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ATTACHMENT OBSERVABILITY OF A
ROTATING BODY-BEAM

JUDICAEL DEGUENON and ALINA BARBULESCU

Abstract

In this article we analyze the admissibility and the exact observability
of a body-beam system when the output is taken in a point of attachment
from the beam to the body. The single output case chosen here is the
practical measurement of the strength, its velocity or its moment. We
prove the exact observability for the moment and the admissibility for
the other cases. These results are obtained by the spectral properties of
rotating body beam system operator and Ingham’s inequalities.

1 Introduction

Understanding complex systems means focusing on their internal struc-
tures, functions, behaviour and interactions with other systems. Systems’
thinking involves the exploration of interdependencies, dynamics, and feed-
back loops occurring within the system. This involves asking how the parts
function within the whole and moving among the different levels of abstraction
to understand global function [11]. Knowledge concerning these systems [3] [7]
[16] [20] is important to forecast their behaviour, improve their maintenance
and transformation, self-organization, better understand structural tendencies
of non-orderly appearing phenomena [18].

The problem of body - beam system’ stabilization [8] has been extensively
studied in the literature. Bailleul and Levi [2] proved that in the presence of a
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structural friction and in the control’ s absence, the system has a finite number
of equilibrium states in rotation. Bloch and Titi [4] proved the existence of a
inertial variety of the system, in the situation of viscous friction. Considering
the effect of viscous amortization, Xu and Bailleul [22] proved that for all
constant angular velocity, less than a critical value, the system is exponentially
stabilisable only by a feedback of moment of control type:

T1(t) =0; Ta(t) = 0; T'3(t) = —vw(t),v > 0.

Novel and Coron [1] built another law of moment feedback, that globally
stabilizes the system:

1 1
Ty(t) =0; Ta(t) = 0; T3(t) = wt(Id—l—/ u? dx) + Qw/ uuy de.
0 0

The problem of the boundary stabilization at the free extremity of the beam
(x = L) has also been studied. Laousy et al. [14] proved the exponentially sta-
bility of the system (without amortization) for two boundary linear controls at
the free extremity of the beam (I'1(t) = —au, (L, t); Ta(t) = Bu(L,t)) and
a control of moment type (I's(t) = —y(w(t) —w*). Chentouf and Couchouron
[6] extended the results of [14] by a class of non linear boundary controls
(T4 (£) = — f (1 (Lo £)); T (t) = glura (L, 1)); Ta(t) = —y(w(t) — ).

Since the stabilization of a system is possible for measures and feedback
laws at the free extremity of the beam, the problem that naturally arises,
and is studied here, is the system stabilization for measures collected at the
attachment point. Therefore, we analyse here the existence of admissible and
stable states in the bearing edge.

2 Preliminaries

Let consider a distributed, non excited system, described by the equation
[13]:
o) = Ag(t), Vi >0,
{0 2w

The state of this kind of system can not always be directly measured from
physical point of view. But, sometimes it is possible to collect some infor-
mation on the system and monitor its evolution during an interval of time
[0,70]. Thus, the observability problem is the reconstruction of the system’
state, using the measures collected on that time interval.

Assume that the state space of the study system is a Banach space, X.
If the operator associated to the system generates a C° semi-group, then the
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solution can be written as ¢(t) = T'(t)¢o, and it is enough to determine ¢ at
each moment ¢, knowing the initial condition ¢.

Suppose that we collect ¢ measures on the system, defined by the output
function:

(S){ y(t> i (yl(t)ayQ(t)""ayq<t))

where C' is an unbounded operator, whose domain D(C) C X is invariant
with respect to the C? semi-group T'(t),, and y(.) € L?(0,T;R?). We have:
y(t) = CT(t)po = Peo(t). The observability is equivalent to the existence of
an inverse of the following operator:

T :L*0,T;R%) — X,y — Ty = ¢o.

