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Abstract. In this note we point out interesting connections among Lah
numbers, Laguerre polynomials of order negative one, and exponential
polynomials. We also discuss several different expressions for the nth
derivative of exp(1/x). A new representation of this derivative is given in
terms of exponential polynomials.

1 Introduction

The Lah numbers L(n, k) (named after Ivo Lah, a Slovenian mathematician)
can be defined by the formula

n!

L(Tl, k) - g

(Ej) 1 <k<n, 1(0,0)=1, (1)

or, by the generating function
1/t \F & tn
n=
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The Lah numbers convert the falling factorial to the rising factorial and vise-
versa

x(x+1)...x+n—1) ZLnk (x—T1)...(x—k+1),

n

x(x—=1)..(x=n+1)=3 (=" LK) x(x+1)...(x+k—1)
k=1

(these are the fundamental identities obtained by Ivo Lah).

The Lah numbers have many other interesting applications in analysis and
combinatorics (see [1, 2, 9, 12, 16]). They have appeared recently in several
papers concerning the consecutive derivatives of the function exp ( 1/x). In [10]
five proofs were given of the following formula:

n
Dne1/x: n 1/x nZL (2>
k=1
where D = & and n > 1. This formula was obtained also by Feng Qi (see [13]

and the remarks in Section 5 there). The formula is a nice application of Lah
numbers to a problem in analysis.
At the same time, entry 1.1.3.2 on p. 4 in Brychkov’s handbook [6] says that

an A
T e = (e s L ax)

where LE{X) (x) are the generalized (or associated) Laguerre polynomials of order
o (see [14], [16]). The same formula appears as entry 18.5.6. on page 446 in
the handbook [15]. With A =0 and a = —1 this becomes

Dnel/x — (_])nn!eV"X*” I_E:”(—]/X). (3)

As a matter of fact, the derivatives D™e!/* have been evaluated long time
ago. For example, the nth derivative can be found in the nice little book of
Schwatt [18], first published in 1924. The formula on top of page 22 in [18§]
reads

T (—1)k « k Pj
n,cxP cxP x k pk j
D"e " =nle 31 o Cx 21(—1) (j )(n) (4)
= j=
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where c,p are arbitrary parameters. The same formula appears also on page

27. With ¢ = 1 and p = —1 this becomes
= (—1)k - k\/n+j—1
n,1/x _ (_1\n 1/x,—m — —k 1V -
D"e /* = (—=1)"nle *x kE]k! X 71( 1) (). )( 0 ) (5)

since ( :3 > :(1)"<n+i_] >

In the next three sections we discuss the relations among the three formulas
for D™e /%, namely, equations (2), (3), and (5). This will reveal interest-
ing connections of Lah numbers to Laguerre polynomials and also to Stirling
numbers. In Section 4 we present a new formula for D™e ¢*” in terms of the
exponential polynomials @n(x) considered in [4] and [5].

)

2 Laguerre polynomials

The generalized Laguerre polynomials can be defined by the generating func-
tion
1

o9}

—=xt

GogereT = L <,
n=0

or by the Rodriguez formula

eXx

—X
LY (x) = r_

D" (e ™M) = (D—-1)™""% n=0,1,...

n! n!

(see [14]). When o = 0 these are the usual Laguerre polynomials LY (x) =
L.(x). Usually, in the theory of LT(I(X) (x) the restriction Re & > —1 is imposed.
In fact, the case o« = —1 is very interesting and most of the theory holds true
for « = —1 . We shall focus here on the polynomials Lff”(x) defined by
_xe

L (x) = =DM ™) =
n.

X

ﬁ(D—n“xﬂ—‘, n=0,1,...

or, by the generating function, [t| < 1

emi=) Ly ()t (6)
n=0
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We have
Ly (x) =1,
-1
Lg )(x) = —X,
2
I_;”(x) = % X,
1) -
L; (x) = r +x? —x,

etc. The coeflicients of these polynomials are very close to the Lah number
and we can see the exact connection when we compare (2) to (3). However,
we shall give an independent proof of this connection in order to justify the
value « = —1 in (3).

