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Increased crop production efficiency can be achieved by 
using combined tillage-sowing aggregates, which can 
perform two or more technological operations in one field 
pass. Such aggregates are usually multi-element machines 
consisting of three elements – a tractor, a seed tank and 
a  sowing machine – moving in succession one after the 
other (Beloev et al., 2015; Ivanovs et al., 2018). The most 
frequent layout schemes of such aggregates are: 1 tractor –
tank for seed material – sowing machine; 2 tractor – sowing 
machine  – tank. Differences in the dynamics of the 
aggregates with either of the two schemes are insufficiently 
studied.

Conventional ways of constructing dynamic and 
mathematical models for such systems are based on 
a  manual technology (Blundell and Harty, 2004; Werner, 
2012; Fleischmann and Berns, 2013). Recently, systems of 
a computer output of the dynamics equations have been paid 
much attention. A quite efficient one is the special system of 
computer algebra SCCA KiDiM, the theoretical foundations 
of which were described by Franke et al. (2012). The studies 
of the dynamics of the multi-element machine-and-tractor 
aggregate (MTA) are traditionally based on the formation of 
holonomic equations and nonholonomic systems (Blundell 
and Harty, 2004). Taking into account the regularities of 
rolling torque of the aggregate wheels, including even their 
elasticity properties, it belongs to the class of nonholonomic 
mechanical systems. In order to investigate the dynamics of 
multi-element machines, the D’Alembert-Lagrange principle 
(Bulgakov et al., 2016) or the Lagrange equations of the 2nd 
kind can be applied. Usually, research of the mobile machine 

movement is studied together with a semi-trailer by means 
of the Lagrange equations of the 2nd kind (Chieh, 1995; Siew 
et al., 2009; Bulgakov et al., 2018). A mathematical model 
of the single machine movement has been repeatedly 
investigated (Blundell and Harty, 2004; Karkee and Seward, 
2010). Liljedahl et al. (1996) investigated the dynamics 
and stability of a mobile machine. Aforementioned works 
examine the mathematical model of the multi-element 
aggregate movement as integral; therefore, with a change 
in the structure or internal connections, it is necessary to 
reconstruct it again, resulting in more labour and time 
necessary for the research. Therefore, in order to correctly 
solve the problems of the dynamics of nonholonomic 
multi-element systems, it is necessary to establish the basic 
equations of dynamics and substantiate the equations of 
relations similarly to Franke et al. (2012). Numerous studies 
on the dynamics of agricultural aggregates as multi-element 
(multi-mass) mechanical systems do not try to deal with 
the scientific issue by an arbitrary combination of system 
elements. Investigation of the dynamics of these systems 
requires a methodology development for the formation 
of dynamics equations taking into account the changes 
in the structures and methods of machine aggregation. 
Methodology for establishing the equations of the 
dynamics of MTA cannot be used in study of aggregates with 
interchangeable structures, since it does not allow changing 
the mathematical model depending on the aggregation 
scheme of the multi-element aggregate elements. Known 
measuring systems of the MTA dynamics are either universal 
or utilized in automated control systems of the technological 
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processes. A  disadvantage of such 
systems lies in possibility to control 
only the intermediate values of the 
aggregate performance parameters 
with their help. Other systems utilize 
a small number of sensors and therefore 
can measure only a limited number of 
aggregate performance parameters 
(Yahya et al., 2004). The trajectories 
of a tractor or car movement are 
determined using the GPS receivers 
installed on machines (Yahya, 2000).

Investigation presented aims to 
study theoretically the dynamics of 
a  multi-element MTA and to compare 
it with experimental data through 
mathematical simulation of a dynamic 
model based on the HTZ-17224 tractor 
and a  combined soil-cultivating-
sowing aggregate APP-6.