Definition 2.1. The system (>_) together with (S) is exactly observable
if there are constants 7y > 0 and M > 0 such that:

M~ | go ||§<§/O 1 CT ()0 16 dt < M | do [I% - (1)

Let (HO) be the open loop system given by:

I § v = Co),
¢(0) = ¢o.

The first equation of (J]°) implies that ¢(t) = T(t)do is a weak solution.
Analyzing the second equation of ([%), it results that if ¢o ¢ D(A), we can
have ¢(t) ¢ D(A) and, therefore, y(t) is not defined. To get around this
difficulty, we work with the following:

Definition 2.2 [19] C' is an output admissible operator for the semi-group
(T'(t))e>0 or the couple (4, C) is admissible if there are two positive constants
M, 19 such that:

/0 CT()é0 13 dt < M | éo X (2)

Proposition 2.3. An operator A has a compact resolvent in a Hilbert
space X, iff the resolvent set, p(A), is not void and the injection of D(A) in
X is compact, D(A) carrying the graph norm.
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3 Results

The simplified model of body-beam system discussed in the following is de-
scribed by:

gt (T, 1) + Upgaz (T, 1) = W2u(z,t), t>0, x€(0,1)

u(0,t) = uz(0,t) =0, t>0,

Ugz (1,t) = Ugee(1,8) =0, t>0, (3)
u(0, ) = up(x), ut (0, z) = vo(z), xz € (0,1)

Y(t) = ugs (0, 1), t>0

where w, is a positive constant, representing the rotation speed of the disc
about its axis, u(x, t) is the transverse displacement of the beam at the abscissa
x at the moment ¢, y(t) is the only measure of the force moment at the clamping
point. Let consider

HE(0,1) = {f/f, fo: fow € L*(0,1), f(0) = f,(0) = 0}.

The state space of system (3) is the Hilbert space X = H%(0,1) x L?(0,1),
endowed with the inner product:

1
< g >x= / Ui (00100 () + o292 (2) — w2 f1 (2)g1 (2)} d.

The observation space is O = R, endowed with its usual inner product.

Denoting by H*(0,1) = {f € 12(0,1) : 224 € 12(0,1),¥B ¢ N}, we de-

fine the operators Ay, and A,,, respectively by:

{ D(AO) {f€H4(0a1)/f(0) :fac(o) :farx(l) :f.rxac(l) :O} (4)
Aof(z) = [W(x), Vfe D(A).

D(Aw*) = D(AO) X HJ%(O7 1)7 (5)

w(Do-[ata S (e o

In the following we shall denote by A the operator A, for w, = 0.

Proposition 3.1. The unbounded operator Ay is linear and admits a
countable infinity of eigenvalues 0 < I} < I3 < ... < [, < ... such that
lim,, s oo I, = +00. The corresponding eigenvectors (e, ),>1 form an orthog-
onal basis of L?(0,1).
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Proof. 1. Ay is self-adjoint on L?(0,1)

We prove that Ay is maximal monotone, symmetric on L?(0,1) and we
apply Proposition VII.6, page 113 from [5].

e Ay is monotone and positive:

1
(Aof. F)iaom = [ (7)) da >0 ¥f € Do)

e Ay is maximal:
We want to prove, by Lax Milgram, that Im(I + Ag) = L?(0,1).
Let f € L?(0,1). We want to determine an element u € D(Ag) such that

(I+ Ap)u=f. (7)
(7) is equivalent with:
u(0) = u(0) =0 (8)
Uz (1) = ugza(l) = 0.

Let [: H?(0,1) — R,v — fol fvdx. [ is a linear and continuous form and :

1
/ fvdx
0
But

v(z) = fom ve(€)d¢ Vv € HE(0,1) and ve(€) = ff vy (y) dy Vv € HE(0,1).
By Fubini’s theorem it results that:

oz) = /Om/jvyyw)dydg:/:vyy@)/j d&dy=/0z<x—y>vyy<y>dy.

