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A Fixed Point in Partial S;-Metric Spaces
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Abstract

In this paper, we introduce an interesting extention of the partial b-
metric spaces called partial Sp-metric spaces, and we show the existence
of fixed point for a self mapping defined on such spaces.

1 Introduction

There exist many generalizations of the concept of metric spaces in the litera-
ture. Several papers have been published on the fixed point theory in S-metric
spaces [7], [8], [9], [13], and [14]. Also, fixed point results in b-metric spaces
were also studied by many authors [1], [2], [3], [4], [5] and [15].

In this work, we consider a new concept of S-metric spaces called partial Sp-
metric spaces, which is an extension of the S-metric spaces, by allowing the self
distance to be different from zero. We extend the results obtained by Shukla
[15] in partial b-metric spaces, and we prove theorems for some contractive

type mapping.

First we would like to point out three errors in the proof of Theorem 1 (on
page 5) in [15]. The equation b(F'z, Fx;) = A™b(z, z;) must be an inequality.
Also, the inequality b(Fz,x;) < s[b(Fz, Fx;) + b(Fxy,2;)] — b(z, x;), should
instead be written as b(Fz,z;) < s[b(Fz, Fx;) + b(Fay,x;)] — b(Fay, Fay).
The author used a wrong argument to show that {z,} is Cauchy sequence
by mentioning that since x,, € Blz;, §] and z,, € Blxy, §], then b(xy,, zy) <

% + b(zy, x;) for all n,m > I. We suggest using the contraction principle after
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showing that F'z € By, §].

Let us recall the definitions of the b-metric spaces and the partial b-metric
spaces.

Definition 1.1. [2] Let X be a nonempty set. A b-metric on X is a function
d: X? — [0,00) if there exists a real number s > 1 such that the following
conditions hold for all z,y,z € X :

(i) d(z,y) =0if and only if x =y
(ii) d(z,y) = d(y,z)
(ii) d(z,2) < sld(z,y) + d(y, 2)].
The pair (X, d) is called a b-metric space.

Definition 1.2. [15] A partial b-metric on a nonempty set X is a function
b:X? —[0,00) such that for all z,y,2 € X : :

(i) z =y if and only if b(x,x) = b(x,y) = by, y)
(i) b(z,2) < b(z,y)
(iii) b(z,y) = b(y,z)

)

(iv) there exists a real number s > 1 such that b(x,y) < s[b(x, z) +b(z,y)] —
b(z, z).

The partial b-metric space is a pair (X, b) such that X is a nonempty set and
b is a partial b-metric on X.

Definition 1.3. A partial Sp-metric on a empty set X is a function Sp :
X3 — Ry such that for all z,y,2,t € X:

(i) x =y = zifand only if Sp(z, z, ) = Sp(y, y,y) = Se(z, 2, 2) = Sp(x,y, 2)
(ii) Sp(z,z,x) < Sp(z,vy, 2)

(iii) Sy(z,2,y) = S(y,y,x)

(iv) there exists s > 1 such that

Sb(xa Y, Z) S S [Sb((E,{L‘7t) + Sb(yay7t> + Sb(za Z7t)] - Sb(tvtut)'

(X, Sp) is then called a partial Sp-metric space.
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Definition 1.4. Let (X, S,) be a partial Sp-metric space and {x,} be a se-
quence in X. Then:

1. {z,} is called convergent if and only if there exists z € X such that
Sp(Tpy Tny2) — Sp(2,2,2) as n — oo.

2. {z,} is said to be Cauchy sequence in (X,Sp) if lim Sp(@n,Zn, Tm)
n—0o0

exists and finite.

3. (X, Sp) is a complete partial Sp-metric space if for every Cauchy sequence
{z,} there exists x € X such that:

lim Sy(zy, zn, Tm) = Um Sy(z,, 2n, ) = Sp(z, z, ).
n— o0 n— 00

Now, we give an example of a partial Sp-metric space that is not a partial
S-metric space.