In order to conduct the investigation, 
methods of higher mathematics and 
theoretical mechanics were used for 
the solution of systems of nonlinear 
differential equations; bringing the 
dynamic equations to the Cauchy 
form was carried out by the Kratu 
method; numerical integration of such 
equations was carried out by Runge-
Kutta methods with automated step 
selection, as well as the methods of 
programming and experimental field 

research. Processing of the results of 
both theoretical and experimental 
investigations was carried out by 
numerical methods using a PC. To 
compile an analytical mathematical 
model of a  multi-element MTA, 
a  design scheme (Fig. 1) will be used. 
The tractor with an articulated frame 
aggregates a tank for seed material 
and a sowing machine. When creating 
a dynamic model, it is necessary to take 
into account only the main elements of 
the multi-element MTA that affect its 
dynamics.

To construct an equivalent 
dynamic model, the following notation 
will be used (Fig. 1): Cij – wheel centres 
(i – row number, j – number in the 
row); Ak – frame frontal points (k  =  1, 
2, 3, 4, for a four-element aggregate); 
Ok – mass centres of tractor, seed tank 
and sowing machine; Bk – rear axle 
midpoint of the tractor, seed tank and 
sowing machine; Pk  – instantaneous 
speed centres (ISC) of the aggregate 
frame elements; Ψ – bending angle 
of the tractor half-frames; Φk – angles 
between the lines, fixed bodies, wheel 
axles, and directions to the mass 
centres of the corresponding ISC; θk – 
angles from the lines of indicated axles 
to the directions of the frontal joints 
of the ISC; δ1, δ2 – angles from the axle 
lines to the directions of the rear joints 
from the ISC; γk – angles, longitudinal 
axles of the vehicles with axis x of the 
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Fig. 1 Design scheme of a multi-element MTA
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fixed coordinate system; FBk – forces 
acting upon the aggregate elements. 
This system of differential equations 
consists of equations of kinematic 
links and an equation of dynamics. The 
equations of kinematic links describe 
links between the projections of the 
linear and angular velocities, and 
accelerations. For a four-element MTA, 
the equations of kinematic links are as 
follows:

 

  (1)

where:
s – pseudo-coordinates of the points 

of aggregate elements
x, y – coordinates of the points of 

aggregate elements
i  =  1…, 4 – number of the aggregate 

element, designating the 
first half-frame of the tractor, 
the second half-frame of the 
tractor, the seed tank, and the 
sowing machine, respectively

n = 2…, 4 – number of the aggregate 
element similarly denoting 
the second half-frame of the 
tractor, the seed tank, and the 
sowing machine

Pseudo-velocity of point A – sA1 is 
taken as the generalised coordinate. 
The mathematical model has one 
degree of freedom, pseudo-velocity of 
point A, and 29 coordinate equations 

·
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with dependent variations (Eq. 1). The dynamic equation is 
as follows:

   (2)

where:
 factors Mf [1][1]-1 and Ff[1] of Eq. 2 are:

  (3)

  (4)

 

For the purpose of experiments, a measuring system was 
developed in order to determine the dynamic and traction-
energy indicators of mobile machines. The primary element 
of this system is the computation module, since processing 
and storing of data obtained from sensors and measuring 
devices take place in this unit. A hard disk or a USB flash 
drive was used as a data storage device. The computation 
module includes a touch screen display for showing the 
recorded parameters and controlling the measuring 
system, making it usable without a PC. Block diagram of 
the measuring system for determination of dynamic and 
traction-energy indicators of the performance of mobile 
machines is presented in Fig. 2.

The system can process data by eight inertial measuring 
devices (IMD) [6]. These devices are used to determine the 
accelerations, angular velocities, field directions and the 
Euler angles. Furthermore, wheel dynamics sensors [14] also 
contain inertial measuring devices. They are installed in the 
wheel turning centre and transmit data via a 2.4 GHz radio 
channel. Such sensors allow the measuring of the slipping of 
tractor wheels by the following equation: 

   
  


