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ABSTRACT. The GNSS standard positioning solution determines the coordinates of the
GNSS receiver and the receiver clock offset from measurements of at least four pseudoranges.
For GNSS positioning, a direct solution was derived for five and ten observed satellites
without linearisation of the observation equations and application of the least squares method.
The article presents the basic principles of methods for solving the positioning problem, the
formulas and their derivation. The numerical examples with simulated pseudorange data
confirm the correct performance of the proposed algorithm. The presented algorithms should
be further tested with real measurements in other domains of positioning and navigation as
well.
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1. INTRODUCTION
1.1. Standard GNSS Single Positioning Algorithms

The method of point positioning with code ranges (Hoffman-Wellenhof, 2008) consists of
determining the coordinates of the GNSS receiver antenna based on the known coordinates of
at least four satellites and the measured pseudoranges corrected for ionospheric and
tropospheric refraction using algorithms proposed by e.g. Klobuchar (1986) and Hopfield
(1969). In this method, the subject of determination are the Cartesian coordinates of a GNSS
antenna and the receiver clock error. After the introduction of these necessary corrections to
the observed pseudoranges, the antenna position of point Q(x,¥q,2¢) in the ECEF
coordinate system and the receiver clock bias b, can be determined by using the linearisation
technique and least squares method (Strang and Borre, 1997). In a standard positioning
algorithm, the iteration technique is used in which the known position of the GNSS receiver is
approximated (Tsui, 2000). When values of the approximate position are not accurate enough,
the Time To First Fix (TTFF) (Paonni et al., 2010) is expected to be longer, i.e. the time to
start the navigation process is delayed. Many authors have discussed the different concepts of
solving the positioning algorithm. The Bancroft algorithm (1991) consists of a 4x4 matrix
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inversion and the solution of scalar equations to the second degree. The algorithm has been
widely discussed and analyzed by Abel and Chafee (1991) and Chafee and Abel (1991)
Another solution given by Grafarend and Chan (1996) is based on the quadratic form of
observation equations for algebraic reduction of numbers of observation equations. Kleusberg
(1994) also discussed subsequent options for determining a unique solution among many
others as well as geometrical conditions of various cases. In the article, it has been shown that
a position can be determined for at least five measured pseudoranges without the need of the
linearisation technique and the least squares method based on introduced definitions of
reference point indicators with regard to a point to be determined.

1.2. Definition of Fixed Point Indicator in Two Dimensional Space

Fixed point indicator t in surveying was defined by Hausbrandt (1970). From this definition,
it follows that, quoting the author "for the indicator of the fixed point with regard to the
determined point in two dimensional space, we can write the equation":

t,=x?+y?—d,° (1)

where: x4, y; — plane coordinates of the fixed point 1(x;, y,),

d, — distance from the determined point to the fixed point 1(x;, y;).

For three fixed points 1(x4,¥1), 2(x2,¥2,), 3(x3,¥3) and distances d4, d,, d the solution of
linear plane resection is expressed by Hausbrandt's equation:

1 Ax1;  Aysp -
[Xo Yol = > [Ati;  Aty3] [Ax13 Ay13]
()
where:
Q(xq,yq) — the coordinates of point Q to be determined,
At =t, —t1, k= 2,3
Ax1p = X — X4

Ayik =Yk — 0

For each fixed point, its point indicator (1) is computed in regard to the determined
point Q(xQ, yQ):

t;=x?+y?—d;° 3)

where i = 1,2,3.
1.3. Definition of Reference Point Indicator Proposed by the Author

Hausbrandt defined the fixed point indicator (Hausbrandt, 1970) with regard to the
determined point in 1970. For GNSS, a receiver position is computed in reference to the
satellite positions (Misra and Enge, 2006), which are not fixed in the meaning of Hausbrant's
definition of a fixed point indicator. Instead, they move in orbits and the GNSS constellation
changes continuously. Thus "fixed point indicator" needs to be broadened with a new term.
The author proposes reference point indicator t; and define it as a squared coordinates sum of
this point reduced by the squared distance from a point to be determined:

ty=x2+y2+2z2—dy° 4)

where: xg, Vg, z; — coordinates of the reference point/satellite S (xg, ys, Zg),
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dg — distance of the reference point S(xs, ys, Z;) from the determined point Q(xQ, Yo ZQ).

For satellite i, its reference point indicator is computed with regard to the determined

point Q (xQ, Yo ZQ).
For GNSS (Oszczak, 2013) the equation can be expressed as follows:

t: = xf +y? +zf — p;? (5)

where: x;, y;, z; — coordinates of the satellite i,
pi — pseudorange measured by the GNSS receiver to the satellite i.