Example 1.5. Let X =Ry, and p > 1 be a constant and S, : X x X x X —»
R defined by Sy(z,y, 2) = [maz{z, y}|P + |max{z,y} —2|P for all z,y, 2z € X.
Then (X, Sp) is a partial Sp-metric space with coefficient s = 2p > 1, but it
is not a partial S-metric space. Indeed, for x = 5,y = 2,z = 1,t = 4 we
have Sy(z,y, z) = 5 + 4P and Sy(z, z,t) + Sp(y, y,t) + Sp(z, 2, t) — Sp(t, ¢, t) =
5 4+ 143 4+1+1+3 —4P = 5P + 2 x 3P + 3 — 4P, hence Sy(z,y,2) >
Sp(z,z,t) + Sp(y, y, t) + Sp(z, 2, t) — Sp(t,t,t) for all p > 1; therefore, Sy is not
a partial S-metric on X.

2 Main result

Theorem 2.1. Let (X, S,) be a complete partial Sp-metric space with coeffi-
cient s > 1 and T : X — X be a mapping satisfying the following condition:

Sp(Tx, Ty, Tz) < ASp(x,y,2) Vz,y,z€ X, Ae]0,1). (2.1)
Then, T has a unique fized point u € X and Sp(u,u,u) = 0.
Proof. Let’s start by proving the uniqueness of the fixed point. Let u,v € X

be two distinct fixed point of T, that is, Tu = v and Tv = v.
We have

Sp(u, u,v) = Sp(Tu, Tu, Tv) < ASp(u, u,v) < Sp(u,u,v).

So, we must have Sp(u,u,v) =0 = u = v. Therefore, if T" has a fixed point,
then it is unique.
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Let prove that Sp(u, u,u) = 0.
Suppose that Sp(u, u,u) > 0. From equation (2.1),

Sp(u,u,u) = Sp(Tu, Tu, Tu) < ASp(u, u, u) < Sp(u, u,u),
which leads to a contradiction, then Sy(u,u,u) = 0.

For the existence of fixed point, since A € [0, 1), we can choose ng € N such
that for given 0 < € < 1, we have

n o £ 2.2
A< (2:2)

Let T™ = F and F:rlg = x Vk € N, where zg € X is arbitrary. Then,
Vr,y € X we have

Sp(Fx, Fy, Fz) = Sp(T™0x, Ty, T 2) < A" Sy(z,y, 2).
For any k € N, we have

Sp(Tht1, Trg1,Tk) = Sp(Fag, Fag, Frg_1) < N'Sy(xk, Tk, Tp—1)
< AMESy(x1,x1,20) — 0 as k — +oo.

Therefore, we can choose | € N such that Sp(x;41, 141, 21) < 8—68(*)
Let’s define the ball

By(wi, 3) = {y € X/Sylav,aiy) < 5+ Splenmz)}  (23)

) into itself.
). Let . € By(xy, §5), then

Now, we shall show that F maps By(z;,

3
We have By(z;, §) # 0 since z; € By(x, §

Sy(Fx,, Fx,, Fr;) < A"°Sy(z.,2.,1)
S ésb(l‘mxmxl)
< i[E—|—S(as xy, 7))
< g lg T S(@n T
€
< —[1+ Sy, i, 21)]- (2.4)

8s
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Using the definition of the partial Sp-metric space, we obtain

Sb(FZCz, FJZL,FCEZ) < S[Sb(FIz,sz,le) + Sb(FCCZ,le, Fa:l) + Sb(FCL‘hFCCl,F{El)]
Sb(FIl,Fxl, Fl’l)

€

< 5[88(1+Sb($l,$l,wz))+25b(xz,xl,F:m)]
< 8[8%(1+Sb(96l,$l,rrz))+25b($z,$z,$z+1)]
< 5[8—2(1+Sb(xl,xl,xl))+28—1]

< g-&-gsb(aﬁz,xz,xz)-ﬁ-i

< %"‘ésb(ml,ml,xl)

< E+Sb(ivz,$z,a?z)-

2

Then, Fz. € By(x, 5). Thus F maps By(z;, 5) to itself.

We note that x; € By(xy, §), therefore Fa; € By(x;, ). By repeating this
process, we obtain F"x; € By(x, §) ¥n € N, that is 2, € By(x, 5) Ym > 1.
Therefore, we obtain for allm >n >l letn=14+i=—=i=n—1

Sb(l’n,l'n7$m) = Sb<T.’IJn,1,T.Tn,1,T$m,1)

)\Sb(xnfla Tn—1, xmfl)

INIA

AQSb(In—Qv Tn—2, xm—2)

IA

N Sy (1, @1, T
< Sb(l‘l,l’l,xm_l)
€
< 5 + Sb(xl,xl,scl).
€

But, Sb(Il,ZZ?l,Jil) < Sb(l‘l,xl,;pl_H) < g
Hence,

€ € € €

Sb(x”’x"“x’m) < 5 + g < 5 + 5 = €.