Using Holder’ s inequality, we deduce that:

x 3 3 3
@l < | [e-vra] | [onla) =Sl =

2 z? 2
[v@)° < 5 lollaz 0,0) =

V3
6

1(v)| = < |I£llz20n vl 20,1) %)

lvllz200,1) < [vllz20,1) Vv € H7(0,1). (10)

From (9) and (10), it results that:

V3
l1(v)] < ?”f”H%(O,l)”UHH%(OJ)' (11)
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Let g be the application: g: H#(0,1) x H2(0,1) — R,

1
(u,v) — / (UV + Upa Vo) dT =< U, v >12(0,1) + < U,V >H2(0,1) -
0

- g is a bilinear form,
- gis H#(0,1) - coercive:

g(u,u) = ||U||2L2(o,1) + ||U||?Hg(o,1) > HUH%I%(O,I)’
- g is continuous (from (10)):
g(u,u) < lullz0n 0l 20.0) + lullmz 0 vl 2 0,1)

1
< (1 + 12) [l 2 0,1y ll0ll 122 (0,1 -

By Lax Milgram (Corollary V.8 page 84 of [5]) we deduce that the equation
g(u,v) = I(v) has an unique solution u € H%(0,1) for all v € HZ(0,1).
By direct calculation, we prove that u satisfies the equation for all v €

HE(0,1), 1
/0 |:’U,za:($) 4—/1“c /171 u(Tz)dedn} Vga () dz—

_/01 [/lx /171 f(TQ)dedﬁ] Voo () dz = 0,

for all v € HZ(0,1). This implies that, for all v € L?(0,1),

/01 [uM(xH/j /lﬁ u(@)dmdﬁ} v(z) da—
[ it o

Therefore u is a solution of the equation:

Uy (T) +/1$ /f u(2) drodry — /lm /lﬁ f(m2) dredr = 0. (12)

For z =1, from (12) we obtain uz;(1) = 0.
By differentiation with respect to x, in equation (12), it results that:

U () + /1 u(r) dr — /lx F(r)dr = 0. (13)
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The condition ., (1) = 0 is obtained putting z = 1 in (13).
By differentiation with respect to z, in equation (13), the following relation
results:
Ugpzes + U= f,u € D(AO)

I1. Ay is symmetric.
A double integration per parts prove that:

1
< AOfvg >r2(0,1)=< f7 Aog >L2(0,1):/ fza:gm:v dx Vfag € D(AO)
0

III. Ap has a compact resolvent.

Ap is the operator associated to the form g of the variational triplet
(L?(0,1), H?(0,1),b). Since g is H?(0,1) coercive, then Ag est invertible by
Lax Milgram. Therefore 0 € p(Ao).

The injection from H4(0,1) to L?(0,1) is compact and D(4y) C H*(0,1),
so the injection from D(Ag) to L?(0,1) is compact.

Applying Proposition 2.3, it results that Ay has a compact resolvent.

Since A is monotone, positive and maximal, the spectrum is formed by
real positive numbers. From III it results that the spectrum of Ay is formed
by a countable infinity of eigenvalues 0 < [} < Iy < ... < I, < ... such
that lim, 4o l,, = 4o00. The corresponding eigenvectors (e,)n>1 form an
orthogonal basis of L?(0,1) [17]. Furthermore, the geometric multiplicity of
each eigenvalue of Ay is equal to its algebraic multiplicity [21]. O

Remark 3.2. Xu and Bailleul proved in [22] that: If w? < [y, then A,
generates a C° group of unity operators on X and the output operator, C,
defined by: C(p1,92) = (¢1)22(0), belongs to L(X;,0), where X; is the
Banach space D(A4,,,) with a graph norm on X.

In the following we consider that w, is a very small constant. Since it is
possible to estimate asymptotically the size of eigenvectors of the operator A4, ,
we show the exact observability of the couple (A4, ,C) by spectral analysis and
the inequality of Ingham.

