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New aspects in polygroup theory

Andromeda Cristina Sonea

Abstract

The aim of this paper is to compute the commutativity degree in
polygroup’s theory, more exactly for the polygroup Pc and for exten-
sion of polygroups by polygroups, obtaining boundaries for them. Also,
we have analyzed the nilpotencitiy of A[B], meaning the extension of
polygroups A and B.

1 Introduction

The polygroups theory represents a particular class from the hypergroup the-
ory. This theory is detailed in the book of Davvaz, ”Polygroup Theory and
Related Systems” see [4]. We choose this class because it is similar to group
theory and we founded a few similarities but and differences between these
two theories.

Definition 1. A polygroup is a system o =< P,-,e,”' >, where e € P, ~! is
a unitary operation on P and” -7 : P x P — P*(P) . In the following, the
next axioms hold for all x, y, z € P :

) (@-y)-z=2-(y-2);
i) ecx=x-e=u;

iii) v €y-z, impliesy€x-2"1 and 2 €y~ - .
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Also, from the above axioms, it is obtaine:

€ x~x710x71'm;671:6,

@) = ey =y e

2 Commutativity degree in polygroup theory

The aim of this section is to compute the commutativity degree for polygroup
Pg and to find a connection between the results from group theory and from
polygroup theory. This notion, was studied by Azam Hokmabadi, Fahimeh
Mohammadzadeh and Elaheh Mohammadzade, see [7] presented in the 6"
International Group Theory Conference, 2014. In this paper, the definition of
commutativity degree has a similar form, but we don’t using the heart of a

polygroup.

Definition 2. Let < P,-,e,”' > be a polygroup. The commutativity degree of
polygroup P, notice by d(P) has the next form:

~ {(a,b) e P2la-b=1b-a}]
d(P) = e .
Remark 3. The set {(a,b) € P?| a-b=10b-a} is notice by c(P).

Example 4. Let P = {e,a,b,c} and let < P,-,e,”* > be a non-commutative
polygroup, where ” -7 is define thus

el a b | c
elela b | c
alala P|c
b|b|{eab}|b | {bec}
c|c|{ac}t c | P

In this case, the commutativity degree of polygroup P, is

10 5

d(P) = 1¢ = =

Proposition 5. Let < Pp,-,e1,” ' > and < Py, *,e3,”' > be two polygroups.
Py x Py equipped with the usual direct hyperproduct

”o”:(P1><P2)><(P1><P2)—>P1><P2,

(w1,y1) 0 (w2,2) = {(%,y) | * € w1 - w2, Yy €Y1 * Y2}

becomes a polygroup.
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Proposition 6. Let < Pp,-,e1,” > and < Py, *,e2,” ' > be two polygroups.
The next relation holds

d(P1 X PQ) = d(Pl)d(PQ)
Proof. The amount

{ (z1,51) X (x2,92) € (P x P2)°| (w1,51) © (w2, ¥2) = (w2,92) 0 (x1,31) }|.

|P1 X P2|2
(1)
represents the commutativity degree of P; x P,. So, the expression
(@1, 91) © (w2,y2) = (22, y2) © (z1,41) (2)

is equivalent with

{(z,y) € PixPlreas -2o=22-T1,y EY1*Y2 =Y2*Y1}
= {zeP|rcx) - zo=a2 1H{yYEP|yE Y1 xy2 =y2 * Y1}
= C(Pl)C(PQ).

Pyx Py ={(z,y) |z € P,y € P} ={x,2 € Pi}{y.y € P},

follows that
‘Pl X P2| = |P1HP2|

Therefore,
(P x Po) | [e(Pr) [le(P) ]
d(Py x Pp) = =
( 1 X 2) |P1 X P2|2 |P1 X P2|2
In conclusion,
c(Pr) | |e(P2) |
d(Py x Pp) = =d(P,)d(P:
( 1 X 2) |P1|2 |P2‘2 ( 1) ( 2)7
O
Example 7. Let sets P, = {0,1}, P» = {e,a,b,c} and let < Py,-,e,”1>,
< Py, %€/, 71> be two polygroups, where” -7 si” %7 are define thus:
- 101
0(0|1
1111]0
and
x| e|a b c
elela b c
alala Py | c
b|b| {eab}|b | {bc}
c|c|{act P,