2. NEW ALGORITHM FOR DETERMINATION OF GNSS RECEIVER
COORDINATES AND RECEIVER CLOCK ERROR FOR FIVE SATELLITES

2.1.Basic Equations.

The author proposes a new GNSS positioning algorithm for five observed satellites. In the
presented method five satellites are needed for the computation of GNSS receiver coordinates
and the receiver clock error. The algorithm does not require the implementation of either the
linearisation technique or the least squares method.

It is assumed that in the Cartesian coordinate system, the coordinates of five satellites are
given: 1(xy,y1,21), 2(x, Y2, 22), 3(X3, V3, 23), 4(X4, Y4, 24), 5(x5,¥5,25) on the basis of
which the GNSS receiver coordinates at point Q(xQ,yQ,ZQ) and the GNSS receiver clock

error b, will be computed. Pseudoranges pq, p,, p3, P4, Ps are measured with the GNSS
receiver to each satellite and corrected due to ionosphere and troposphere errors and satellite
clock errors. The unknowns xg,¥q, 2, and the receiver clock error b, can be computed
(Oszczak, 2013) using the formula:

X=:BxA"! (6)

where:

xo1" Aty Ax12 Ayi1z Azy; Apsy

X = Yo B = Aty A= Axi3 Ayy3 Azyz Apgy
ZQ Aty Ax1y Ay1s Azyy Apyy
éd Atys Axys  Ayis Azis Apsg

X — matrix of unknown x4, ¥, Zo and 8d.
where: §d — is a receiver clock bias expressed in metres, burdening all the pseudoranges in
the system of equations, in which the location of point Q(xQ, Yo ZQ) 1s determined:

5d = cb, 7)

b, — the receiver clock error expressed in seconds,
¢ — the speed of light,
Xg, Y, Zg — the GNSS receiver coordinates.

The introduction of the additional fourth unknown dd in the system allows the coordinates of
the determined point to be computed correctly.
The elements of the matrix A are as follows:
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Axq; = x; — x4

Ayyi =yi—
Az =2z — 2z
Apix = p1— pi

where i = 2,3,4,5.

In the algorithm (chapter II.) proposed in this paper, each satellite's point indicator is
computed with regard to the determined point Q(XQ, Yo ZQ):

t; = x{ +yi + 2z} — p;? (8)
The elements of the matrix B are as follows:

Atlk == tk - tl
where k = 2,3,4,5.

2.2. Proof

In the proposed algorithm, the corrected values of pseudoranges between the device sending a
radio signal (satellite), and the device receiving the sent signal (GNSS receiver) are taken into
account (Oszczak, 2012). There are five satellites in this solution and for each a separate
reference point indicator is computed with regard to the GNSS receiver. It was assumed, as in
the single point GPS algorithm (Parkinson and Spilker, 1996), in order to determine the
unknowns X, Yq,Zg,0d, the errors caused by alter alia ionospheric and tropospheric
refraction and the satellite clock errors were eliminated from the measured pseudoranges.

After eliminating these errors we get the pseudorange values according to the formula:
p; = ctl +68d — ct® 9)

i =1,2,34,5.
where:
t\ — GNSS reception time of the signal from the i — th satellite in the GNSS receiver,
t5 — time of sending a signal from satellite,
&dd — receiver clock error multiplied by the speed of light c,

6d is defined as a constant systematic bias of the measurement burdening all the
pseudoranges in the system of equations, from which the location of the GNSS receiver
antenna — point Q (xq, Yq, Zg) 1s determined (Oszczak, 2012).

The pseudoranges burdened by a systematic error dd can be expressed as follows:

where:
d; — geometric distance of the point to be determined Q(x¢,Yq,2q) to the i — th satellite,
expressed by the formula:

d? = (xq — xl-)z + (yo — yi)z + (2 - Zi)2 (11)

Thus, according to the formula (8):
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After substituting the geometric distances d; to the equation (12) system of equations is
obtained as follows:

(13)
t; = —x§ — y5 — 25 + 2x0X1 + 2yoy1 + 229z, — 2d,6d — §d?
t, = —x§ — ¥§ — 2§ + 2x9%; + 2oy, + 2292, — 2d,6d — §d?
ty = —x§ — Y5 — 2§ + 2xx3 + 2Yoy3 + 22923 — 2d36d — 5d?
ty = —x5 — ¥ — 2§ + 2x9x4 + 2YoYa + 2242, — 2d,6d — 5d*
ts = —x§ — ¥ — 2§ + 2xoxs + 2Yo¥s + 22925 — 2d56d — 5d?