Proposition 3.3. For all angular constant speed wy, the spectrum of A,
can be written as:

o(Ay,,) = {Vin|yin =+v/w2—-1,,Yn=1,2,...,m— 1}U
U{l/in|l/in =i/l — w2, Vn=m,m + 1,...},

where m is the smallest positive integer such that w? < [,,. Moreover, the

corresponding generalized eigenvectors can be chosen to form a Riesz basis on
X and the eigenvalues v,, or v_,, with n # m — 1 are algebraically simple.
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Proof. The proof of this proposition is given in [22]. If w2 # [,,,Vn € N\{0},
all the eigenvalues of the system are algebraically simples. If w? = [, for a
certain ng € N\{0}, the corresponding eigenvalue vy,, has a multiplicity of
second order. O

Proposition 3.4.[12] Let f(t) = ZZLN ane~ "t where \, are real num-
bers, satisfying the separation relation: there is v > 0 such that: A\, — A\,,_1 >
>0, V N <n< N Then, for each € > 0 and T = 7 + ¢, there is a
constant C'(€) > 0 (independent on N and N’) such that:

1T L ) [T e
TC(E)/ |f ()] dtgngvlanl <57 [T\f(t)| dt. (14)

-T

Moreover, the conclusion remains true for the uniformly convergent series on
the interval [T, T.

Theorem 3.5. For any constant angular velocity w, < /i, the system
(3) is exactly observable.

Proof. Part I. We find a form for the solution of (3).
v € C is the eigenvalue of A, iff there is (u,v) € D(Ay,), (u,v) # (0,0)
that satisfies:
v=rvu
Upzze — (W2 —V2)u =0
u(0) = u,(0) =0
Ugz (1) = Ugqre (1) = 0.

Then w? — v? is the eigenvalue of the operator Ay defined in (4). For all

n € N\{0}, we have l,, = w? — v/2. Choosing w, small enough, such that

(15)

0<wi<lhi<ly<...<ly..., (16)

the spectrum of A, can be written as:

o(Ay.) = {uin = £l A = VIn — w2, n € N*}, (17)

taking into account Proposition 3.3. The corresponding eigenvectors are:

¢n=[ o },qsn:{ o ] ¥n € N\{0}.

Z.)\nen _Z.Anen

We choose (ey,)n>1 such that (¢, )nez+ form an orthonormal basis of X.
For n > 1, we define: «,, =< ¢, (u0,00) >x, ¥—pn = Ay Aeyy = —Ap.
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With these notations, the solution of (3) can be written as:

’U) = Z Oéneii)\"t(ﬁn + Z aneii)\"t(bn = Z aneii)\ntd)nv (18)

n>1 n>1 nez*
y(t) = Z an(en)m(o)eiw\"t- (19)
nez*

Part IT. We prove that: (en,)z.(0) # 0 for all n € N\{0}.
Suppose, by reduction ad absurdum, that there is ng € N\{0} such that
(eng)zz(0) = 0. Then e, satisfies the ordinary differential equation:

(€ng)zzee(T) = lngen, (2),
{ €no(0) = (ng)2(0) = (€ng)aa(1) = (€ng (1) = 0. (20)

Using (en,)z(x) as multiplier and integrating by part with respect to = on
[0,1], we obtain from (20) that: e,,(1) = 0. Analogous, using the multiplier
(eng)z(x), it Tesults that:

1
[ 2+ tufen ] e =0

Therefore, e,,(z) = 0, Yz € (0,1), that argues against the hypothesis that
€no () is an eigenvector of the operator Ag. So, the proof of Part II is complete.

Part ITI. We prove that:

lim_|(en)az(0)] = V2, [Ang1 — An| = O(n?).

n—-+4oo

Denote by:
l=p* =w? -2 (21)

From the second and the third equations of the system (15), it results that:
u(x) = 2a (cosh(pzx) — cos(ux)) + 2b (sinh(ux) — sin(ux)) ,
where a, b are real constants. The last condition of (15) can be written as:
< coshpp+cosp sinh p 4+ sinp ) ( a > _ ( 0 )
sinhyu —sinp  cosh p + cos b 0/’
u is the non-vanishing solution of the system (15) iff:

cosh pu+ cosp sinh p + sin p
sinh y —siny  cosh 4 cos i

’0@00shucosu+10. (22)
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A solution, u, of (22) has the following properties:
e 1 ciR*"UR;
e ;1 > 0 is a solution of (22) & —pu is a solution of (22);
e 1 > 0 is the solution of (22) < iu is a solution of (22).