Commutativity degree in polygroup theory

244

We notice

ponent j from P,. The product polygroup Py X Py has the next form.

and

J

[6'N]

K2

= (3317%) 7i € {172}7 .] € {1’2a3}a

where x; and y;, represents of component ¢ from P, and y; represents of com-

o o& a% 04:13 0/1l
T T 2 3 1
ap | o | O ag Qg
2
2 2 2 aq, 4
of | af | of { i1 } o]
b
7
a3 | a3 ag, a3 {a3 a4}
1 1 i = 173 1 11
3
4 4 2 4 4 Qaq,
ai | a7 | {af,ai} Qg { i=1.4 }
et
I ol [a2 3 ol
al
2 2 2 25 4
Qg | gy | Q3 { i=1.4 } Qg
It ]
3
3 Qg, 3 3 4
« « L « a5, o
2 2 { Z:].,:)) } 2 { 2 .2
1
4 2 4 4 g,
ay | a3 | {a3, a3} ) { i=1.4 }
bl
o a% a% ag’ 0/21
aj | oy a3 a3 a5
at | a2 a3 {oﬁg, i:1,4} as
3 3 T 3 3
oy | ag {042&—1,3} o5 {a3, a5}
1 i 2 7 1 i
ay | & {as, a3 Qs {oz2, zf1,4}
ay | g af _of aj
a3 | of af {aﬁ, 2:1,4} af
3 3 T 7. 3 3
oz?l oz}1 {al,szi,S} oz}1 {_ozl,ocl}
P
oy | o {af, 07} o {Ofp 1—174}
The commutativity degree is
40 5

Let (G,-) be a group and Pg = GU {a}, where a ¢ G. Tt is define on Pg,
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the hyperoperation ” o” as follows
(1) aoa=e;
(2) eorx=zxoe=uz,Vr € Pg;
(3) aox=rxoa=uxVYxr € Pg\{e, a};
(4) : zoy=az-yV(r,y) €G® y#al
(

5 : zox t={ea}, Vz € Pg\{e,a}.
Proposition 8. If G is a group, then < Pg,0,e,”! > is a polygroup.

Corolar 9. Let (G,-) be a group. The polygroup Pg is nilpotent, if and only
if G is a nilpotent group.

Proposition 10. If (G,-) is a finit group, with |G| = n, n € N*, then
~ n?d(G)+2n+1

d(Pg 3
(Pa) (17 (3)
Proof. We define, the commutativity degree of polygroup Pg as follows
x,y) € P2l zoy=youx
| Pel
Let
A = {(zy) eG y#a}, A ={(z,y) G y=a"1},
AS = {(a'7y)7 yEG}, A4:{<."I),G,)7 .’EEG, y:a}7 A5:{<aaa)}'
We observe that
PGXPG:AlUAQUA3UA4UA5, (5)
with
AiNA;j =2, Vi#j (6)

According to (5) and (6), the above expression, could be written thus

5
{(z,y) € Plaoy=yoa}| = Y |{(z.y) € Al zoy=yoxl

1
= n2d(G)+n+n+1=n%dG)+2n+1.

So,

n2d(G) +2n+1

4(Pe) = (n+ 1)2
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Example 11. If G = D3, then P = GUa, a ¢ Ds. The commulativity degree
of G, is d(G) = 1.

o e P p° o po p’o a

e e 0 0° o po o a

p 1o |7 {e,a} | po p’o o P
P> | | {ea}|p pPo | o po P
o o o po {e,a} | p? P o
po | po | o p’o | p {e,a} | p? p
p’o | pPo | ps  |o P’ p {e,a} | pPo
a a I 0° o po p’o e

2 1
ap) = 3L — 62 5+2:6+1

49 72

Remark 12. 1. d(Pg) > d(G), for all group G;

2. If G is an abelian group, then Pg is a commutative polygroup.

3. According to the above example, it is observed that there is a mon com-
mutative polygroup Pg with commutativity degree more than %, what in group
theory does not happend.