In the system of equations (13) the reference point indicator can be substracted from the
others:

Aty, =t, -ty (14)
Atz =t;—t;
Ati, =t,—t
Atis =ts—t
so/and:
(15)

Ati; = 2x(Ax13) + 2y(Ayy,) + 224(Azy,) + 26d(Ad5,)
Aty3 = 2xo(Axy3) + 2y (Ayy3) + 224(Azy3) + 26d(Ad3,)
Atyy = 2x9(Ax14) + 2y (Ay14) + 224(Az14) + 26d(Ady,)
Atys = 2xo(Axy5) + 2yo(Ayys) + 224(Azy5) + 26d(Ads,)

In this way, the second powers of the variables are eliminated, obtaining the solution (6) of
this system, expressed in matrix form:

X 1B A1

= — B %

2

where:
xo1" Aty,]" Axiz Ayiz Azy; Apay

X = Yo B = Aty A= Axi3 Ayy3 Azyz Apgy

ZQ Aty Ax1y Ay1s Azyy Apyy
éd Atys Axys  Ayis Azis Apsg

where:

Apiyy = p1—pi =dy — d;
i.e. the formula (6), the validity of which we had to prove. However, satellites 1,2,3,4,5 can
be neither coplanar nor located on a common circle.
2.3. Numerical Example

In the presented example, a set of simulated data is given as follows:
1. In the Cartesian coordinate system at the moment of observation, the coordinates of five
satellites are given:

1(x1, ¥1,21), 2(x2, Y2, 22), 3(x3, V3, 23), 4(X4, Y4y 24, ), 5(X5, Vs, Z5)
as follows:
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x; = 28573624.909 ,y, = 176258.719 , z; = 475886.493
X, = 20534972.474 ,y, = 3620869.695 , z, = 20821515.054
x3 = 13834909.426 , y; = 9331764.237 , z3 = 24705373.313
x, = —1.8325015.195, y, = 12831313.778 , z, = 20831862.073
X5 = —11441576.697 , ys = 19817392.158, z; = 15998439.113.

2. Measured at the same epoch, pseudoranges p4, P2, P3, P4, P5 corrected due to ionospheric
and tropospheric errors and satellite clock errors are as follows:

py = 25573786.094 m
p, = 23269991.712 m
ps = 23527045278 m
P, = 29205487.559 m
ps = 26129807.790 m

The unknowns xq,y,2o and the receiver clock error b, can be computed in following
manner. In the first step, a reference point indicator (8) is computed for each satellite with
regard to the point Q(xy, Yg, Zg) Which is to be determined using MATLAB:

t; = 159 654 526 737 584.50 sq.m.
t, = 324075478 316 392.20 sq.m.
t3 = 332526 379 138 345.90 sq.m.
t, = 779875432958 94.25 sq.m.
ts =937 194 515 981 42.75 sq.m.

Using the measured pseudoranges the user position is determined and the results are shown
as follows:

— the assumed user position is as follows:

X = 3461321.719m
Y =1276949.000 m
Z = 5185371.030 m

— and the computed user position and receiver clock error correction using the new
algorithm are:

X = 3461321.719 m
Yo = 1276949.000 m
2o = 5185371.030 m
5d = 59298.94819239155 [m]
b, = 0.0001978 [s]

The method can be extended to the system of n —observational equations.
The generalised algorithms for n —number of observed satellites (n > 4) using n —indicator
definitions have been developed and discussed by the author (Oszczak, 2013).



27

3. ALGORITHM FOR DETERMINATION OF GNSS RECEIVER COORDINATES
AND RECEIVER CLOCK ERROR FOR TEN OBSERVED SATELLITES

3.1.Basic Equations

The coordinates of ten satellites in the Cartesian coordinate system are assumed to be:

1(x1' Y1 Zl)' Z(Xz, Y2, ZZ)! 3(X3, Y3, Z3)' 4(x4' Vi, Z4)r 5(x5' Vs, Z5), 6(x6' Ve, Z6)' 7(x7' Y7, Z7)'
8(xg, Vs, Zg), 9(x9, ¥, Z9), 10(x10, Y10, Z10)>

on the basis of which the GNSS receiver coordinates at point Q(XQ, yQ,ZQ) and the GNSS
receiver clock error b, will be computed. Pseudoranges p,, p,, Ps, P, Ps) Pr Pr Pgr Pgs Py ATE
also given measured with the GNSS receiver to each satellite and corrected due to
ionospheric and tropospheric errors and satellite clock errors. The unknowns xq,yq,Zq and
the receiver clock error b, can be computed from the formula:

X=>B+A™ (16)
where:
x01" tyzs —ty12 1"
t —t
X= ool B=|t50-ton
od ty910 — ly12

Axyz + Axpy  Ayiz +Ayss  Azyz + A7y, Apzy + Aps;
Axis5 + DXz Ayis +Ayye  Azis +Azy  Apsy + Ape:
Axy7 + Axpg  Ayiy +Aysg Azyy +Azyg Apyy +Apg;
Ax19 + Axy 19 AYi9 +AYyr10 Azig+AZy19 Apoy +Apig2

