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CUBIC INTUITIONISTIC STRUCTURES
APPLIED TO IDEALS OF BCI-ALGEBRAS

Tapan Senapati*, Young Bae Jun, G. Muhiuddin, K. P. Shum

Abstract

In this paper, the notion of closed cubic intuitionistic ideals, cubic
intuitionistic p-ideals and cubic intuitionistic a-ideals in BCI-algebras
are introduced, and several related properties are investigated. Relations
between cubic intuitionistic subalgebras, closed cubic intuitionistic ide-
als, cubic intuitionistic ¢-ideals, cubic intuitionistic p-ideals and cubic
intuitionistic a-ideals are discussed. Conditions for a cubic intuitionistic
ideal to be a cubic intuitionistic p-ideal are provided. Characterizations
of a cubic intuitionistic a-ideal are considered. The cubic intuitionistic
extension property for a cubic intuitionistic a-ideal is established.

1 Introduction

In 2012, Y.B. Jun et al. [1] introduced cubic sets, and then this notion is
applied to several algebraic structures (see [2, 3, 4, 5, 7, 8, 10, 11, 12, 13]).
In 2017, extending the concept of a cubic set, Y.B. Jun [6] introduced the
notion of a cubic intuitionistic set. He introduced the notions of (left, right)
internal cubic intuitionistic set, double left (right) internal cubic intuitionistic
set, cross left (right) internal cubic intuitionistic set and (cross) external cubic
intuitionistic set, and investigate related properties. He applied this theory
to subalgebras and ideals in a BC'K/BCI-algebra and obtained some useful
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results. T. Senapati et al. [14] applied the notion of cubic intuitionistic set to
g-ideals of a BC'I-algebra, and provided relations between a cubic intuitionistic
ideal, a cubic intuitionistic subalgebra and a cubic intuitionistic g-ideal.

This paper is a continuation of the paper [6] and [14]. The organization
of our work is as follows. In Section 2, we cover some relevant preliminar-
ies related to BCK/BCI-algebras and cubic intuitionistic sets. In Section 3,
we introduce the notions of closed cubic intuitionistic ideals. We prove that
every closed cubic intuitionistic ideal is a cubic intuitionistic subalgebra. Sec-
tion 4, we first introduce the notion of cubic intuitionistic p-ideals and discuss
their properties in details. Section 5 contains definition and results of cubic
intuitionistic a-ideals. We discuss the relationship between a cubic intuition-
istic ¢g-ideal, cubic intuitionistic p-ideal, and a cubic intuitionistic a-ideal, and
provide conditions for a cubic intuitionistic ideal to be a cubic intuitionistic
a-ideal. We establish characterizations of a cubic intuitionistic a-ideal, and
consider the cubic intuitionistic extension property for a cubic intuitionistic
a-ideal. In Section 6, the conclusion and scope for future research are outlined
and discussed.

2 Preliminaries

We assume that the reader is familiar with the classical results BCK/BC1I-
algebras, but to make this work more self-contained, we introduce basic nota-
tions used in the text and we briefly mention some of the concepts and results
employed in the rest of the work.

By a BCI-algebra we mean an algebra X with a constant 0 and a binary

Wy

operation “x” satisfying the following axioms for all z,y,z € X:
() ((@xy)*(z*z))x(zxy) =0
(D) (z*(zxy))*xy=0
(III) zxx=0
(IV) xxy=0and y*z =0 imply z = y.

We can define a partial ordering “<” by x < y if and only if z *y = 0.

If a BCI-algebra X satisfies 0 x z = 0, for all x € X, then we say that X
is a BCK-algebra. Any BCK/BCI-algebra X satisfies the following axioms
for all x,y,z € X:

(al) (*xy)x2z=(v*x2)*y

(a2) ((wx2)*(y*z))*(xxy)=0

(a3) xx0==x

(ad) zxy=0= (x*x2)*x(yx2)=0,(z*xy) x (zxx) =0.
A BClI-algebra X is to be a weakly BC' K-algebra if 0 x 2 < x for all x € X.
A BClI-algebra X is called p-semisimple if its BC' K-part is equal to {0}. In a
p-semisimple BC'I-algebra, the following conditions are valid for all x,y, € X:
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(ab) Ox(z*xy)=yxx
(ab) zx* (z*xy) =y.
Throughout this paper, X always means a BCK/BCI-algebra without any
specification.
A non-empty subset S of X is called a subalgebra of X if x xy € S for any
x,y € S. A non-empty subset I of X is called an ideal of X if it satisfies
(I) 0 € I and
(I) xxyelandy eI imply z € I.
A non-empty subset I of X is said to be an g¢-ideal [4] of X if it satisfies (I7)
and (Is) x*(y+2z) € T and y € I imply x xz € I, for all z,y,2z € X.
A non-empty subset I of X is called an a-ideal [4] of X if it satisfies (I1) and
(Iy) (xxz)x(0*xy) € [ and z € I imply yxx € I, for all z,y,2 € X.
Given two closed subintervals Dy = [Dy, D] and Dy = [D;, D5] of [0, 1],
we define the order “ <" and “>>” as follows:

Dy < Dy < Dy < D and DI < Df
Dy > Dy < Dy > D, and Df > D3

We also define the refined maximum (briefly, rmax) and refined minimum
(briefly, rmin) as

rmax{ D1, Dy} = [max{D;, D; }, max{D{", DJ }]
rmin{ Dy, Dy} = [min{ D7, D; }, min{ D}, D }].

Denote by D[0, 1] the set of all closed subintervals of [0,1]. In this paper we
use the interval-valued intuitionistic fuzzy set

A={{x,Ma(z),Na(x)) :z € X}

in which M4(z) and N(z) are closed subintervals of [0,1] for all z € X.
Also, we use the notations M (r) and M} (x) to mean the left end point
and the right end point of the interval M4 (x), respectively, and so we have
Ma(z) = [My (z), M} (x)]. For the sake of simplicity, we shall use the symbol
A(z) = (Ma(x), Na(x)) or A= (Ma, N,) for the interval-valued intuitionistic
fuzzy set A = {{x, Ma(x),Na(z)): 2 € X}.

Jun [6] defined the cubic intuitionistic set in the following way:

Definition 2.1. [6] Let X be a nonempty set. By a cubic intuitionistic set
in X we mean a structure A = {(x, A(z),\(z)) : = € X} in which A is an
interval-valued intuitionistic fuzzy set in X and A is an intuitionistic fuzzy set
in X. B

A cubic intuitionistic set A = {(x, A(z), \(z)) : * € X} is simply denoted
by A= (A,N).
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3 Closed cubic intuitionistic ideals

In this section, we define closed cubic intuitionistic ideals of BCI-algebras
and present some important properties. In what follows, we simply use X to
denote a BC'I-algebra unless otherwise specified.