Proposition 1 For any n >0,
] n
=) Lin (7)
k=0

This reveals the connection between the Lah numbers and the Laguerre poly-
nomials L\ " (x)and it becomes clear now that formulas (2) and (3) are the
same. We also notice that (2) is true also for n = 0 with the summation
starting from k = 0, that is,

n
Dnel/x: n 1/x -n ZL
k=0

Proof. From the Rodriguez formula for LT(la)(x) one derives easily the repre-
sentation

n k
(o) (—x)
L =T 1
n () =Tn+a+ )é Mk + «+ Dkl(n—k)!
where we cannot set « = —1 directly. However, when n = 0 this becomes
(o) Moa+1)
L = —— =

o = R

and any restriction on « can be dropped. For n > 1 we separate the first term
with k = 0 and write

_ Mm+a+1) (—x)k

Mot 1) +r(n+(x+”;F(k+oc+1)k!(n—k)!'
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Setting o« — —1 we find for n > 1

since

—_—

S e

This representation can be written in the form

n o _ )k
=3 () )5 ®

k=1

which is (7). The proof is completed. O

The representation (7) also shows an important difference between LT(L_U (x)
and L\ (x) for n > 1. While

(o) 'm+a+1)
y'(0)= ————
n (0) MNa+1)
is different from zero when o # —1, we have Lr(l_U(O) = 0. At the same time,

many properties of LT(I“) (x) are shared also by Lr(l_”(x). For example, we have
the orthogonally relation ([14, p. 84], [17, p. 204-205])

o0 I 1
J x“e*XLT({x) (X)LTEQXJ (x)dx = 7“1 totl)

o nl 6n,m

for all ny,m >0 and o > —1. Analyzing the proof of this equation in [17] we
conclude that it extends to « = —1 when n,m > 1,

° _ _ )
J )F](e”‘l_,(1 ”(X)L,gl ”(x) dx = 1:11 . (9)
0

This and other properties of LT(f”(x) can be used to derive properties for the
Lah numbers. Here we have the following:

Proposition 2 For any integers n,m > 1, n £ m

m

> (=DM Y (—1Lm, i) (k+j— 1)1 =0 (10)

k=1 ]:]
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and when m=n

= o it . . ~ (n?
> D) (=LKL, ) (k+j -1 = : (11)

n
k=1 j=1

Proof. Substituting (7) in (9) we arrive at (10) and (11) after simple compu-
tation. O

3 The Todorov - Charalambides identity

Here we shall discuss equation (4). Let s(n,k) and S(n,k) be the Stirling
numbers of the first kind and the second kind correspondingly (see [9]). It is
known that these numbers satisfy the orthogonality relation

Z s(n,k)S(k,m) = dpn = {? ;ﬂliz

k=0

while the alternating sums are related to the Lah numbers (see [9, p. 156)):
n

Lin,m) = (=1)"> s(n,k)S(k,m) (=1)*. (12)
k=0

The following identity extends this representation.

Proposition 3 For any two nonnegative integers n,m, and every complex
number z we have

Y st stemzt=m Y (M) (F ) oy
| 2

k=0

This identity was obtained by Todorov [19], who showed that both sides equal
Taylor’s coefficients of the function f(t) = ((1 +1t)* —1)™. It was also found
independently by Charalambides in his study of the generalized factorial co-
efficients (see [7] and [8]). A short proof of (13) is given in the recent paper
[3].

Now we show that equation (12) follows from (13). Setting z = —1 in (13)
we find

sk H4ﬁﬂ4W§<T>PW(?>-(W



28 K. N. Boyadzhiev

m-l—nm m 1V Tl—i-j—]
ey (3)e ()
=\ _ nf nt+j—1

()= ()

Next we use a well-known identity from [11]

§i<T>(”j(%P)=(‘W(nEm) (15)

j=0

The RHS becomes

since

and choosing y =n — 1 we find

g (7)en (M) - (2)
j=l
nf n—1
=[(=1) (m—1 >

m! n —1
M3 stk stkym) (1= 1 (),

'k:

Now from (14)

or
n
> s(nk) S(k,m) (—1)* = (=1)"L(n,m)
k=0
which proves (12).
At the same time we can apply (16) to equation (5). This gives

n k .
et £ [E0 () (1)

k=

—_

which is exactly (2). We see that the formula for the derivatives D™e '/* was
practically found by Schwatt.
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4 Schwatt’s formula in terms of exponential poly-
nomials

With the help of the Todorov - Charalambides identity, Schwatt’s formula (4)
can be written in terma of Stirling numbers and exponential polynomials.
The polynomials @n(x), n=0,1,..., defined by

= Z S(m, k) x*
k=0

are known as the exponential polynomials (or single-variable Bell polynomials)
—see [4] and [5]. They have the generating function

t ]) > tn
=) enl)
n=0 ’

and can be defined also by the important property (xD)"e* = @n(x) ¥, n =
0,1,...