To avoid the repetition of the eigenvalues of A, , we consider y > 0. The
equation (22) is transcendent, so it has no algebraic solutions. The asymptotic
behavior of the solution can be studied, when n — +o00. Its positive solutions
can be estimated by:

tn = pon +O(€™), pon =Mn—1/2)7, Vn>1. (23)

where pg, are the solutions of the equation cos u = 0.
The constants a and b satisfy the relation: a = k,b, with

sinh p,, + sin py,

kn = —
" cosh g, + cos

and
(€n)z(0) = 4bk, 2.

Normalizing ¢,, in X:
| én ||2X: (QU;lz _wf) | en H%Q(O,l): L,
we obtain:

6] = /1205 — w2

e2hn e~ 2Hn cosh k
kn +1)2 — (ky, —1)2 +8(k2 — 1)(—1)n ——" — % 4 4k2|.
\/‘ ( ) 24in ( ) 24in ( )= P P

From (23) it results that:

1 1
[fen| ~ 1, [bli2 ~ [2= O (1/n*)| 2 |4+ 0 (1/n)| 2 = Jim[(en)aa) (0)] = V2.
From (17), (23) and (21) it results that |\,+1 — A,| = O(n?), so, the proof
of Part IIT is complete. From (19), Definition 2.1, the results of Part III
and Proposition 3.4 it results that the system (3) is exactly observable. This
complete the proof of Theorem 3.5. O

Remark. 3.6. The exact observability, within the meaning of the left
inequality in (1) is also true if w, < V/I;, when the output y(t) = ue,(0,t) is
replaced by y(t) = Ugs2(0,t) or y(t) = utes(0,t) in the system (3). Moreover,
in the last case, the output operator C'is in L(X7,0). It would be interesting
to look to other states spaces to make them admissible and to build observers.
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Indeed, to prove the left inequality, the same procedure can be followed,
noting that:

Uara(0,8) = Y e enran(0), e (0,8) = D ane™ ! (iAnenas(0)),
nezx* nezx*

and writing the initial condition: (ug,v0) = Y, cz+ @n®n, with

On = [erui)\nen]Ta G_p = $n7 An = i,ugu Hn = (n—1/2)7r—|—0(1/n4), ne N*,

1 sinh p,, 4 sin p,
en () = -
V2p2 cosh pt, + cospin

From lim,, 0 €nze(0) = v/2, it results that

[cosh pip, @ — coS pupx] + sinh p,x — sin unx} .

lim ena::mv<0)n_1 = \/§7T, and lim |)\n"rL—2 = 7'('2,
n—oo n—oo
By Proposition 3.4. we deduce the left inequality from the exact observ-

ability definition.

References

[1] B. D’Andrea - Novel and J. M. Coron, Stabilization of a rotating body-
beam without damping, IEEE Transaction Automatic Control, 43 (1998),
no.5 , 608 — 618.

[2] J. Bailleul and M. Levi, Rotational elastic dynamics, Physica D, 27
(1987), 43 — 62.

[3] A. Bensoussan, G. D. Prato, M. Delfour and S.K. Mitter, Representation
and control of infinite-dimensional systems, Vol. I, Birkhauser, Boston,
Inc., Boston, MA, 1992.

[4] A.M. Bloch and E. S. Titi, On the dynamics of rotating elastic beams,
Proceedings Conf. New Trends Syst. theory, Genoa, Italy, July 9-11, 1990,
Conte, Perdon and Wyman (Eds.), Birkauser, Cambridge, 1990.

[5] H. Brezis, Analyse fonctionnelle, théorie et applications, Masson, Paris,
1983.