Definition 3.1. [6] A cubic intuitionistic set A = (4,)) in X is called a
cubic intuitionistic subalgebra of X over the binary operator * if it satisfies
the following conditions for all z,y € X

(a)  Ma(z*y) > rmin{Ma(x), Ma(y)}
b)  Na(z*y) <rmax{Na(z), Na(y)}
)  palwxy) < max{ux(z), pa(y)}
d)  walzxy) = min{vz(z),va(y)}-

Definition 3.2. [6] A cubic intuitionistic set A = (A, \) in X is called a cubic
intuitionistic ideal of X if it satisfies the following conditions for all z,y € X:
(a) M4(0) > Ma(x) and N4(0) < Na(z)
(b)  pa(0) < palz) and vx(0) = va(z)
(c) Ma(z) > rmin{Ma(z *y), Ma(y)}
(d) Ny(x) < rmax{Na(z*y), Na(y)}
() pa(e) < maxfun(z * ), pa (1)}
() va(z) > min{vy(z * y), vA(y)}

Definition 3.3. A cubic intuitionistic ideal A = (A, \) of X is said to be
closed if it satisfies M4 (0xx) > Ma(x), Na(0xx) < Na(z), pr(0xx) < pa(x)
and vx(0x x) > vy(z), for allz € X.

Example 3.4. Let X={0,a,b,c} be a BCI-algebra with the following Cayley
table:

* 0 a b c
010 0 0 c
a | a 0 0 c
b b b 0 c
c c c c 0

Define a cubic intuitionistic set A = (A, \) in X as follows:

X A= (Ma,Na) | A= (r,v2)
0 | {[05,0.6],[0.1,0.3]) | (0.2,0.8)
a | ([0.3,04],]0.3,0.6]) | (0.4,0.5)
b | ([0.3,0.4],[0.3,0.6]) | (0.4,0.5)
¢ | ([0.3,04],[0.3,0.6]) | (0.4,0.5)

It is easy to verify that A = (A, M) is a closed cubic intuitionistic ideal of X.
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Theorem 3.5. Fvery closed cubic intuitionistic ideal of X is a cubic intu-
itionistic subalgebra of X.

Proof. Let A = (A, ) be a closed cubic intuitionistic ideal of a BCI-algebra
X. Then MA(0*x) > Ma(x), Na(0* ) < Na(x), ur(0* z) < py(z) and
vA(0 % x) > vy(x), for all z € X. Tt follows from Definition 3.2 and (al) that

My(xxy) > rmin{Ma((z *y) *z), Ma(z)}

= mmin{Ma(0xy), Ma(z)} > rmin{Ma(z), Ma(y)},
Na(zxy) < mmax{Na((z*y)*z), Na(z)}

= mmax{Na(0*y), Na(z)} < rmax{Na(z), Na(y)},

pa(@xy) < max{pr((z*y)* ), ux(2)}
max{p (0 y), pr(2)} < max{px(2), px(y)},

valzxy) > min{vy((z*xy)*xx),va(z)}
= min{vx(0xy),va(z)} = min{wa(z), va(y)},
for all x,y € X. Hence A is a cubic intuitionistic subalgebra of X. O

Theorem 3.6. In a weakly BCK -algebra, every cubic intuitionistic ideal is
closed.

Proof. Let A= (A, \) be a cubic intuitionistic ideal of a weakly BC K-algebra
X. For any z € X, we get Ma(0*x) > rmin{Ma((0 * z) x x), Ma(x)} =
rmin{ M, (0), Ma(x)} = Ma(z), Na(0xz) < rmax{Na((0xz)*x), Na(z)} =
rmasx{N(0), Na(z)} = Na(a), pa(0 ) < max{yun((0 * 7) * 2), pa () }
max{yix(0), fr(2)} = ua (@), and 12 (0 % 2) > min{iy((0 + ) * ), va(e)}
min{v(0), vx(z)} = va(x). Consequently, A = (A, ) is closed.

Corollary 3.7. In a weakly BCK -algebra, every cubic intuitionistic ideal is
a cubic intuitionistic subalgebra.

oo

Theorem 3.8. In a p-semisimple BCI-algebra, every cubic intuitionistic sub-
algebra is a closed cubic intuitionistic ideal.

Proof. Let A= (A, \) be a cubic intuitionistic subalgebra of a p-semisimple
BCT-algebra X. For any x € X, we get M4(0) = Ma(z * ) > rmin{ My (x),
Ma(x)} = Ma(z), Na(0) = Na(z * x) < rmax{Na(z),Na(z)} = Na(z)
12(0) = jia(z * 7) < max{ua(@), pa(2)} = p(x), and wA(0) = vz 7) >
min{vx(z),va(z)} = va(z). Thus M0 * ) > rmin{M4(0), Ma(z)} =
Ma(z), Na(0x2) < rmax{N4(0), Na(z)} = Na(z), ur(0* z) < max{pux(0)
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pa(x)} = pa(x), and vx(0 * ) > min{vy(0),vr(z)} = va(z). Let 2,y € X.
Then

Ma(z) = Ma(y=*(y*z)) > rmin{Ma(y), Ma(y*z)}
rmin{ M (y), Ma(0* (z *xy))} > rmin{Ma(z * y), Ma(y)},

Na(x) = Na(y=(y*z)) <rmax{Na(y), Na(y =)}
= rmax{Na(y), Na(0* (z*y))} < rmax{Na(z *xy), Na(y)},
pa(@) = pa(y = (y = x)) < max{pa(y), pa(y = =)}
= max{pa(y), ux(0 * (z * y))} < max{p(z *y), pa(y)},
va(z) = wa(yx(y=x)) = min{va(y), valy =)}
= min{va(y),va(0* (x xy))} > min{vy(z *xy), va(y)}
Therefore A = (A, A) is a closed cubic intuitionistic ideal of X. O

Let A = (A, \) be a cubic intuitionistic set in a nonempty set X. Given
([s1,t1], [s2,t2]) € D[0,1] x DJ0, 1] and [01, 03] € [0, 1] x [0, 1], we consider the
sets

Malsi,t] = f{x € X|Ma(z)> [s1,1]},
Nylsa,ta] = {x € X|Na(x) < [s2,t2]},
pa(fr) = A{z € X|ua(z) < (61)},
i(0) = {z€Xlm(x) > (02)}

Theorem 3.9. Let A = (A, \) be a cubic intuitionistic ideal of X, then the
sets Mals,t], Nals,t], ux(0) and vx(0) are ideals of X for all [s,t] € D[0,1]
and 0 € [0,1].