Thus, {z,} is a Cauchy sequence.
Since X is a complete partial Sp-metric sapce, there exists u € X such that:

nlggo Sb(xvu Ly u) = nhHH;O Sb(xna T, xm) = Sb(ua u, U) =0.
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Let’s prove that u is a fixed point of T'. For all n € N, we have

Sp(u, u, Tw)

IN

s[Sp(w, u, xp1) + Sp(w, uy xpr1) + Sp(Tu, Tu, Tpt1)]
—Sb(Tnt1; Tt 1, Tt1)

8[2Sp(u, uy Tpi1) + Sp(Tu, Tu, Txy,)]

5[25y (u, u, 1) + Sp(Tu, Tu, Ty, )]

s[28p (u, uy py1) + ASp(u, w, )]

(28Sp (U, Uy Tppa1) + 8ASp(u, u, ,)) — 0 as n — oo.

INIAN NN

Thus, Sp(u,u, Tu) =0, that is Tu = u. Hence, u is a unique fixed point of 7.
O

Theorem 2.2. Let (X, Sy) be a complete partial Sy-metric space with coeffi-
cient s > 1 and T : X — X be a mapping satisfying the following condition:

Sp(Tz, Ty, Tz) < ASp(z, 2, Tx) + Sp(y,y, Ty) + Sp(z,2,T2)] Va,y,z € X.
(2.5)

1 1
A # P Then, T has a unique fized point u € X and
S

where \ € [0,5),

Sp(u,u,u) = 0.

Proof. We first prove the uniqueness of the fixed point of T if it has.
We must show that, if u € X is a fixed point of T, that is Tu = wu then
Sp(u,u,u) = 0.

From(2.5), we obtain

Sp(u, u,u) = Sp(Tu, Tu, Tu) < A[Sp(u, u, Tu) + Sp(u, u, Tu) + Sp(u, u, Tu)]

1
= 3ASp(u,u,Tu) since A € [0, 3

), we have

< Sb(U,U,U),

which implies that we must have Sp(u,u,u) =0

Suppose u,v € X be two fixed point, that is Tu = v and Tv = v. Then we
have Sy(u,u,u) = Sp(v,v,v) = 0.

Equation (2.5) gives

Sp(u, u,v) Sp(Tu, Tu, Tv)
A[Sp(u, u, Tu) + Sp(u, u, Tu) + Sp(v, v, Tv))
205 (u, w, uw) + ASp(v, v,v)

0.

IN
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Therefore, u = v. Thereby, the uniqueness of the fixed point if it exists.

For the existence of the fixed point, let g € X arbitrary, set x, = T"xg
and Sy, = S(Tn, Tn, Tnt1)-
We can assume S, > 0 for all n € N otherwise x,, is a fixed point of T for at
least one n > 0. For all n, we obtain from (2.5)

Sp, = Sp(@n,Tn,Tnt1) = Sp(Txn—1,TTp_1,Txy)
)\[zsb(xn—la Tn—1, Txn—l) + Sb(xna Ty Txn)]

)\[st(l‘nfly Tn—1, an) + Sb(l’n, Tn, mn+1)]
A2Sp,_, + Sb,].

A

Therefore (1 — A)Sp,, < 2ASy,,_,. Thus

Sh

< 2.6
LS (26)

27
Let 8 = T < 1. By repeating this process we obtain

Sb,, < B"bo.