[6] B. Chentouf and J. F. Couchouron, Nonlinear feedback stabilization of a
rotating body-beam system, ESAIM: Control, Optimization and Calculus
of Variations, 4(1999), 515 — 535.



92

JUDICAEL DEGUENON aAND ALINA BARBULESCU

[7]

[10]

[11]

R. F. Curtain and H. Zwart, An introduction to Infinite-Dimensional
Linear Systems Theory, Texts Applied Math. 21, Springer-Verlag, New
York, 1995

J. Deguenon, Observateurs des Systemes Anti-Adjoints de Dimension In-
finie et Applications, These unique de doctorat, Université de Metz -
Metz, 2003.

A. J. Deguenon, G. Sallet and C. Z. Xu, A Luenberger observer for infinite
dimensional skew-symmetric systems with application to an elastic beam,
Proc. 2nd Int. Symp on Comm. Control and Signal, Marrakech, 2006.

A. J. Deguenon and A. Barbulescu, Theoretical Observers for Infinite
Dimensional Skew-Symmetric Systems, 2012, submitted

C.E. Hmelo-Silver, R. Jordan, L. Liu, S. Gray, M. Demeter, S. Ru-
gaber, S. Vattam and S. Goel, Focusing on Function: Thinking be-
low the Surface of Complex Natural Systems, 27— 35, http://home.cc.
gatech.edu/dil/uploads/Science-Scope-Paper.pdf

A.E. Ingham, Some trigonometrical inequalities with applications to the
theory of series, Math. Zeischrift, 41(1936), 367 — 379.

A. El Jai and A.J. Pritchard, Capteurs et actionneurs dans I’analyse des
systemes distribués, Recherche en Mathématiques Appliquées, Masson,
1986.

H. Laousy, C.Z. Xu and G. Sallet, Boundary feedback stabilization of a
rotating body-beam system, IEEE Transaction Automatic Control, 41
(1996), no.2, 241 — 245.

X.-D. Li, C.-Z. Xu, Y.-J. Peng and M. Tucsnak, On the numerical in-
vestigation of a Luenberger type observer for infinite-dimensional vibrat-
ing systems, Proceedings of the 17th World Congress, The International
Federation of Automatic Control (IFAC), Seoul, Korea, July 6-11, 2008,
7264-7269.

L. Marsavina, A. D. Nurse, L. Braescu and E.M. Craciun, Stress singu-
larity of symmetric free-edge joints with elasto-plastic behaviour, Comp.
Mat. Sci., 52 (2012), No.1, 231-235.

A. Pazy, Semigroups of linear operators and applications to partial dif-
ferential equations, Springer Verlag, New York, 1983.

T. W. Peterson, http://esd.mit.edu/symp09/presentations/dayl.
walkerlunch.peterson.pdf.



ATTACHMENT OBSERVABILITY OF A ROTATING BODY-BEAM 93

[19] D. L. Russell and G. Weiss, A general necessary conditions for exact
observability, STAM J. Control and Optimizations, 32 (1994), no.1 , 1 —
23.

[20] R. Selescu and A. Barbulescu, The bending of the nonprismatic bars,
with constant section and the inertia moment variable periodic, Bull. Sci.
Pitesti Univ., Mathematics and Informatics, 2 (1998), 209 — 222.

[21] J. Weidmann, Linear Operators in Hilbert Spaces, Springer-Verlag,
Berlin, 1980.

[22] C. Z. Xu and J. Bailleul, Stabilizability and stabilization of a rotating
body beam system with torque control, IEEE Transaction Automatic
Control, 38 (1993), no.12 , 1754 — 1765.

JUDICAEL DEGUENON;,

Université d’Abomey-Calavi,

Ecole Polytechnique d’Abomey-Calavi,
Cotonou, Benin

Email: tjudy73@yahoo.fr

ALINA BARBULESCU,

Ovidius University of Constanta,
Romania

Email: alinadumitriu@yahoo.com



94

JUDICAEL DEGUENON aAND ALINA BARBULESCU