Proof. Assume that A = (A, ) is a cubic intuitionistic ideal of X. For any
[s,t] € D[0,1] and 6 € [0,1], let & € X be such that x € Ma[s,t] N Na[s,t] N
px(0) Nva(f). Then My(x) > [s,t], Na(z) < [s,t], pa(x) < 0 and vy(z) > 6.
Now, Ma(0) > Mu(x) > [s,t], Na(0) < Na(z) < [s,t], pa(0) < pr(z) < 6
and v5(0) > va(z) > 0. Thus 0 € Mals,t] N Na[s,t] N pr(6) Nva(6). Now,
letting z x y, y € Mal[s,t] N Nals,t] N pa(6) Nva(6). This implies that

Ma(z) > rmmin{My(z*y), Ma(y)} > rmin{[s, ], [s,t]} = [s, ],
Na(z) < tmax{Na(z*y), Na(y)} < rmax{[s,t],[s,t]} = [s, 1],
pa(@) < max{pa(z*y),a(y)} < max(s,0) =0,
va(z) > min{vy(zxy),va(y)} > min{d, 0} = 6.

Therefore, x € Mals,t] N Nals,t] N pr(6) Nva(8). Hence Mals,t], Nals,t],
e (0) and vy (0) are ideals of X. O



CUBIC INTUITIONISTIC STRUCTURES APPLIED TO IDEALS OF
BCI-ALGEBRAS 219

Theorem 3.10. Let A = (A, \) be a cubic intuitionistic set in X such that
the non-empty sets Ma[s1,t1], Na[sa,t2], ux(01) and vx(02) are ideals of X
for all ([s1,t1], [s2,t2]) € D[0,1] x D[0,1] and (01,02) € [0,1] x [0,1]. Then
A= (A, ) is a cubic intuitionistic ideal of X .

Proof. Suppose that for every ([s1,t1], [s2,t2]) € D[0,1]x D[0,1] and (64, 62) €
[0,1] x [0,1], Ma[s1,t1], Na[sz2,ta], pa(61) and vx(62) are non-empty ideals of
X. Assume that M4(0) < Ma(p ) that is [M (0), M} (0)] << (M (p), M (p)]
for some p € X. If we take §, = [MX(O) + My (p)], t, = 2[M(0)+ M} (p)],
then M4(0) = [M (0), M7F(0)] < [3p,t,] < [My (p), MX( )] = Ma(p). Hence
0 ¢ Ma[5p,tp]. This is a contradiction, and so M(0) > M (z) for all z € X.
Similarly N4(0) < Na(x), pa(0) < MA( ) and vx(0) > vy(x) for all x € X.

Now, let p, ¢ € X be such that M4(p) < rmin{M4(p*q), Ma(q)}. Suppose
that Ma(p) = [p~,p*], Ma(q) = [¢7,¢"] and Malpxa) =1(p*a)~ (p+ Q).
Assume that 5) = (p~ + min{(p q)*,q*}) to = 1(p* +min{(pxq)*.q¢"}).
Then p~ < 5y < min{(p*q)~,¢~} and p* < 1 << min{(p * ¢)T, ¢}, which
implies that

Ma(p) = [p.p"] < (30, o]
< [min{(p*q)~,q" },min{(pxq)",
= rmin{M4(p*q), Ma(q)}.

+ +}]

Thus p ¢ Ma[30,%o] but p % q, ¢ € Ma[30,%0]. This is a contradiction and
hence M4 satisfies My(x) > rmin{M4(z x y), Ma(y)}, for all z,y,z € X.
Similarly, we can prove that Na(z) < rmax{Na(z *y),Na(y)}, pr(z) <

max{p(z * y), pr(y)} and va(z) > min{va(z * y),va(y)}, for all z,y,z € X.
Therefore, A = (A, \) forms a cubic intuitionistic ideal of X. O

4 Cubic intuitionistic p-ideals

Definition 4.1. A cubic intuitionistic set A = (A, \) in X is called a cubic
intuitionistic p-ideal of X if it satisfies conditions (a) and (b) in Definition 3.2
and for all z,y,z € X:

(a)  Ma(x) > rmin{Ma((z * 2) * (y * 2)), Ma(y)}

(b)  Na(z) <rmax{Na((z *2) * (y % 2)), Na(y)}

() pale) <max{u((z*2) * (y*2)), pa(y)}

(d)  wal@) Z min{wa((z + 2) * (y * 2)), va(y) }-

We now illustrate the above definitions by using the following examples.
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Example 4.2. Let X={0,a,b,c} be a BCI-algebra with the following Cayley
table:

x* |0 a b c
010 a b c
a | a 0 c b
b | b c 0 a
c | c b a 0

Define a cubic intuitionistic set A = (A, \) in X as follows:

X A:<MAaNA> )‘:(/‘MVA)
0 <[0.6,0.8], [0.1,0.2]> (0.3,0.7)
o | (0507 [02.03) | (0406
b | (0.2,0.4],[0.3,0.5)) | (0.6,0.3)
¢ | ([0.2,04],]0.3,0.5]) | (0.6,0.3)

By routine calculation A= (A, ) is a cubic intuitionistic p-ideal of X.

Note that every cubic intuitionistic p-ideal of a BCI-algebra X is a cubic
intuitionistic ideal of X by putting z = 0 in Definition 4.1 and using (a3).
But, the converse is not true as seen in the following example.

Example 4.3. Let X ={0,a,b,c,d} be a BCI-algebra with the following Cay-
ley table:

QU O T O *
QL O T OO
QO o ol
QSO Qo
O QU a0
O U0 oo

Define a cubic intuitionistic set A = (A, \) in X as follows:

X A=<MA,NA> )\Z(p,)\,lj,\)
0 |([0.6,0.7],[0.1,0.2) | (0.1,0.9)
a |([0.4,0.5],(0.2,0.3]) | (0.3,0.6)
b | ([0.2,0.3],[0.4,0.6]) | (0.5,0.4)
¢ |(0.2,0.3],[0.4,0.6]) | (0.5,0.4)
d | ([0.2,0.3],(0.4,0.6]) | (0.5,0.4)

Then A = (A, ) is a cubic intuitionistic ideal of X, but not a cubic intuition-
istic p-ideal of X since M4(a) = [0.4,0.5] < [0.6,0.7] = rmin{M4((a *b) * (0
b)), Ma(0)}, Na(a) =10.2,0.3] > [0.1,0.2] = rmax{N((axb)*(0xb)), N4(0)},
pa(a) = 0.3 £ 0.1 = max{pr((axb) * (0% b)), ur(0)} and vx(a) = 0.6 £ 0.9 =
min{px (@ + b) * (0 +)), 1 (0)}.