In what follows, we determine a bounded for polygroup Pg, which depends
to d(G) .

Proposition 13. If G is a group with |G| = n, then

d(G) +3

d(G) < d(Pg) < 1

Proof. Let G be a group, with |G| = n. The first inequality is obvious, from
Remark 12 and for second inequality, we make some elementary calculus and

we obtain
(d(G) —1)(3n* —2n — 1) < 0,¥Yn > 1.
It is true, because d(G) € (0,1] and 3n?> —2n—1=(n—1)(3n+1) > 0,Vn >
1. O
Proposition 14. Pg is a commutative polygroup if and only if d(Pg) > %.
Proof. If Pg is commutative polygroup, follows that d(Pg) =1 > %.
Inverse, if d(Pg) > 22, then
n?d(G) +2n+1 29 .
———————— >, equivalent
(n+1) 32
n?(32d(G) —29) +6n+3 > 0, foralln>2.



Extension of polygroups by polygroups 247

If G is abelian group, then d(G) = 1 and inequality is true.
If G is a non abelian group, then d(G) < %, SO

n?(32d(G) — 29) +6n +3 < —9n* + 6n +3 < 0, for all n > 2.

In this situation, the inequality doesn’t holds.

In conclusion, Pg is a commutative polygroup if and ounly if d(Pg) >
29 O
32°

3 Extension of polygroups by polygroups

The purpose of this section is to determine the commutativity degree of ex-
tension polygroups by polygroups and to find a connection with the commu-
tativity degrees of the two polygroups which form the extension. Let A = <
A e, '>and B = < B,-,e,”! > be two polygroups whose elements have
been renamed so that incdt AN B = {e}. A new system A[B] called the
extension of A by B is formed in the following way:

A[B] = < M, x,e, >,
where
M=AUB,el =e,al =o' exz=axxe=ux, forall z € M;

and for all z, y € M\{e}.

Ty ifz,ye A
x ifreB, ye A
Txy=+< vy iftreA yeB (7)
Ty ifr,ye B, y#az!
r-yUA ifr,ye B, y=xa""!

In this case, A[B] is a polygroup which is called the extension of A by B.
We consider A = {e,a1,a2,...,an,-1} st B = {e,b1,ba, ..., b;m_1}, where n,
m € N*. We can represent the operation ” x” through next table:

* e a1 An_1 by b; bm—1

e e ay Ap_1 by b; bm—1

aj ay ajay a1Qp—1 b1 b1 brnfl
An—1 An—1 an—10a1 An—1an—1 by bi bin—1

by by by by b1by bib; UA b1bm—1

b; b; b; b; b0y UA b;b; bibm—1
bm—1  bm-1 bm—1 bm—1 b —1b1 bm—1b; o | bm—1bm—1
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Without loss generality, we suppose that b; = bfl. For each element b;, it
is exists unique by, such that b; = b;l with i, j, k€ 1,m — 1.
The commutativity degree of polygroup A[B] it is define thus:

|{(m,y) € M?| x*y:y*xH

Bl) = . 8
d(A[B]) P ®)
Proposition 15. If A= < A,-,e,”'> and B = < B,-,e,”' > are two finite
polygroups, where A = {e,a1,a2,...,an_1} $i B = {e,b1,ba,...,0m_1}, with n,

m € N*, then the commutativity degree of polygroup A[B], is

n?d(A) + m2d(B)+2(n—1)(m—1) -1
sz A B £ 20 1) o1 1 o)
(n+m-—1)

Proof. Let sets

A = {@y) e Alexy=yxa)
Ay = {(zy) € B axy=yxa};
As = {(z,y) € AxBlzxy=yx*zx, x,y#e};
Ay = {(my) EBxAlzxy=yx*z,xz,y#*e }.