Proposition 4 For any n > 0 and any two numbers c,p we have

n

Dmex” = exPxm Zs(n,j)pj(pj(cxp) (17)
j=0
and in particular, when c =1 andp = —1,
D"e!/*=e! ”Zs n,j) (=1 @;(1/x). (18)
Proof. Substituting (13) in (4) we obtain
) n 1 Kl k
n,cx?P _ cxP_—m k k
D" e =nle Z = c*xP ;Z (n,j) SG, k) p’
k=1 =0
k

n
P
=e x " E ckxPk E s(n,j)
k=1

j=0

. .
=X x ™ Z s(n,j) {Zc xP*S (5, k }
j=0 =
n

Y s(yj)plejlex?).

j=0
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Comparing this to (2) we arrive at the identity

> LK)k = (1) Y s (n) (= 1)ig;(x). (19)
k=1 j=0
Also, from (8),
! 53 s () (g (—x). (20)
=0

With p =1/2 in (17) we have

DheevE — eV *nZ (1) @jle V). (21)

References

1]

2]

(6]

[7]

J. C. Ahuja, E. A. Enneking, Concavity property and a recurrence relation
for associated Lah numbers, Fibonacci Quart. , 17 (2) (1979), 158-161.

P. Barry, Some Observations on the Lah and Laguerre Transforms of
Integer Sequences, Journal of Integer Sequences, 10 (2007), Article 07.4.6

K. N. Boyadzhiev, Power Series with Binomial Sums and Asymptotic
Expansions, Int. Journal of Math. Analysis, 8 (28) (2014), 1389-1414.

K. N. Boyadzhiev, Exponential polynomials, Stirling numbers, and evalu-
ation of some Gamma integrals, Abstract and Applied Analysis, Volume
2009, Article ID 168672 (electronic, open source).

K. N. Boyadzhiev, A Series transformation formula and related polyno-
mials, International Journal of Mathematics and Mathematical Sciences,
2005 (2005), Issue 23, 3849-3866.

Y. A. Brychkov, Handbook of Special Functions: Derivatives, Integrals,
Series and Other Formulas, Chapman and Hall/CRC, 2008.

Charalambos A. Charalambides, Jagbir Singh, A review of the Stir-
ling numbers, their generalizations and statistical interpretations, Comm.
Statist. Theory Methods, 17 (8) (1988), 2533-2595.



Lah numbers, Laguerre polynomials of order negative one 31

8]

[9]

C. A. Charalambides, Enumerative Combinatorics, Chapman and
Hall/CRC, 2002.

L. Comtet, Advanced Combinatorics, D. Reidel Publishing Co., Dor-
drecht, 1974.

S. Daboul, J. Mangaldan, M. Z. Spivey, P. J. Taylor, The Lah Numbers
and the nth Derivative of exp(1/x), Math. Magazine, 86 (1) (2013) 39-47.

H. W. Gould, Combinatorial Identities, Published by the author, 1972.

Bai-Ni Guo, F. Qi, Six proofs for an identity of the Lah numbers, Online
Journal of Analytic Combinatorics, 10 (2015).

Bai-Ni Guo, F. Qi, Some integral representations and properties of Lah
numbers (arxiv.org), 2014.

N. N. Lebedev, Special Functions and Their Applications, Dover, 1972.

F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark, NIST Hand-
book of Mathematical Functions, Cambridge University Press, 2010.

M. Petkovsek, T. Pisanski, Combinatorial interpretation of unsigned Stir-
ling and Lah numbers, Preprint 40 (2002), Univ. of Ljubljana. (Available
on the internet.)

E. D. Rainville, Special Functions, Chelsea, 1971.

I. J. Schwatt, An Introduction to the Operations with Series, Chelsea,
1924.

P. G. Todorov, Taylor expansions of analytic functions related to
(1+2z)*—1, J. Math. Anal. Appl., 132 (1988), 264—280.

Received: May 4, 2015