CUBIC INTUITIONISTIC STRUCTURES APPLIED TO IDEALS OF
BCI-ALGEBRAS 221

Proposition 4.4. Every cubic intuitionistic p-ideal A= (A, \) of X satisfies
the following inequalities: Ma(z) > Ma(0x (0xx)), Na(z) < Nao(0*(0x2x)),
pux(z) < pa(0* (0% 2)) and va(x) > va(0x (0% x)), for allx € X.

Proof. Tt can be easily obtained by putting z = z and y = 0 in Definition
4.1. O

Proposition 4.5. Every cubic intuitionistic p-ideal A= (A, \) of X satisfies
the following inequalities: Ma(xxy) < Ma((x+2)*(y*z)), Na(z*xy) > Na((x*
2)x(y*2)), pa(zxy) > pa((z*x2)x (y*2)) and vy(zxy) < vr((zx2)* (y*2)),
forall x,y,z € X.

Proof. Let A = (A, \) be a cubic intuitionistic p-ideal of X. Note that (% z)*
(yxz) <zxy, ie, (xx2)*(y*2))*(zxy) =0, for all z,y,z € X. Since every
cubic intuitionistic p-ideal of X is a cubic intuitionistic ideal of X, therefore

Ma((zx2)x(y*x2)) > rmin{Ma(((z*2)*(y*2))*(x*xy)), Ma(xxy)}
= rmin{M4(0), Ma(zxy)} = Ma(z *xy),
Na((z=2)x(y*z)) < mmax{Na(((z*2)*(yx2))*(@xy)), Na(z*y)}
= tmax{Na(0), Na(x xy)} = Na(x xy),
( *

pa((@ s z) x (y=2)) < max{pr(((z*2)* (y*2)) = (x*y)), ux(z *y)}
= max{ux(0), pr(z * y)} = pa(z * y),
a((@x2)*(y*z)) > min{ua(((zx2)* (y*2)) * (@ xy)),valz*y)}
= min{vr(0),vx(z*xy)} =va(x xy),
for all x,y, z € X. This completes the proof. O

We provide conditions for a cubic intuitionistic ideal to be a cubic intu-
itionistic p-ideal.
Theorem 4.6. Let A = (A, \) be a cubic intuitionistic ideal of X that satis-
fies: Ma(zxy) > Ma((x *2) % (y*2)), Na(zxy) < Na((z * 2) * (y x 2)),
px(zxy) < pa((x*z) * (y*2)) and va(z xy) > va((z % 2) * (y x 2)), for all
z,y,z € X. Then A is a cubic intuitionistic p-ideal of X.

Proof. Forany z,y,z € X, Ma(z) > rmin{ M4 (zxy), Ma(y)} = rmin{ M ((z*
2)x(yx2)), Ma(y)}, Na(z) < rmax{Na(x*y), Na(y)} = rmax{Na((x*z)=*(y=*
2)), Na(y)}, pa(z) < max{px(zxy), pa(y)} = max{pr((z+2)* (y*2)), ur(y)},
Vﬁ(x) > ;nin{w\(x*y), va(y)} = min{wvy((zxz)*(y*2)),va(y)}. This completeDs
the proof.

Lemma 4.7. FEvery cubic intuitionistic ideal A= (A, \) satisfies the following
inequalities: M (0%(0xz)) > Ma(z), Na(0%(0%z)) < Na(x), pr(0%(0xx)) <
pa(x) and vxA(0 % (0% 2)) > va(x), for allz € X.
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Proof. Let A = (A, )) be a cubic intuitionistic ideal of X. For any z € X,
Ma(z) = rmin{M4(0), Ma(z)} = rmin{M4(0 * (0« x)), Ma(z)} < M4(0
(0% z)), Na(z) = rmax{N4(0), Na(z)} = rmax{Na(0* (0xz)), Na(z)} >
Na(0# (0% 2)), fn(z) = max{p (0), s (2)} = masc{ux(0 % (0 % 2)), x (¢}
(0% (0% z)) and vy(z) = min{vy(0), va(z)} = min{vr (0 * (0 x z)),vx(z)}
vA(0 % (0 % 2)). This completes the proof.

OIANV Y x

Lemma 4.8. [15] Let X be a BCI-algebra. Then, for all z,y,z € X:
(a) 0x(0x((zx2)*(yx2))=(0xy)*(0xz),
(b) 0%(0% (z%y)) = (0xy) *(052).

Theorem 4.9. Let A = (A, \) be a cubic intuitionistic ideal of X that satis-
fies: MA(0%(0xx)) < Ma(x), Na(0%(0%x)) > Na(z), px(0%(0xx)) > pa(z)
and vA(0 % (0% z)) < vx(z), for all z € X. Then A = (A,\) is a cubic intu-
itionistic p-ideal of X.

Proof. Let A= (A, \) be a cubic intuitionistic ideal of X and z,y,z € X.
Using Lemmas 4.7 and 4.8, we get Ma((x * 2) * (y x 2)) < Ma(0* (0 * ((x *
2)*x (yx2)))) = Ma((0xy)*x (0xz)) = Ma(0x (0% (zxy))) < Ma(z xy),
Na((xx2)*(y+2)) > Na(0x (0 ((zx2)*(y*2)))) = Na((0xy) * (0% z)) =
Na(0%(0x(zxy))) > Na(@xy), pr((@2)*(y*2)) = pa(05(0%((x2)x(yx2)))) =
pA((0xy) * (0% 2)) = pr(0* (0* (xxy))) = pa(zxy) and va((z*2) x (yx2)) <
VA (0% (0% ((z#2) % (y*2)))) = va((0%y) = (0xz)) = vA(0x(0x(z*y))) < va(z*y).
It follows from Theorem 4.6 that A = (A, A) is a cubic intuitionistic p-ideal of
X.

O

5 Cubic intuitionistic a-ideals

Definition 5.1. [14] A cubic intuitionistic set A = (A4, > in X is called a cubic
intuitionistic ¢g-ideal of X if it satisfies conditions (a) and (b) in Definition 3.2
and for all x,y,z € X:

(a)  Ma( % 2) > rmin{Ma (a5 (y * 2)), Ma(y)}

(b) Ny(z*z) < rmax{Na(z* (y*2)), Na(y)}

(c) px(x * z) < max{ux(x * (y*2)), ur(y)}

(d) va(z x z) > min{vy(z x (y * 2)), vA(y) }.