2
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where:
w – wheel current turning speed determined by the sensor
rD – real radius
υD – actual driving speed measured by the GPS receiver
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Fig. 2 Block diagram of the measuring system for determination of dynamic and traction-energy indicators of the performance of 
mobile machines
1 – computation module; 2 – control panel; 3 – GPS receiver; 4 – power supply; 5 – CAN data bus; 6 – inertial measuring device; 7 – turning 
angle sensor; 8 – fuel flow meter; 9 – revolution speed sensor; 10 – electronic dynamometer; 11 – analogue inputs; 12 –discrete inputs; 
13 – PC; 14 – wheel dynamics sensor
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This method of determining the turning speed of the 
tractor wheels allows a dynamic exploration of the slip 
for each of the wheels at a particular moment of time (the 
instantaneous value). The method of measuring the wheel 
turning speed helps to prevent the need for utilization of 
expensive precision encoders, as well as for changes in the 
tractor transmission design in order to install the turning 
speed sensors based on the Hall effect.

Solving of the system of differential equations (Eqs. 1–4) was 
performed in a special system of the computer algebra SCCA 
KiDiM. The HTZ-17224 tractor and the APP-6 – a combined 
soil-cultivating-sowing aggregate – were selected as objects 
of theoretical studies. Control of the tractor is exerted by the 
bending angle of the tractor half-frame ψ. The theoretical 
research results are presented in Figs. 3–5.

The aggregate rectilinear movement scheme (Fig. 3) 
was obtained under the condition that the bending angle 
of the tractor half-frames was equal to zero ψ  =  0°. The 
actual movement trajectory of the aggregate elements 
varies according to the harmonic law (Denham et al., 2007). 
Tractor with an articulated frame changes the trajectory of 
movement by the bending angle of semi-frames given by 
the law ψ = 0.2 sin(0.5t). When moving along a sinusoidal 
path, the bending angles of the first and the second tractor 
half-frames coincide (Fig. 4), the range of their oscillations is 
Δγ1 = γ2 = 0.77 rad, and the period is T = 12.5 s. The oscillation 
range of the angles (γ) of the seed tank and sowing machine 
is Δγ3 = 0.67 rad and Δγ4 = 0.45 rad with a period T = 12.5 s, 
which indicates a smaller deviation of these elements from 
the rectilinear line movement path.

The movement velocities of the mass centres of 
aggregate elements when moving along a sinusoidal 
path are shown in Fig. 5. A decrease in these velocities 
was observed at the movement beginning at t ≤7.5 s. 
The seed tank mass centre showed the lowest velocity at 
the beginning of the movement sO3 = 2.75 m·s-1, with an 
oscillation range of 0.12 m·s-1 and a period T = 12.5 s. The 
velocity oscillation range of the mass centres of the first and 
second aggregate half-frames was 0.08 m·s-1; this oscillation 
range was 0.02 m·s-1 for the sowing machine. In order to 
evaluate the obtained theoretical model, a comparison of 
the trajectory of the mass centres of aggregate elements 
was experimentally carried out (Fig. 6).

 
Fig. 3 Scheme of the aggregate rectilinear movement

Fig. 4 Dependence of the turning angles of aggregate 
elements on time

Fig. 5 Dependence of the velocities of the mass centres of 
aggregate elements on time when moving along 
a sinusoidal path

At a fixed bending angle of the tractor half-frames 
ψ = 10°, the aggregate turning radius is rp = 16.25 m. Obtained 
as a result of experimental and theoretical research, the 
discrepancy between the values of the trajectories of the 
tractor, seed tank and sowing machine does not exceed 
4%. The trajectories of the aggregate elements represent 
a complex parameter for the assessment of the mathematical 
model adequacy of an aggregate plane-parallel movement.

Results and discussion
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Fig. 6 Comparison of the movement trajectories of aggregate elements HTZ-17021 + APP-6, obtained from theoretical and 
experimental studies (the trajectories of the first and second tractor half-frames at experimental sA1e, sA2e, sA3e, sA4e; seed 
tank and sowing machine at theoretical sA1e, sA2e, sA3e, sA4e

 
Fig. 7 Draft resistance dependence of the sowing machine 

APP-6 on the turning angle and its movement speed

By means of the GNU Octave software, draft resistance 
dependence of the APP-6 sowing machine on the movement 
speed and the turning angle was determined as follows:

 P(γ, υ) = -486.8 + 279.2 · γ + 8,100 · υ + 46.03 ·γ2 – 
 3.2 · 10-14 · γ · υ – 1,018 · υ     (N) (6)

where:
γ – sowing machine turning angle around axis z (º)
υ – sowing machine movement speed (m·s-1)

The determination coefficient for polynomial (Eq. 6) 
is R2 = 0.9532, which indicates the dependence and its 
correctness. The sowing machine draft resistance value for 
its movement speeds ranging from 0 to 3.25 m·s-1, and the 
turning angle around axis z within the limits –10°≤ γ ≤10° is 
shown in Fig. 7. 

