulate a lamina enclosing the vertebral canal. This will induce, in Step 1
(Section 4.1), symmetrically placed η1, . . . , η4, thus giving symmetrically
placed η5, η6 such that the procedure of Step 1 (Section 4.1) will give p1
lying in the middle of the two-dimensional slice through the centre of mass
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of the simple geometric shape of the vertebral body. By (ii) of Definition
5.2 the axial rotation is zero, thus the contribution of τ is zero; in particu-
lar we may assume that the three-dimensional coordinates xyz are chosen
such that for any given vertebra under consideration, the associated vectors
t1, t2, t3 all have zero y-component, so that n1, n2, n3 each coincide with the
vector (0, 1, 0). In essence we need only consider the xz-plane. Note that
the ti become normalizations of the cross products (pi− (0, 0, 0))× (0, 1, 0),
i = 1, 2, 3. We have, by the well-defined elementary geometric shape of the
vertebrae in the canonical representative and their symmetry, that the co-
ordinates required for the calculation of the effective local curvature are, for
e.g. the apex: p1 = ρ(cos(π), 0, sin(π)), p2 = ρ(cos(π − θ0), 0, sin(π − θ0)),
p3 = ρ(cos(θ0), 0, sin(θ0)), where θ0 := 4

2 ·
π
360 radians (cf. Figure 6) and ρ.

We now have all the required inputs p1, p2, p3, t1, t2, t3, n1, n2, n3, which can
be plugged into the definition of the non-corrected local effective curvature
κ7 at p1 (corresponding to the middle one of the three points associated to
the apex (T7)).

6. Discussion

We believe that, although there currently exist measures of scoliosis which
are very good in practice, they do not reflect the three-dimensional de-
formity near the apex in an optimal fashion (from a theoretical point of
view, despite e.g. sagittal modifiers). One motivation to accept our pro-
posed methodology and results is the following. Technical applications are
usually best manifested in terms of a rigorous and formal mathematical
model. This involves thorough definitions (with minimal ambiguity). From
a theoretical point of view it makes sense to include the notion of curvature
and torsion in describing the three-dimensional deformation of a vertebral
column. Focus has been placed on developing steps for the construction of
the points involved which are reproducible and well-defined (in particular,
one goal has been that they yield unique points of reference which are then
used in the calculations of the proposed deformation parameter). Also the
method is developed in such a way that all steps can be performed using ex-
isting modern roentgenological software. A clear limitation of the resultant
definition is that it is based upon CT scans, and also that it requires the
use of the application MPR (multi-phase reconstruction). This means that
in order to obtain the parameter in practice the patient must be exposed
to radiation, and the MPR application is a rather recent addition to the
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user interface of IDS-7 from Sectra, and thus is perhaps not internation-
ally available clinically. A second limitation is of course that (as we have
pointed out) the general deformation measure obtained should from a logi-
cal point of view be corrected for the fact that there exists a physiological
lordokyphosis. We have presented how this can be done, but we currently
do not have consensus international reference values for (age and weight
normalized) ’normal values’; see the section on future work.

7. Future work

In this work we have chosen not to include any patient data or images,
thus making it a theoretically based technical report instead of a clinical
study. All required data points can, however, be obtained relatively eas-
ily and quickly using the MPR application in IDS-7, PACS allowing the
practical implementation of the described method. In future work we pro-
pose to use CT for a sufficient number of patients with healthy vertebral
columns in order to derive estimates for the normal local kypholordosis (in
the absence of vertebral rotation) at each vertebral level (this will provide
the values κ̂ required to calculate the corrected version of the deformation
parameter). Then we propose to perform a study on a sufficient number of
scoliosis patients before operation, with varying Cobb angle in a relatively
large range. For these patients we shall then compare our deviation measure
on the segment defined by the end vertebrae (end-plates) used to define the
Cobb angle, with the curvature derived from the Cobb angle (in terms of
Cobb associated deformation), and further investigate whether or not the
maximum deviation for our adjusted parameter occurs at the apex.
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