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Abstract. In this paper, we introduce and investigate an interesting
subclass of meromorphic bi-univalent functions defined on A ={z € C:
1 < |z] < oo} For functions belonging to this class, estimates on the initial
coefficients are obtained. The results presented in this paper generalize
and improve some recent works.

1 Introduction

Let X be the family of meromorphic functions f of the form

= 1
f(z) :z—l—bo—i—anz—n, (1)

n=1

that are univalent in A ={z € C: 1 < |z| < oo}. Since f € L is univalent, it has
an inverse ' that satisfy

1(f(z)) =z (zeA)
and

f(f ' (w)) =w (M < w| < 0o, M > 0).
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Furthermore, the inverse function f~' has a series expansion of the form
d 1
—1
7 (w) :W‘FZBnﬁ) (2)
n=0

where M < |w| < co. A simple calculation shows that the function ', is
given by
b B by +bob; bz + 2boby + béb] + b%

—1 . o Ul o
= (w) =w— Dby i e e + o (3)

A function f € X is said to be meromorphic bi-univalent if f~' € Z. The
family of all meromorphic bi-univalent functions is denoted by Zo.

Estimates on the coefficient of meromorphic univalent functions were widely
investigated in the literature; for example, Schiffer [8] obtained the estimate
|by| < 2/3 for meromorphic univalent functions f € £ with by = 0 and Duren
[2] proved that [by| < 2/(n+1) for f € Z with by =0, 1 <k <n/2.

For the coefficients of inverses of meromorphic univalent functions, Springer
[10] proved that

1 1
Bs/<1 and [Bs+ iBﬂ <5
and conjectured that
2n —2)!
|an—1|§¥ m=1,2---).
nln—1)!

In 1977, Kubota [6] proved that the Springer conjecture is true for n = 3,4,5
and subsequently Schober [9] obtained a sharp bounds for the coefficients
By 1, 1<n<7.

A function f in the class X is said to be memorphic bi-univalent starlike of
order 3 where 0 < 3 < 1, if it satisfies the flowing inequalities

Re (Z:(,Z)) > B and Re (ng(;(vv)")> >B (z,weA),

where g is the inverse of f given by (3). We denote by X3 () the class of all
meromorphic bi-univalent starlike functions of order (3. Similarly, a function
f in the class Xg is said to be meromorphic bi-univalent strongly starlike of
order o« where 0 < o« < 1, if it satisfies the following conditions

’arg (Z:(/S)> ‘ < %[ and |arg (wgg(;(\)x/)v)) arg‘ < %[ (z,w € A),
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where ¢ is the inverse of f given by (3). We denote by f%(oc) the class of all
meromorphic bi-univalent strongly starlike functions of order o«. The classes
5% (B) and i*B(oc) were introduced and studied by Halim et al. [3].

Several researchers introduced and investigated some subclasses of mero-
morphically bi-univalent functions. (see, for detailes [3], [4], [5], [6], [9] and
[13]).

Recently, Srivastava at al. [11] introduced the following subclasses of the
meromorphic bi-univalent function and obtained non sharp estimates on the
initial coefficients |bp| and |bq| as follow.

Definition 1 [11, Definition 2] A function f(z) € Xy given by (1) is said to
be in the class Ip+ (), if the following conditions are satisfied:

1A
‘arg(z[i((zz))]>'<“; O<a<1,A>1,z€A)

and

/ A
arg(W)L? O<oa<T, A>T, wel),

where the function g is the inverse of f given by (3).

Theorem 1 [11, Theorem 2.1] Let f(z) € Ly given by (1) be in the class
I+ (). Then

2502
T+A°

[bol < 2«,  Jbi| <

Definition 2 [11, Definition 3] A function f(z) € Ly given by (1) is said to
be in the class g« (A, B), if the following conditions are satisfied:

z[f'(z)]*
Re ( (z)

>>[3 0<B<I,A>1, z€A)

and

Re(WbTWHA

)>r3 0<B<T, A>1, weA),
g(w)

where the function g is the inverse of f given by (3).
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Theorem 2 [11, Theorem 3.1] Let f(z) given by (1) be in the class Zp~(A, B).
Then

2(1 —B)\V/4B%2 -8B +5

<2(1-— <
bol <201—B),  foi| < .

The following subclass of the meromorphic bi-univalent functions was inves-
tigated by Hai-Gen Xiao and Qing-Hua Xu [12].