The sensors of the tractor wheel dynamics allow 
detection of their slipping. For a wheeled tractor, the slip 
should not exceed 15% if energy-intensive measures were 
carried out. Let us compare the theoretical υT and the actual 

Fig. 8 Dependences of the aggregate actual speed (a) and the slipping of the tractor propulsors (b) on time
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speed υD of the aggregate while sowing the grain crops (Fig. 
8a) and calculate the slip of the tractor propulsors δ (Fig. 8b). 
The average aggregate actual speed value is δD = 2 m·s-1. The 
average slipping value δ = 5%; the maximum slipping value 
is δmax = 11.5%, which meets the agrotechnical requirements.

On the basis of the obtained dynamic parameters of the 
HTZ-17021 tractor and the APP-6 sowing machine, it is clear 
that it works under satisfactory conditions with slipping δ = 
5%; and with its maximum value δmax = 11.5%, the turning 
radius rp = 16.25 m at the end of the pass, which is less than 
its kinematic length lk = 18 m.

The solution of the system of equations, which describes 
the dynamics of a multi-element MTA, made it possible to 
obtain dependences of the rotation angles of aggregate 
elements on time. This solution takes into account the tractor 
half-frame breakage angle ψ. The turning angles of the 
aggregate elements presented in Fig. 4 vary in accordance 
with the harmonic law. The same results were obtained by 
Fleischmann and Berns (2013).

It should be pointed out that the Lagrange equations 
were used earlier to study the dynamics of multi-element 
MTA (Beloev et al., 2015). Application of this method does 
not allow investigation of the aggregate dynamics, which 
may change the scheme of aggregation. When considering 
changes in the aggregate design, it is necessary to create 
also the movement equations anew. Proposed method of 
forming the equations of the dynamics of a multi-element 
MTA (Eqs. 1–5) allows automatic rearrangement of the 
movement equations according to the aggregate scheme. 
There was no such a method for studying the dynamics of 
multi-unit aggregates before; therefore, the results of this 
study are important and topical.

Conclusion
In terms of compilation of mathematical models of a plane-
parallel movement of MTA in a tractor aggregate with 
an articulated frame, it is necessary to take into account 
the pseudo-velocity of the first tractor half-frame as 
a  generalised coordinate. In this case, the dynamic model 
has one degree of freedom, and the mathematical model 
consists of one dynamics equation and 29 coordinate 
equations with dependent variations.

While the MTA is moving across the field, there is 
a deviation in its elements from the rectilinear path 
approximated by a sinusoid. Obtained model solution made 
it possible to establish the relationship of the dynamics and 
MTA energy. Proposed mathematical model may be used to 
study the dynamics not only of agricultural multi-element 
aggregates but also trailers used in the automotive and 
forestry industries.

Aforementioned method for determining the rotation 
speed of tractor wheels allows exploration of slip dynamics 
for each wheel individually at the current time (the 
instantaneous value). The results of the experimental 
investigations have proved the efficiency of used measuring 
system for the purposes of field and laboratory tests of 
tractors and MTAs. 

The average value of slipping of the tractor propulsors 
δ = 5%; the maximum value of the slipping δmax = 11.5% 
does not exceed the maximum value of agrotechnical 
requirements. At a fixed bending angle of the tractor half-

frames ψ = 10°, the aggregate turning radius rp = 16.25 m. As 
a result of the presented research, the discrepancy between 
the values of the movement trajectories of the tractor, seed 
tank and sowing machine did not exceed 4%.
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