Definition 5.2. A cubic intuitionistic set A = (A, \) in X is called a cubic
intuitionistic a-ideal of X if it satisfies conditions (a) and (b) in Definition
3.2 and for all z,y,z € X:

(a) Mu(y*x) > rmin{ M ((x * z) * (0xy)), Ma(z)}

(b) Na(y*z) < rmax{Na((z*2)*x (0xy)), Na(z)}

(¢)  paly*x) <max{ux((z* 2) * (0% y)), ua(2)}

(d) valy *z) > min{vy((z x 2) * (0% y)), va(2)}.
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We now illustrate the above definitions by using the following examples.

Example 5.3. Let X={0,a,b,c} be a BCI-algebra in Example 4.2 and A=
(A, \) be a cubic intuitionistic set of X as follows:

X A= (Ma,Na) | A= (r,v2)
0 [ {[0.7,0.9,[0.0,0.1]) | (0.3,0.7)
a | ([0.7,0.9],[0.0,0.1]) | (0.3,0.7)
b | ([0.5,0.6],[0.3,0.4]) | (0.4,0.5)
¢ | ([0.5,0.6],[0.3,04]) | (0.4,0.5)

It is easy to verify that A= (A, \) is a cubic intuitionistic a-ideal of X .

Theorem 5.4. FEvery cubic intuitionistic a-ideal of X is both a closed cubic
intuitionistic ideal and a cubic intuitionistic subalgebra of X.

Proof. Let A= (A, \) be a cubic intuitionistic a-ideal of X. Putting z =y =0
in Definition 5.2 and using Definition 3.3, we have

Ma(0x2) > rmin{Ma((x%0)*(0%0)), Ma(0)} = My(x),
Na(0xz) < rmax{Na((z*0)x(0%0)),Na(0)} = Na(z), (1)
pa(0x2) < max{ux((z*0)* (0%0)), ur(0)} = par(2)},
vA(Oxz) > min{wy((xx0)*(0%0)),v,(0)} = vr(x),

for all x € X. If we take x = z = 0 in Definition 5.2 and using Definition 3.3,
then

Ma(y) > tmin{Ma(0x* (0xy)), Ma(0)} = Ma(0x(0xy)),
Na(y) < tmax{Na(0x (0%y)),Na(0)} = Na(0x* (0x1y)),
1 (y) max{z (0% (0 y)), uA(0)} = (0% (0% y))},
va(y) min{vx (0% (0% y)),vA(0)} = va(0* (0 * y)),

for all y € X. It follows from (1) that Ma(z) > Ma(0xz), Na(x) < N (0xx),
pa(z) < pxa(0x ) and va(x) > vx(0 % z), for all z € X. From Definition 5.2,
we obtain Mu(xz) > Ma(0 x 2) > rmin{M4((x * 2) * (0 % 0)), Ma(2)} =
rmin{Ma(z * z),Ma(2)}, Na(z) < Na(0* z) < rmax{Na((z % z) * (0 =
0)),Na(z)} = rmax{Na(z*2),Na(2)}, px(z) < px(0*2) < max{puy((z*0)x*
(0%0)), ur(0)} = max{px(z * 2), pr(2)}, va(z) = va(0*z) = minfva((z +0) *
(0%0)),vx(0)} = min{wy(z % 0),vx(0)}, for all z,z € X. Hence A = (A4, \) is
a closed cubic intuitionistic ideal of X. O

<
>

From Theorem 3.5, we know that every closed cubic intuitionistic ideal of
X is a cubic intuitionistic subalgebra of X, therefore every cubic intuitionistic
a-ideal of X is a cubic intuitionistic subalgebra of X.
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The converse of Theorem 5.4 is not true in general as seen in the following
example.

Example 5.5. Let X ={0,a,b,c,d} be a BCI-algebra with the following Cay-
ley table:

QUL o - oo
o OO ool

QU O O O
Q@ ©O S o o0

QL O T Q O %
o 0 o ol

Define a cubic intuitionistic set A = (A, \) in X as follows:

X A=<MA,NA> )\:(/14)\77/)\)
0 | ([0.5,0.7],(0.1,0.2]) | (0.1,0.8)
a |([0.4,0.5],(0.2,0.3]) | (0.5,0.4)
b | (0.5,0.7],[0.1,0.2]) | (0.1,0.8)
¢ |{[0.4,0.5],[0.2,0.3]) | (0.5,0.4)
d | ([0.4,0.5],(0.2,0.3]) | (0.5,0.4)

Then A = (A, \) is both a cubic intuitionistic ideal and a cubic intuitionistic
subalgebra of X, but not a cubic intuitionistic a-ideal of X since Ma(a *
b) = [0.4,0.5] < [0.5,0.7] = rmin{M4((b*0) * (0xa)), Ma(0)}, Na(a*b) =
[0.2,0.3] > [0.1,0.2] = rmax{N4((b*0) * (0xa)), Na(0)}, ur(a*b) = 0.5 £
0.1 = max{px((b*0)* (0*a)), ux(0)} and vx(a*b) = 0.4 # 0.8 = min{p,((b*
0) + (0+a)), 1A (0)}

Proposition 5.6. [6] Let A = (A, \) be a cubic intuitionistic ideal of X.
If the ineqality x x y < z holds in X, then Ma(z) > rmin{M4(y), Ma(2)},
Na(z) < rmax{Na(y), Na(2)}, pr(z) < max{ux(y), pr(2)} and vx(z) >
min{x(y), pa(2)}-

The characterizations of cubic intuitionistic a-ideal are given by the fol-
lowing theorem.

Theorem 5.7. If A = (A, )\) is a cubic intuitionistic ideal of X, then the
following assertions are equivalent:

(i) A= (A, N} is a cubic intuitionistic a-ideal of X,

(i) A = (A, \) satisfies the inequalities: Ma(yx(z%2)) > Ma((zx2)*(0xy)),
Na(y = (z % 2)) < Na((z *2) = (0 y)), paly * (2% 2)) < pa((wx 2) + (0% y))
and vx(y * (x % 2)) > va((x * 2) x (0% y)), for all z,y,z € X,

(iii) A = (A, )} satisfies the inequalities: Mu(y * z) > Ma(z * (0 % y)),
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Na(yxx) < Na(z* (0xy)), pr(y *x) < pa(z* (0% y)) and va(y x z) >
va(z x (0xy)), for allz,y € X.