Definition 3 [12, Definition 3] A function f(z) € Ly given by (1) is said to
be in the class Ly, o), if the following conditions are satisfied:

arg{(] —H)Zf/(z) +u(1+2f”(z))}‘ <X O<a<1, peR, z€A)

f(z) f'(z) 2

and

ag{ﬂ—pﬂmww) <L+W9()>H<“” 0<a<1, neR, weA),
g(w) g’'(w) 2

where the function g is the inverse of f given by (3).

Theorem 3 [12, Theorem 1] Let f(z) given by (1) be in the class Lj(u, ),
uGR—{%,]}, Then

ol < 2 oy g YR 2D o

[T—pl T —pliZp — 1]
The object of the present paper is to introduce a new subclass of the function
class Ly and obtain estimates on the initial coeflicients for functions in this new
subclass which improve Theorem 1, Theorem 2 and Theorem 3. Our results
generalize and improve those in related works of several earlier authors.

2 Coefficient bounds for the function class M (7\ )

In this section, we introduce and investigate the general subclass M;‘g(%, n.
Definition 4 Let the functions h,p : A — C be analytic functions and

h1 hy h;

hz) =1+ + 7+ Pr P2 P

St P =1+ S S
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such that
min{Re(h(z)), Re(p(z))} >0, z€A.

A function f € Ly given by (1) is said to be in the class Mgg’(%, u A>1,
w € R), if the following conditions are satisfied:

/ " A
(1—H)W+u<1+7‘f (7‘)) ch(A) A>1, ueR, zeA) (4)

f(z) /(z)
and
w(g’(w)* wg” (w)\*
(-0 (1425 ) epia) (21, wer wea), )

where the function g is the inverse of f given by (3).

Remark 1 There are many selections of the functions h(z) and p(z) which
would provide interesting subclasses of the meromorphic function class L. For
example, if we let

1+ 1\° 200 202
h(Z)Zp(Z)=< Z) =1+7(X+Z%+--- O<a<l, zeA),

1
z

it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses of
Definition 4.
If f € MEP(\ ), then

arg {(1 — H)iz(f’(z))?‘ +u <1 + Zf//(z)>>\}
z

and

In this case, the function f is said to be in the class Mgy (A, 1, &) and in
special case A =1, it reduces to Definition 3. We note that, by putting u = 0,
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the class Mg (A, 1, &) reduces to Definition 1, the class Ipy+(«) introduced
and studied by Srivastava et al. [11].

If we let
14 1228
h(z) =p(z) = T_?
:1+2(1—B)+2(1;B)+2(1;B)+_“ 0<p<1,zeA),
z z z

it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses of
Definition 4.
Iff € MEP(A ), then

2(f'(2))) 2f"(2)\
Re{(] _”)f(z)+”<] T > }> B

O<B<T, A>T, pneR, z€ A)

/ " A
Re{(]u)w+u(1+W9 (W)> }>[3

0<B<T, A>T, peR, weA).

1-28 h

It +— and u = 0, the class My

1—

Therefore for h(z) = p(z) =
to Definition 2.

’;(7\, u) reduces

Now, we derive the estimates of the coefficients |bp| and |b1]| for class M}g’; (A, ).

Theorem 4 Let f(z) € Ly given by (1) be in the class Mgg’(%, wA>1 pe
R—{1}, BAp+wn—A)#1). Then

. W2 +[pil2 [Thal + [p2l
<

[ha| + [p2] 1 [h2l?2 + [p2f? n ([ha]? + [p112)? (7)
2BAn 4+ —A—=T1 BAp+p—A—1 2 4(1 — )2 ’

and

[b1] < min{
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Proof. First of all, we write the argument inequalities in (4) and (5) in their
equivalent forms as follows:

/ A " A
1-wH w1+ 2) i) eea (5)
and
w(g'(w))* wg"(w)\" _
(-0 (1425 ) —pw) weal )

respectively, where functions h(z) and p(w) satisfy the conditions of Defini-
tion 4.
Furtheremore, the functions h(z) and p(w) have the forms:

h h h
hz) =T+ "+ 2+ 2+
z 22z
and
P1 P2  P3
-
plw) Tttt

respectively. Now, upon equating the coefficients of

z(f'(2)) zf(z)\*
(-~ +u(1 + >

(10)
(1—wbo | (1—wbj+ (BAu+p—A—1)by
=1- + 3 +
z z
with those of h(z) and coefficients of
/ A " A
1M (el
g(w) g’(w) (11)
1—uwb 1 —u)b% — (3A —A—1)b
I Ut DL u)o(u;ru Jor
w w
with those of p(w), we get
—(T—w)bo = hy, (12)
(1— b+ BAp+p—A—T1)b; = hy, (13)