Therefore, 1i_>m S, = 0. Let prove that {x,} is a Cauchy sequence. It follows
from (2.5) that for n,m € N:

Sb(ﬂ?n,l'n,l'm) = Sb(Tnmo,TnJ}o,meo)
Sb(TxnthxnflyTxmfl)
2Sb(‘rn71; Tn—1, T:L'nfl) + Sb(xmflv Tm—1, Txmfl)]

IN
>

[

= /\[2Sb(xn—la Tn—1, xn) + Sb(xm—la Tm—1, zm)]

= )\[25177171 + Sbvn—l]'
So, for every € > 0, as lim S, = 0, we can find ng € N such that Sp, , < i

n—oo
and S, _, < % for all n,m > ng. Then, we obtain 25, , +.5,, , < 2& +§ =
€.
As A < 1 it follows that Sy(2n, Tn, zm) < € Yn,m > ng.
Thus, {x,} is a Cauchy sequence in X and hm Sy (T, Ty Tm) = 0.
By completeness of X, there exists u € X such that
lim Sp(@n, Tn,u) = lm  Sp(zn, zn,u) = Sp(u,u,u) = 0. (2.7)

n—oo n,Mm—00
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Now, we shall prove that Tu = u. For any n € N

Sp(u, u, Tw) 5[28p (u, u, Zng1) + S (Tu, T, Tpy1)] — So(Tns1s Tngt, Tny1)
s[28p(u, wy 1) + Sp(Tu, Tu, Txy,)]

8[28p (uy wy 1) + A[28p(u, u, Tw) + Sp(zp, Tny Tan)].

IN N IA

Therefore, (1 —2sX\)Sy(u, u, Tu) < 25Sp(u, u, Tpt1) + sASp(Tn, T, TTy) giving

SA

< -
Sp(u, u, Tu) < T2

Sp(ty Uy Tyg1) + St (Tpy Ty Tyy).

2s
1—2sA

Since Sy(zp, Tn, Txn) — Sp(u, u, Tu), n — 0o, we obtain

2s SA
T < e —— T
Sp(u,u,Tu) < = 2S}\Sb(u,u,ﬂcnﬂ) + = 25}\5’17(u,u, w)
SA 2s
1- 7 Tu < —2 .
(1= o)l e Te) s 75385t 2us)
25
Sb(U,U,TU,) < 1_38>\S(,(U,U7$n+1).

1
As A # — and from (2.7), we obtain Sp(u,u,Tu) =0 and then Tu =w. O
3
s

Theorem 2.3. Let (X, S,) be a complete partial Sp-metric space with coeffi-
cient s >1 and T : X — X be a mapping satisfying the following condition:

Sb(Tvay7 TZ) < )\max[Sb(m7y7z)7Sb(x,:c,Tm),Sb(y,y7 Ty)7Sb(Z,Z7TZ)] Vr,y,z € X.
(2.8)
1
where A € [0, 2—) Then, T has a unique fized pointu € X and Sy(u, u,u) = 0.
s

Proof. Let us prove that if a fixed point of T exists, then it is unique. Let
u,v € X be two fixed points of T, u # v, that is Tu = v and Tv = v. It
follows from (2.8):

Sp(u, u,v) = Sp(Tu, Tu, Tv) < Amax[Sp(u, u,v), Sp(u, u, Tw), Sp(u, u, Tu), Sp (v, v, Tv)]
= Amax[Sy(u,u,v), Sy (u,u,u),Sy(v,v,v)]
= ASy(u,u,v)
< Sp(u,u,v) since A < 1.

We obtain Sy (u, u,v) < Sp(u,u,v) which gives Sy(u,u,v) = 0, then u = v.
Therefore, if a fixed point of T" exists, then it is unique.
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Let 29 € X and define a sequence {x,} by z,1 = Tz, Vn > 0. For any
n, we obtain from (2.8)
So(Tn+1, Tnt1,Tn) = Sp(Tzn, Txn, TTn_1)
< )\rnax[Sb(acn, Tn,y mn—1)7 Sb(mwu Tny Txn)7 Sb(mwu Tny Txn)7 Sb(xn—l, Tn—1, Txn—l)}
= Amax[Sy(Tn, Tn, Tn-1), So(Tn, Tn, TTn), So(Tn-1,Tn-1,TTn-1)].

Since Sp(zp—1, Tn-1,TTn-1) = Sp(Tpn—1,Zn—_1,2,) and by symmetry we have
Sb(xn—h Tn—1, xn) = Sb(.’lfn, Tn, xn—l)a thus

Sb(l’n+1, Tn+1, xn) S A maX[Sb((Ena Tn, iCn,l), Sb(xna Tn, anrl)]

If max[Sy(zn, Tn, Tn-1), Sp(Tn, Tn, Tnt1)] = Sp(Tn, Tn, Tnt1), then we ob-
tain

Sb(xn+17xn+1axn) < )\Sb(xnaxna-rn—&-l)
= )\Sb<xn+la Tn+1, xn)
Sp(Tn41, Tnt1, Tn) absurd.