Proof. (i) = (ii) Let A = (A, \) be a cubic intuitionistic a-ideal of X. Then,
for all z,y,z € X, we have M (y * (x * 2)) > rmin{Ma(((z * z) x 0) * (0 *
Y)), Ma(0)} = Ma(((z % 2) % 0) (0 y)) = Ma((z * 2) * (0% y)), Naly * (2 *
2)) < rmax{Ns(((z*2)*0)* (0xy)), Na(0)} = Na(((z % 2) *0) * (0% y)) =
Na((z*2) % (0%y)), paly * (z x 2)) < max{ux(((z * 2) % 0) * (0% y)), ur(0)} =
pa(((xx2)%0) % (0xy)) = pa((z*2) *(0xy)) and vy (y* (z*2)) > min{vy(((zx*
2) 5 0) % (0 %)), va(O)} = pa (2% ) % 0) 5 (0% 9)) = wa((x % 2) % (0% ).
Therefore, (it) is satisfied.

(#4) = (i43) Assume that (i7) is satisfied. (i4¢) is induced by taking z = 0 in
(#i) and using (a3).

(iii) = (i) Suppose that A = (A, \) satisfies (iii). Note that for all z,y, z € X,

(xx(0*xy))*x((zx2)x(0xy)) <z*x(zxz) <.

Tt follows from (ii¢) and Proposition 5.6 that M (y * ) > Ma(x * (0 xy)) >
rmin{ M ((z*2)*(0xy), Ma(x)}, Na(y*xx) < Na(zx(0xy)) < rmax{N((zx*
2 (0%9), Na(@)}, pa(y52) < (s (053)) < mac{pa (2% 2) % (0%), o (2)}
and vy(y * ) > va(z * (0% y)) > min{vy((z * 2) * (0 % y),vx(z)}, for all
x,y,z € X. Therefore, A = (A, \) is a cubic intuitionistic a-ideal of X.
Hence, the assertion (i) holds. The proof is complete. O

Lemma 5.8. [4] A subset I of X is an a-ideal of X if and only if it is an
ideal of X which satisfies the implication: ©* (0*xy) € [ = yxx € I, for all
z,y € X.

Theorem 5.9. For a cubic intuitionistic set A = (A, ) in X, the following
are equivalent:

(i) A= (A, \) is a cubic intuitionistic a-ideal of X,

(i1) Every non-empty sets Mal[s,t], Nals,t], ux(0) and v\(0) are a-ideals of
X, for all [s,t] € D[0,1] and 0 € [0,1].

Proof. Assume that A= (A, \) is a cubic intuitionistic a-ideal of X. Then
A = (A, \) is a cubic intuitionistic ideal of X by Theorem 5.4. By using
Theorem 3.9, we get the non-empty sets Mals,t], Nals,t], ux(0) and vy ()
are ideals of X, for all [s,t] € D[0,1] and 6 € [0,1]. Let z,y € X be such that
xx (0xy) € Mals,t] N Na[s, t] N ur(0) Nva(0). Then My(x x (0xy)) > [s,t],
Na(z* (0xy)) < [s,t], pr(z* (0% y)) < 0 and vy(z * (0 xy)) > 6. It follows
from assertion (iii) of Theorem 5.7 that Ma(y * x) > Ma(x * (0xy)) > [s, 1],
Na(y xz) < Na(z* (0xy)) < [s,t], pa(y*2) < pa(z * (0xy)) < 0 and
va(y*x) > va(xx(0xy)) > 0, so that yxxz € Ma[s,t] N Nals, t]Npr(0) Nva(0).
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Using Lemma 5.8, we conclude that Ma[s,t], Na[s,t], px(60) and vy(0) are
a-ideals of X.

Conversely, suppose that every non-empty sets Ma[s,t], Nals,t], px(0)
and vy () are a-ideals of X, for all [s,t] € DJ[0,1] and 6 € [0,1]. Since any
a-ideal is an ideal (see [4]), it follows from Theorem 3.10 that A = (A, )) is a
cubic intuitionistic ideal of X. Assume that assertion (iii) of Theorem 5.7 is
not true. Then there exist p,q € X such that M (g *p) < Ma(p* (0*q)),
N4(gxp) > Ng(p*(0%q)), ur(gxp) > pxr(px(0xq)) and vy (gxp) < va(px(0%q)).
Thus MA(q*p) < [807 to] < ]\4,4(])*(0*(]))7 NA(q*p) > [807 to] > ]\7,4(])>|<(0>)<(]))7
pux(g*p) > 1o > ux(p* (0% q)) and va(g*p) < rog < va(p* (0% q)), for some
[s0,to] € D[0,1] and ¢ € [0,1]. It follows that p* (0xq) € Mals,t]NNals,t|N
pa(@)Nva(0) but gxp & Mals,t]NN4[s, t]Nua(0) Ny (F). Therefore assertion
(iii) of Theorem 5.7 is true, which implies from Theorem 5.7 that A = (A, \)
is a cubic intuitionistic a-ideal of X. O

The sets {x € X : Ma(z) = M4(0)}, {x € X : Na(z) = Na(0)}, {z € X :
pa(z) = pa(0)} and {z € X : vy(z) = vA(0)} are denoted by Tar,, Tny,s T,
and T,,, respectively.

Theorem 5.10. Let A = (A, \) be a cubic intuitionistic a-ideal of X. Then
the sets T, In,, Ty, and T, are a-ideals of X.

Proof. Let A = (A, \) be a cubic intuitionistic a-ideal of X. Then it is obvious
that 0 € Th, NIy, NT,, NT,,. Let z,y, 2 € X be such that (zx2)*(0%y),z €
Ty, NIy, NTyu, NT,,. Then MA((l' x2) % (0xy)) = Ma(0) = Ma(2),
Na((w o+ 2) 5 (0% ) = Na(0) = Na(2), pa((z #2) % (0 % 9)) = 2 (0) = pa(2)
and vy ((x*2)* (0*y)) = vx(0) = y)\( ). Thus Ma(y*x) > rmin{M4((x*z) *

(0%9)), Ma(y)} = rmin{ M4 (0), Ma(0)} = Ma(0), Na(yz) < tmax{Na((z+
2)(0+)), Na(y)} = rmax{Na(0), No(0)} = Na(0), ix(yxz) < max{pn ((x
2) 5 (0 1), ()} = ma{an(0), ga(0)} = r(0), valy * 2) > min{va((z +
z) % (0% y)),va(y)} = min{r)(0),vx(0)} = v»(0). Since A = (A4, \) is a cubic
intuitionistic a-ideal of X, we have M4 (y * x) = Ma(0), Na(y * x) = N4(0),
pa(y * x) = pa(0) and va(y * ) = va(0) ie, yxx € Tay, N T, NTy, NT,

Hence, the sets Ty, , Tn,, 1, and T}, are a-ideals of X. O

Theorem 5.11. FEvery cubic intuitionistic a-ideal is a cubic intuitionistic p-
ideal.

