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Coeflicients estimates of some subclasses of
analytic functions related with conic domain

Abstract

In this paper, the authors determine the coefficient bounds for func-
tions in certain subclasses of analytic functions related with the conic
regions, which are introduced by using the concept of bounded boundary
and bounded radius rotations. The effect of certain integral operator on
these classes has also been examined.
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Let A be the class of functions of the form

f(z):erZan 2", (1.1)

n=2

which are analytic in the unit disc £ = {z:|z| <1}. Also let K., and C7
denote the well-known classes of close-to-convex and quasi-convex functions
of complex order v (y # 0) respectively, see for details [2, 12].

Kanas and Wisniowska [5, 6] studied the classes of S-uniformly convex
functions denoted by f—UCV and the corresponding class of 5- starlike func-
tions 8 — ST related by the Alexandar type relation. Later Acu [1] considered
the class of S-uniformly close-to-convex functions, denoted by § — UK and is
defined as:

o= {j e (282) £
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, g(z) e B— ST, zEE}.
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A function p (2), analytic in E with p (0) = 1, is said to be in the class P,
if and only if,

27
/|Rep(z)|d9 <km k>2.
0

This class was introduced by Pinchuk [16]. It is noted that P, = P, the
well-known class of analytic functions with positive real part. Using the class
Py, the classes Vj, of functions with bounded boundary rotations and Ry of
functions with bounded radius rotations are defined as:

Vi = {f(z) cA:1+ Zf,/;iz)) S Pk},

Ry = {f(z) cA: ZJ]:;S) € Pk}.

These classes were studied by Noor [10, 11, 15] in some details.

Now we define the classes 3—UT}, () and S —UT}:(7y) of analytic functions
by using the concepts of bounded boundary rotations and bounded radius
rotations as follows.

Definition 1.1. Let f(z) € A. Then f(z) € 5 —UT} (7), if and only if, there
exists a function ¢g(z) € Ry, such that

(05 (1)) ()

where 8 >0, k> 2 and v € C—{0}.

Definition 1.2. Let f(z) € A. Then f(z) € 8 —UT}(7), if and only if, there
exists a function g(z) € Vj, such that

(o) o () e

where >0,k >2 and v € C—{0}.
It is clear from (1.2) and (1.3) that

f(z) € B=UTi(v) & 2f'(2) € B=UT; (7). (1.4)

, 2 €N, (1.2)

It is noticed that by giving specific values to k, 8 and ~ in the classes § —
UTy (v) and 8 — UT}(7y), we obtain some well-known subclasses studied by
various authors in earlier works, for example, see [1, 2, 4, 5, 6, 9, 12, 13].
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Geometric Interpretation
Geometrically, we see that a function f(z) € A is in the class 8 — UTy (y)

and §—UT} (), if and only if, the functions Z(S) and (ZZ:(( ))) respectively

take all the values in conic domains Qg with 0 < Rey < 3 + 1 such that

Qpy =712+ (1-7), (1.5)

where

Qg:{u+iv:u>ﬁ (u—1)2+02}.

The domain Q4 is elliptic for 8 > 1, hyperbolic when 0 < 8 < 1, parabolic
for # =1 and right half plane when g = 0. This domain has been extensively
studied by Noor et.al [14].

The functions which play the role of extremal functions for the conic regions
of complex order are given as:

1+(2y—1)z ﬂ _ 07

-2

1+ 2—"’ (log 1+ﬁ)2, B8=1,

pp(z) =< 1+ 127 sinh? [(2 aic(f)osﬁ) arctan hy/z], 0< B <1,
1+ gl sin T30 f 1 dr | + ==, B>1,
0 VIme?V1-(ta)? p
(1.5)

where u(z) = 12:\/%, t € (0,1), z € E and z is chosen such that g =
cosh (zg((tt)) ), R(t) is the Legendre’s complete elliptic integral of the first kind

and R'(t) is complementary integral of R(t), see [5, 6].
We need the following lemmas for our subsequent results.
Lemma 1.3 [16]. Let p(z) € P,. Then p(z) € P for |z] <r = ’“7@2_4.
Lemma 1.4 [8]. Let ¢(z) be a convex function in F and let another
function P : E — C with Re P (2) > 0. Consider p(z) € H (F) such that

p(z2)+P(2)2p (2) <q(2), z€E.

Then p(z) < ¢(z), z € E.
MAIN RESULTS
Theorem 2.1. Let f(z) € 8 — UT} () and be given by (1.1). Then

k
lan| < ()”1 Z 111 ,forn > 2, (2.1)
G-
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where §, _ is given by

8y(cos™! B)?