It is easy to observe that

Ai1NAy = {(ee)},
0

ANA; = 0,V (4,5) #(1,2),4,j=1,4
and
4
{(z,y) € M*| mxy =yxa} = A
i=1

In conclusion,

n?d(A) + m?d(B) +2(n—1)(m—1) -1

AAB]) = . (10)

O

Example 16. Let Py = < Pp,-,e,”' > and Py = < Py, -,e,” ' > be two poly-
groups, where Py = {e,a,b,c} and P, = {e,a’,b'} thus :

e a b c . e a’ b/
e e a b ¢ e e a’ v
Pi:a a a P ¢ i Pa / N
! a a e, b a, b
b b {e,a,b} b {b,c} Y {{a' b/}} {{e a/}}
c c {a’ C} c Pl ’ 5
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The extension of polygroup P; by polygroup Po, P1[P] = < M, x,e,! > it
is represents as follows

x e a b a b

e e a b a v

a a a P c a’ v

b b {e,ab} b {bc} a v

¢c ¢ Aac} c P a b

a d a a a’ {e,0'}U P, {a’, b}
A A S A (@ v} e d}uP

For n =4, m =3, d(P1) = 2, d(P2) = 1 it is obatined:

AP [Pa]) = 42.5 43 .(Ziz(zi_l)?@_mq _ %

We notice that % > g, so the result from group theory dosen’t holds in poly-
group theory.

Remark 17. If A §i B are two commutative polygroups, then d(A) =d(B) =1
and
P4 mi42(n—-1)(m—-1)—-1

. 1.
(n+m-—1)

d(A[B])

So, A[B] it is a commutative polygroup.

Remark 18. The polygroup P = G U {a}, a ¢ G, could be written as a
extension of polygroup A =<G,-,e,”' > by polygroup B =<B,-,e,”' >, where
< le a
B={e,a},a¢ G and” -7 from B has the form: | e | e a | Applying
a|al {ea}

the formula (9) for d(A) =d(G), m =2 and d(B) =1, we obtain

n?d(G)+22+2(n—1)—1 n?d(G)+2n+1

d(A[B]) = nt2-1) (n+1)° d(Pg).
Remark 19.
fi A+ mAAB) 42— D=1 =1
n—soo (n+m—1)
iy TPHA) +mPd(B) + 2 (n _21) )]
m—oo (n+m—1)

We determine a boundaries for the extension A[B], in the following.
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oy . 14+max{d(A),d(B
Proposition 20. min{d(A),d(B)} < d(A[B]) gw_

}
Proof. Let us suppose that d(A) < d(B). The other case is treated in a similar
way.
n2d(A) +m2d(A)+2(n—-1)(m—1) -1

AL 2 (n+m—1)

Equivalent with
(1—-d(A)(2nm+2n+2m+1) > 0.

Which is true, because d(A) € (0, 1].
The next inequality becomes

d(B)(n? +m?)+2(n—1)(m—1) -1

(n—|—m—1)2 2

AAB]) < S
_ (@ em)@®) -1
(n+m—1)> .
But,
(n® +m?) (d(B) - 1) 1+ d(B)
(n+m—1)> s 2
(d(B) — 1) <”2+mz _ 1) 0,

which is true. In conclusion,

_ 1+ max{d(A), d(B)}

min{d(A),d(B)} < d(A[B]) < 2

4 On nilpotencity of A[B|

In this section, we propose to prove that if A and B are two nilpotent poly-
groups, then the extension of polygropus by polygroups, A[B] is also a nilpo-
tent polygroup. To prove this, we need some notions which appears in the
book of B. Davvaz, [4].

Definition 21. A polygroup < P,-,e,,” ' > is said to be nilpotent, if l,, (P) C
wp or equivalent l,, (P)-wp = wp, for some integer n, where ly (P)-wp = wp
and

lks1 (P)=<{hePlxz-yNh-y-z#a, such that x € I, (P) andy € P} > .
(11)
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The smallest integer ¢ such thatl. (P)-wp = wp is called the nilpotencity class
or for simplicity the class of P.

Notice that P = o (P) 2 I1 (P) 2 I (P) 2 ...that is {lx (P)}x>0 is a
decreasing sequence which we call it generalized descending central series.

Forwards, we find a connection between the heart of polygroups A , B and
A[B].