Proof. Let A = (A, ) be a cubic intuitionistic a-ideal of X. Then A = (A4, \)
is a cubic intuitionistic ideal of X by Theorem 5.4. If we take z = z = 0
in assertion (ii) of Theorem 5.7, then M4 (y) > M4 (0% (0 y)), Na(y) <
NA(0x(0xy)), pr(y) < ur(0%(0xy)) and vx(y) > va(0%(0xy)), for all y € X.
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Hence, by Theorem 4.9, we conclude that A= (A, \) is a cubic intuitionistic
p-ideal of X. O

The converse of Theorem 5.11 is not true in general as seen in the following
example.

Example 5.12. Let X={0,a,b} be a BCI-algebra with the following Cayley
table:

S OO

Q@ o e
O ot Q|

SR O %

Define a cubic intuitionistic set A = (4, ) in X as follows:

X A:<MAaNA> )‘:(/‘MVA)
0 | ([0.6,0.8],[0.1,0.2]) | (0.3,0.7)
a |([0.2,04],]0.3,05]) | (0.4,0.5)
b | ([0.2,0.4],[0.3,0.5]) | (0.4,0.5)

Then A = (A, \) is a cubic intuitionistic p-ideal of X but not a cubic intu-
itionistic a-ideal of X, since M4 (bxa) = [0.2,0.4] < [0.6,0.8] = rmin{ M4 ((ax*
0) * (0% b)), Ma(0)}, Na(bxa) =[0.3,0.5] > [0.1,0.2] = rmax{N4((a *0) *
(0%0)),Na(0)}, pa(bxa) = 0.4 £ 0.3 = max{p((ax0) x (0xb)), ux(0)} and
va(bxa) =0.5% 0.7 =min{p\((a*0) * (0 b)), ux(0)}.

Theorem 5.13. [14] If A = (A, ) is a cubic intuitionistic ideal of X, then
the following assertions are equivalent:

(i) A= (A, )\ is a cubic intuitionistic q-ideal of X,

(i6) Ma(z+y) > Ma(z (0% y)), Na(z +y) < N+ (0 %)), iz #y) <
pa(zx(0xy)) and vy(zxy) > va(zx(0xy)), for allz,y € X, for allz,y,z € X.

Theorem 5.14. FEvery cubic intuitionistic a-ideal is a cubic intuitionistic q-
ideal.

Proof. Let A = (A, \) be a cubic intuitionistic a-ideal of X. Then A = (A, )
is a cubic intuitionistic ideal of X by Theorem 5.4. Note that

(0 (0% (y * (0% )))) * (z* (0*y))
= ((0%(0xy))*(0x (0% (0xx)))) * (zx(0xy))
= ((0%(0xy))* (0x2))* (z*(0xy))
< (xx(0xy))*x(z*x(0xy))=0
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for all z,y € X. By using Theorem 5.11, we get A = (A, \) is a cubic
intuitionistic p-ideal of X. Tt follows from assertion (iii) of Theorem 5.7,
Proposition 4.5 and Proposition 5.6 that

Mua(x*xy) > Ma(yx(0xz)) > Ma(0x (0% (y*(0x2))))
rmin{Ma(z * (0% y)), Ma(0)} = Ma(z* (0x1y)),
Na(y*(0xx)) < Na(0x (0% (y* (0x2x))))
rmax{Na(z x (0xy)), Na(0)} = Na(z x (0*y)),
Ay * (0% 2)) < pa(0 (0 (y = (0 x2))))
max{px(z * (0% y)), ur(0)} = pr( * (0 y)),
va(yx (0% x)) > va(0* (0 (y* (0% x))))
min{vy(z * (0xy)),va(0)} =va(z*x (0xy)),

for all #,y € X. Using Theorem 5.13, we conclude that A = (A, \) is a cubic
intuitionistic ¢-ideal of X. O

Na(z xy)

(T * y)

va(z * y)

IV IV IA A A AV

The converse of Theorem 5.14 is not true in general as seen in the following
example.

Example 5.15. Let X ={0,a,b} be a BCI-algebra with the following Cayley
table:

S QR O ¥
> OO
SO Ol
S oo o

Define a cubic intuitionistic set A = (A, A) in X as follows:

X A=<MA,NA> )\Z(/,L)\,Z/A)
0 | ([05,0.7],(0.2,0.3) | (0.2,0.7)
a |([0.1,0.3],(0.4,0.5]) | (0.3,0.6)
b | (0.1,0.3],[0.4,0.5]) | (0.3,0.6)

Then A = (A, \) is a cubic intuitionistic g-ideal of X but not a cubic intu-
itionistic a-ideal of X, since M4 (ax0) = [0.1,0.3] < [0.5,0.7] = rmin{M 4 ((0x
0) % (0% a)), Ma(0)}, Na(a*0) =1[0.4,0.5] > [0.2,0.3] = rmax{N4((0 *0) *
(0%a)), Na(0)}, pr(a*0) =0.3 £ 0.2 = max{pr((00) * (0% a)), ux(0)} and
va(ax0)=0.6 20.7=min{ux((0%0) * (0xa)), ur(0)}.

Lemma 5.16. [6] Let A = (A,\) be a cubic intuitionistic ideal of X. If
for all z,y € X, the inequality x < y holds in X, then Ma(x) > Ma(y),
Na(z) < Na(y), pa(z) < paly) and va(z) = va(y).
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Theorem 5.17. For a cubic intuitionistic set A = (A, \) in X, the following
are equivalent:

(i) A= (A, N) is a cubic intuitionistic a-ideal of X.

(ii) A = (A, )) is both a cubic intuitionistic p-ideal and a cubic intuitionistic
q-ideal of X.