L 0<B<1,
g 0P
5p =4 8 51
By — 27 — 4
7T 2
w2y

, B>1

Wi - DR+ 1)
Proof. By definition of 3 — UT} (v)
2f'(2) = g(2)q(2),

and
q(2) < pp~(2),
where pg ,(2) is given by (1.5) and g(z) € Ry. Let

q(z) =1+ Zdn 2" and g(z) =2+ an s
n=2

n=1

Then from (2.3), we have

z+ inan 2" = (z + ibn z”) (1 + id" z") .
n=2 n=2 n=1

Equating coefficient of z™ on both sides, we have

n—1

nay = by + > bj dnj, forn>2,
j=1
and this implies that
n—1
nlan| = (bl + > Ibj| |dn_jl, for n >2.
j=1

Since
q(z) < ppy(2),

therefore by using the well-known Rogosinski result [17], we have

|dn*3| < |6ﬂ,’v

=

where 6, is given by (2.2).

(2.2)
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)

Now, using (2.5) and the coefficient estimate |b,| < 7 of the class Ry,

n (2.4), we have

(), =t (),
nla,| < =1 + |§[M|Z(j_1)!, for n > 2,

Jj=1

which implies that

1
(k)n 1 57 ” j 1
lan| < g ol , for n > 2.
n (j—
=1

Hence the proof.
Corollary 2.2. When =0, k=2 and v = 1, then (2.1) reduces to
lan| < n, for n > 2,

which is the coefficient bound of f(z) € K, the well-known class of close-to-
convex functions, introduced by Kaplan, for detail of this class, see [4].

Theorem 2.3. Let f(z) € 8 — UT} () and be given by (1.1). Then

1| (k
jan| < — () ‘“‘Zy_fll ,forn>2, (2.6)

where ¢, is given by (2.2).
Proof. By using the relation (1.4) and Theorem 2.3, we obtain the re-
quired result.

Corollary 2.4. When =0, k=2 and v = 1, then (2.6) reduces to
lan] <1, for n > 2,

which is the coefficient bound of f(z) € C*, the well-known class of quasi-
convex functions, given by Noor [13].

For the function f(z) € A, we consider the integral operator

L (f(2) = a+1/zt“_1f(t)dt, aeCand Rea>0.  (2.9)
0

ZG.

This operator I, was introduced by Bernardi [3]. In particular, the operator
I, was studied earlier by Libera [7].



186 SARFRAZ NAWAZ MALIK, MOHSAN RAZA, MUHAMMAD ARIF AND SAQIB HUSSAIN

Now we prove the followings.
Theorem 2.5. Let f(2) € 8—UTy (). Then I, (f (2)) € 8—UTj () for
2| < 7= k=4
.
Proof. We know that f (z) € 8—UTy (7), if and only if, for g (2) € Ry, the

function ZZ;(/S) takes all values in the conic domains Qg , with 0 < Rey < f+1,

where Qg ., is given by (1.5). That is

LY o) (2.10)

From (2.9) , we have
(4 a) £ (2) = 2 (af (2)) +aluf (2). (2.10)

Also for g () € Ry,
(14 a)g () = = (g (2)) + alug (=), (2.11)

where 1,9 (2) € Ry, see [10]. From (2.10) and (2.11), we obtain

2f (2) 2 (2Uaf (2)) +az(af (2)

g9(2) 2(lag (2)) + alag (2)

(zUaf(2)) | 2(laf(2))
I,g9(2) ta Tag(z)

= : . (2.12)
z(lag(2))
Iag(z) ta
Now let % = p(z) and % = p1 (). Then we have
2(Iaf (2)) = p(2) (Iag (2)).
Differentiating the above equality with respect to z, we get
/
(z(Iaf (2))) =1 (2) (Iag (2)) + 0 (2) (Tag (2)).
This implies that
220 )))
T hele) zp' (2) +p(2)p1 ().
Using this in (2.12), we have
/ /
HE) Ly 2@ (2.13)
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From (2.10) and (2.13), we have

2’ (2)
Z2)+ ———— < z).
p( ) P (Z)+Cl pﬁﬁ( )
Since Re [p; (2) +a] > 0 for |z| < r = k== V2k2*4, by Lemma 1.3. So by using
Lemma 1.4, we have
P(2) < ppH(2).

Therefore I, (f (2)) € 8 —UTy (7).
Theorem 2.6. Let f(z) € § —UT} (7). Then I, (f (2)) € B8 —UT;(v)
2] < r = E=vki=d V2’“2’4.
Proof. Using the same procedure as given in Theorem 2.5, we can easily
obtain the required result.
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