Proposition 22. Let A[B] =< M, x, e, > be the extension of polygroups A
by B , where M = AU B, AN B = {e} . The next relation, hold on

wa Uws QLUA[B]. (12)

Proof. Note that the neutral element e, is the same in all polygroups, A, B
and A[B].

Let be x € wy, follows that z8%e, so thereisn € N, a1, aq,...,a, € A such
that

{z,e} C Hai. (13)

Using the relation (7), it is observe that x xy = - y, for all z, y € A. So,
the relation (12) could be written thus:

There is n € N | ay,a9,...,a, € A[B], such that {x,e} C a; *xas * ... x a,,
which implies x € w4 5]

Now, if x € ws, follows that zS8*e, so there is m € N, by,bs,...,0,, € B
such that

{z,e} C Hbi C by * by * ... % by, (14)
i=1

if and only if b; # bj_l, Vi, j € 1,n, so follows that x € wyg). If exists 7, j such
n
that b; = b;l, 1:[11)1- Cby-by-.(bi-bjUA)-... by, s0 x € wypn]. In conclusion

waUws Cwars)- O]

Proposition 23. Let A=< A,-,e,"' >, B =< B,-,e,”' > be two polygroup.
If A[B] =< M, *,e,! > is the estension of polygroups A by B , where M =
AUB, AN B = {e} , then

U (A[B]) = 1 (A) Ul (B). (15)
Proof. We do the proof

Ik (A) Ul (B) C i (A[B])
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by induction on k. For k=0, AU B C AU B, it is true. Now, suppose that
a € lp11 (A), so exists x € Iy, (A), y € A, such that
z-yNa-y-z #0.
Using the hypothesis induction, follows that = € I (A[B]).
So,a € ACAUB, z €l (A[B]), y € AU B and
xxyNaxy*x £ 0.

In conclusion, a € lgy1 (A[B]). If, a € lp+1(B), exists x € I (B), y € B, such
that z-yNa-y-x # (. In a similar way, using the hypothesis induction, follows
that « € Iy, (A[B]). So, we have two cases:

If, y 2 = ! and y # !, the condition z-yNa-y -z # 0 becomes

zryNaxy*z £,

where z € Iy, (A[B]), e € AUB, y € AU B, follows that a € l11 (A[B]).
fy=aoland y #a™ !, zxyNax*xyx*x # 0 is equivalent with

(x-yUA)ﬂ(céJca-c> #0,

where C' =y -2 UA, because - yNa-y-x # 0. So, a € ly41 (A[B]). The
other cases are treated in a similar way.
Now, like above, using the induction method, we do the proof

Uk (A[B]) C Ui (A) ULk (B).
For k=0, AUB C AUB. If a € lj41 (A[B]), then a € AU B and exists
x €l (A[B]), y € AU B such that
xxyNaxy*xxz #(. (16)

Using the hypothesis induction, follows that x € I (A) or x € I}, (B).

If a € A, we choose z € i, (A) and y € A such that the condition (15)
becomes x -y Na-y-x # 0, results a € lp41 (A).

If a € B we choose x € I (B) and y € B, such that the condition (15)
becomes

z-yNa-y-z#0, y#atFa!
(x-yuUA)N (Cgca-c # 0, y=a"1 7 (17)
a:'yﬂ(ngd-x)#@, y=a"!

where D = a -y U A. From the relations given by (17), it is obtained that
z-yNa-y-x#0. O
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Proposition 24. If A and B are nilpotent polygroups, then the extension of
polygroups, A[B] is also a nilpotent polygroup.

Proof. A is a nilpotent polygroups, so there exists k1 € N* such that lx, (A)
wa. B is a nilpotent polygroups, so there exists ko € N* such that I, (B)
Wa.

c
-

Ui, ( ) U lk, ('B) CwagUwg C WA[B] (18)

Let k = max(k1, ko) and {lx (P)}r>o0 is a decreasing sequence. We have
Ik (A) Cli, (A) and I (B) C I, (B). Using the Proposition 23, follows that

lk (A[g]) Q wA[B].

So, A[B] is a nilpotent polygroup. O
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