Proof. Combining Theorem 5.11 and Theorem 5.14, we get every cubic intu-
itionistic a-ideal is both a cubic intuitionistic p-ideal and a cubic intuitionistic
g-ideal. _

Conversely, suppose that A = (A, \) be both a cubic intuitionistic p-ideal
and a cubic intuitionistic g-ideal. Note that A = (A, \) is a cubic intu-
itionistic ideal of X (see [14]). Taking z = y in Definition 5.1, we have
Ma(z+y) > rmin{Ma(z), Ma(y)}, Na(z*y) < rmax{Na(z), Na(y)}, pr(z*
y) < max{ux(z), pa(y)} and vy(z * y) > min{vy(x),vr(y)}, for all z,y € X.
Hence A = (A, \) is a cubic intuitionistic subalgebra of X, and so A=
(A, \) is a closed cubic intuitionistic ideal of X. Using Theorem 5.13, we get
Ma(@xy) > Ma(x*(0xy)), Na(wxy) < Na(@=(0xy)), pr(@+y) < pa(2x(0xy))
and vy(xxy) > va(xx (0*y)), for all x,y € X. Since 0x* (y*x) < x*xy for all
z,y € X, it follows from Lemma 5.16 and above inequalities that

Ma(0x(y*xx)) > Ma(xxy)> My(xx(0xy)),
Na(0Ox(yxx)) < Na(x*xy) << Na(z*x(0xy)), (2)
pa(0* (yx2)) < pa(z*y) < pa(z = (0xy)),

(0 (yxa)) = wa(z*y) = va(z=*(0xy)),

(yxx) > Ma(0* (0% (y=*2))) > Ma(0x (y=+2x)) > Ma(z* (0xy)),
(yxz) < Na(0x(0x(y*))) < Na(0x* (y*2)) < Na(z*(0xy)),
mayxx) < (0% (0 (y*2))) < pa(0x (yx2)) < pa(x = (0 xy)),
(yxz) > (0 (0% (y*2))) >va(0x (y*x)) > valz*(0*y)),

for all z,y € X. It follows from Theorem 5.7 that A is a cubic intuitionistic
a-ideal of X. O

Theorem 5.18. ( Cubic intuitionistic extension property for a cubic intuition-
istic a-ideal) Let A= (A7) and B = (B, ) be cubic intuitionistic ideals of X
such that A < B and M4 (0) = Mp(0), Nao(0) = Ng(0), ux(0) = n9(0) and
vA(0) = vy(0). If A = (A, N) is a cubic intuitionistic a-ideal of X, then so is
B = (B,9).
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Proof. Suppose that A= (A, \) is a cubic intuitionistic a-ideal of X. Then

A is both a cubic intuitionistic p-ideal and cubic intuitionistic g-ideal of X by
Theorem 5.11 and Theorem 5.14. Using Theorem 5.13, (al) and (III), we have

Mp((zxy)* (z+(0xy)) = Mp((zx(@=*(0xy)))*y)

> Ma((@* (z+ (0% y))) *y)

> Ma((z* (z % (0xy))) * (0xy))

Ma((z* (0xy)) * (zx (0% y)))

= Ma(0) = Mp(0) > Mp(z* (0xy))
po((zxy) x (@ (0xy)) = po((z*(@=(0xy)))*y)

< (@ (@ (0xy))) xy)

< (@ (@=(0xy))) *(0xy))

= m((z*(0xy)) = (zx(0xy)))

= 1a(0) = 1o (0) < py(z * (0% y)),

for all z,y € X. Similarly Np((x xy) * (z * (0*y))) < Npg(z * (0*y)) and
vo((zxy) * (x* (0% y))) > vg(x* (0xy)), for all z,y € X. Since B = (B, ) is
a cubic intuitionistic ideal, it follows that Mp(z *y) > rmin{Mp((z *y) * (x *
(0xy))), Mp(xx(0xy))} = Mp(z*x(0*y)), Np(zxy) < rmax{Np((z+y)*(r*
(0x))), Np(zx (0+y))} = Np(z (0% y)), po(z *y) < max{pg((zxy) * (v
(0xy))), o (@ (0% y))} = po(z* (0xy)), vy(z+y) > minfuy ((z*y) * (2 (0
Y))),ve(x* (0xy))} = vy(z * (0xy)), for all x,y € X. Therefore B = (B, V)
is a cubic intuitionistic g-ideal of X by Theorem 5.13. Since A= (A, \) is a
cubic intuitionistic p-ideal of X, it follows from Proposition 4.4 that

Mp(z (0% (0xx))) > Ma(z+(0*(0x2)))
> Ma(0x(0 (fﬂ*(O*(O*x)))))

= MA(O) Mp(0) > Mp(0* (0 x)),
Np(z (0 (0x2))) < Na(z*(0x(0xx)))

K Na(0x (0 (z % (0 (0% x)))))

= Na(0) = Np(0) < Np(0x (0 x)),
po(z* (0 (0x2))) < px(zx(0x(0*z)))

< a0 (0% (2% (0% (0% )))))

= pa(0) = po(0) < o (0% (0% x)),
vo(xx (0% (0xx))) > wvalz*x(0x(0xx)))

> (0% (0% (zx(0x(0xx)))))

= vx(0) = vy(0) > vy (0 (0% x)),
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for all x € X. Hence Mp(z) > rmin{Mp(x* (0% (0*x))), Mp(0* (0xz))} =
Mp(0* (0 * z)), Ng(z) < rmax{Np(xz * (0 (0 x))), Ng(0* (0 *z))} =
Np(0x(0%2)), py(z) < max{py(zx(0%(0%2))), py (0% (0%2)) } = pp(0x(0x))
and vy (z) > min{vy(x * (0% (0% x))),v9(0 % (0% 2))} = vy9(0* (0 % x)), for all
x € X. Using Theorem 4.9, we conclude that B is a cubic intuitionistic p-ideal
of X. Therefore B = (B, ¥) is a cubic intuitionistic a-ideal of X by Theorem
5.17. O

6 Conclusions and Future Work

Recently, Y. B. Jun [6] has studied a novel extension of cubic sets and its
applications in BCK/BCI-algebras. T. Senapati et al. [14] studied cubic
intuitionistic g-ideals of a BCI-algebra. In this paper, we have applied this
new notion cubic intuitionistic set to closed ideals, p-ideals, a-ideals of a BCI-
algebra and investigated some of their related properties in details. In our
opinion, these definitions and main results can be similarly extended to some
other algebraic systems such as lattices and Lie algebras.

In our future study of cubic intuitionistic structure of BCI-algebra, the
following topics will be further studied and considered:
() to find the product of cubic intuitionistic subalgebras, ideals and g-ideals
of a BC'I-algebra,
(i) to find cubic intuitionistic (positive implicative, implicative and commu-
tative) ideals of a BCI-algebra,
(#i7) to get relationship between cubic intuitionistic (positive implicative, im-
plicative and commutative) ideals of a BC'I-algebra.
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