N

Therefore, max[Sy(2yn, Tn, Tn—1), S6(Tn, Tn, Tnt1)] = Sp(Tn, Tn, Tr_1)
and
Sb(xn+17$n+1a‘rn) S )\Sb(xnaxnyxnfl)v (29)

that is
Sp(Txp, Tap, Txn_1) < ASp(Tn, Tn, Tn-1)- (2.10)

By repeating this process, we obtain
Sb(Tnt1, Tnt1, Tn) < A" Sp(21, 21, 20)- (2.11)

For n,m € N, m > n, we obtain
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Sb(xn;xnaxm) S S[Sb(xnvxn;xn-&-l) +Sb(xn7xn7xn+1) +Sb($m7xm;xn+l)]
— Sp(Tnt1, Trg1, Tng1)
<258y (%, Ty Tpg1) + 58S (Tmy Ty Tngt)

<25Sy(zpn, Tn, Tny1) + 5 {s (Sb(wm, Ty Tnt2) + So(Tm, T, Tnt2)
+ Sp(Znt1, Tnta, $n+2)> — Sp(@nt2, Tnt2, Tni2)

<255y (Tp, Tn, Tng1) + 5 |:3<25b<37ma T, Tnt2) + Sp(Tnit1s Tnt1, Tny2))

<285y (Tns Ty Trg1) + 52 (Tnt1s Trg1, Tnaa) + 2528y (Tms Tons Trsa)
<285y (Xny Ty Trg1) + sQS’b(anrh Tnt1, Tnt2) + 252 [S(QSb(mm, Ty Tpts) +
+ Sp(Tnt2, Tny2, Tnis))]

<255y (T, Ty Trg1) + 52 (Tng1s Tng 1, Tnaz) + 255y (Tntos Tngz, Tnis)
422538y (Zoms Trny Tt 3)

<285y (s Ty Trg1) + 5280 (Trt 1, T 1, Tngo) + oo +

4 2M TN T2 G (e Ty Ty 1)

=258y (Tp i1, Tns1s Tn) + 82Sy(Tnio, Tnyos Tngp1) + oo +

4 QM2 G (e Ty Ty 1)

Now, using (2.11), we obtain

Sb(mna Tn, xm)

< 28A"Sy(21, w1, 20) + S2ATESy (w1, 21, o) + 283N TSy (11, 21, o) + ... +
+ 2m—n—2Sm—n/\m—1Sb(xl7 1, 1‘0)
< s\ [2 + A +22N2 428303 + .+ 2m_"_23m_”_1)\m_"_1] Sp(z1, 21, 20)
1
< 2s\" [1 + 58)\ + 2N+ SN+ L+ 2m_”_3sm_”_1)\m_"_1] Sp(z1, 21, 20)
< 28A"[1+28A 4 (250)% + (25A)® + ... 4 (2sA\)™ " Sy (21, 21, 20)
1—(2sA)™™ ™
< 25)\"%51,(531,&017%)
1
< 28)\"1 — 28/\55(3:1,3:1,300) — 0 as n — oo.

Hence, lim Sy(zn,Zn,zm) = 0.
n—oo

Thus, {z,} is a Cauchy sequence in X. Since X is a complete partial metric
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space, then there exists u € X such that

nliHmOO Sp(Tp, Tp,u) = nliHmOO Sp(Tn, Ty Tm) = Sp(u, u,u) = 0. (2.12)

Let’s prove that u is a fixed point of T. Vn € N, we have

Sp(u,u, Tu) < s[28(u, u, Tng1) + So(Tw, T, Tng1)] = Sp(Tns1, Tng1, Tngl)
< 3[2Sb(u, Uy Tpt1) + Sp(Tu, Tu, Txn)]

Using (2.10), we obtain Sp(Tu, Tu, Txy,) < ASp(u, u, T, ), then

Sp(u,u, Tu) < 28Sp(u, u, Tpt1) + sSASy(u, u, x,)
= 285p(Tnt1, Tnp1,u) + SASy(Tp, Tpy ).

Using (2.12) in the above inequality, we obtain Sp(u, u, Tu) = 0, then Tu = w.
Therefore, u is a fixed point of T and it is unique. [
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