(T—w)bo =ps (14)
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and
(1—wbg— (BAu+p—A—T1)by =p; (15)
From (12) and (14), we get
hi =—p1 (bo = —]}ju)
and
2(1 — w)*bg = hi + pi. (16)
Adding (13) and (15), we get
2(1 — wb§ = hy + pa. (17)
Therefore, we find from the equations (16) and (17) that
mﬁsﬁﬁfﬁf,
and
[ha| + [p2
bof’ < S p
respectively. So we get the desired estimate on the coefficient |bg| as asserted
in (6).

Next, in order to find the bound on the coefficient |b|, we subtract (15)
from (13). We thus get

2B \p+pu—A—1)by =hy —pa. (18)

By squaring and adding (13) and (15), using (16) in the computation leads to
1 (hi +p})?

bT = h+ps— S 1. 19

‘ ﬂ%u+u—x—n2(2+p2 20— )2 19)

Therefore, we find from the equations (18) and (19) that

by < [ha| + Ipal
U= 23+ —A—1]

and

bl < 1 %mﬁ+mm (Jhal2 + Ipy 2)2

BAL LA —T] 2 -2
This evidently completes the proof of Theorem 4. U
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3 Corollaries and consequences

By setting
14 1228 20—B) 2(1—pB)

hz)=p(z) = —= =1+ +E L (0SB <, zeA)
1—2 z z

and w =0 in Theorem 4, we conclude the following result.

Corollary 1 Let the function f(z) given by (1) be in the class Zp«(A, B), (0 <
B<1,A>1). Then

V20 =8); B
2(1—B); B

<

Nj—=

[bo| <

\%
NoI—

and

b <min{2“ —B) 20 —wm} _21-p)

T4+A° 1+A 1+A

Remark 2 The bounds on |bo| and |bq| given in Corollary 1 are better than
those given in Theorem 2.

By setting A = 1 in Corollary 1, we conclude the following result.

Corollary 2 Let the function f(z) given by (1) be in the class ZH(B) (0 <

B <1). Then
V20=B); B<3
2(1—-B); B>3

[bo| <

and
by <min{l — B, (1 —B)\/1+4(1—p)?}=1-B.

Remark 3 The bounds on |by| and |by| given in Corollary 2 are better than
those given by Halim et al. [3, Theorem 1].

By setting

1+ 1

1
z
1
z

h(z) =p(z) = (1 —

X
) O<a<l, zeA),

in Theorem 4, we conclude the following result.
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Corollary 3 Let the function f(z) given by (1) be in the class Mgy (A, u, o)
O<a<Iy, A>1, peR—{1} BAn+u—A)#1). Then

2 .
VAL MT—pl <2
[bol <
= -l >2
and
[b1] < min 20 20 1+L
= BAL+R—A— 1] BAn+p—A—T] (1—p)?
B 20
CPBALFp—A—1]

By setting i = 0 in Corollary 3, we conclude the following result.

Corollary 4 Let the function f(z) given by (1) be in the class Zp+(x) (0 <
o<1, A>1). Then

Ibo| < V2a

and

20
bq| < .
b= 5

Remark 4 The bounds on |by| and |by| given in Corollary 4 are better than
those given in Theorem 2.

By setting A = 1 in Corollary 3, we conclude the following result.

Corollary 5 Let the function f(z) given by (1) be in the class Zj(u, «) (0 <

a<1, pe R—{},1}). Then
2 .
X/ = T—ul <2

[bo| <
=t 1=l >2
and
2 2_) 2
. o v/ W n+5 , o
[b1] < min , — .
‘ 2 =10 [T — 2 — 1] 2p—1]
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Remark 5 The bounds on |bo| and |by| given in Corollary 5 are better than
those given in Theorem 3.

By setting i = 0 in Corollary 5, we conclude the following result.

Corollary 6 Let the function f(z) given by (1) be in the class i*%(oc) (0 <
o < 1). Then

bl < V2a  and  [by] < min {ocz, \/508} — ol

Remark 6 The bounds on |by| and |by| given in Corollary 6 are better than
those given by Halim et al. [3, Theorem 2].
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