A=

The unknowns x, Yo, Zo and the receiver clock error b, can be computed in the following
manner. For each two satellites it is possible to compute one reference two-point indicator
(Oszczak, 2013). So in the first step, for ten satellites, five reference indicators for each pair
of satellites are computed in regard to a point to be determined Q (x¢, Yo, Zg):

ty12 = X7 +y7 +2z{ —p; + X3 +y3 +25 —p] (17
tyza =X3+y3+25 —pj+ x5 +yi+zi—p;
tyse = Xs +y5 +25 —pi+xe+yi+ze—p;
ty7s = X7 +y7 +27 —p;+ x5 +y§ +25 —p;
tyo10 = X5 +y§ +25 — pg + X0 + yio + Zio — PI,
The elements of the matrix A are as follows:

Axy; = x; — x4 Axqj = x5 — x; (18)

Ayii =Yi— W Ayij =y — 2
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Az =2z — 74 Azyj =z — 7,
Apiy = p1 —pi Apjz = p; — pj
where: i=3579 j =4,6,8,10.

3.2. Proof

The reference two-point indicator (Oszczak, 2013) for satellite i and j is computed with
regard to the determined point Q (X, yg, Zg). For GNSS the equation is expressed as follows:

tyi = xf +yl +2zf —p} +xf +yi + 27 —p; (19)

where:

X;, Vi, z; — coordinates of satellite i,

Xj, ¥j» Zj — coordinates of satellite j,

pi — pseudorange measured with the GNSS receiver to the satellite i,
p; — pseudorange measured with the GNSS receiver to the satellite j.

It was assumed that measured pseudoranges were corrected due to ionospheric and
tropospheric errors and satellite clock errors. Pseudoranges burdened by a systematic error 6d
can be written as:

where:

d; —geometric distance of point Q(xq,Yyq,Zg) to be determined to the i —th satellite,
expressed by the formula:

d? = (xg—x) + (v — 1) + (20— 2)

d; —geometric distance of point Q(Xq,Vq,Zg) to be determined to the j —th satellite,
expressed by the formula:

2 2 2
df = (xg —x)" + (yo — %) + (20 — 7)
Thus, according to the formula (18):

where:

K; = [x? +y/ +z{ — (d; + 6d)’]
M; =[x} +y} + 2z — (d; + 8d)?]
For ten satellites there are five reference two-point indicators:

ty1 = X{ +yi +2f —p2 + x5 +y5 +25 —p’

tyze = X5 +y5+25 —p2+x§ +yi+2zf—p2



tyse = X3 +y3 +25 = ps +x¢ + Y& + 28 — p;

ty7e = X5 +y5 +25 —p2 + x5 +y5 +25 — p;

tyo10 = X5 +y5 + 2§ — p2 + x5y + yio + 250 — pZ,

29

(22)

In the system of equations (22) reference two-point indicator ty 1, can be subtracted from the
others. In this way, the second powers of the variables can be eliminated and as a result there

are four linear equations:

[ty3s — ty12] = [2%g

[tys6 — ty12] = [2xg

[ty7s — ty12] = [2%g

[tro10 = ty12] = [2xq

The solution of this system is (16):

where:

XQ
Yo
Zq
od

Axyz + Axyy  Ayiz + Ay,
Axi5 + Axye  Ayis + Ayae
Axy7 + Axpg  Ayy; + Ayag
Ax19 + Axy 19 AY19+AYz 10

A=

where:

Azig + Azy 49

[AXxq3 + AXpy ]
Ayi3 + Ayos
ZyQ 2ZQ 26d] E S A213 + AZ24
_AX15 + Ax26_
Ayis + Ayse
ZyQ ZZQ 26d] * AZlS + AZZ6
[Axq7 + Axyg]
Ayi7 + Ay,g
ZyQ ZZQ 26d] ES AZI7 + AZ28
_Ad71 + Adgz_
[AXx19 + AX5 19
Ayio +Ay310
ZyQ ZZQ 26d] E 3 A219 + AZZ 10
X ! BxA1l
= - E3
2
ly3s —ty12 T
lys6 — iy 12
B =
ly 78 — ty 12
ly910 — ty12
Azi3 +Azy4  Apz; +Apy;
Azy5 +Azyg  Apsy + Ape:
Azi7 + Az Apyy + Apg;

Apgy + Apyg 2

(23)
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Apiy + Apj, = Ady; + Ad),

However, satellites 1,2,3,4,5,6,7,8,9,10 can be neither coplanar nor located on a common
circle.

3.3. Numerical example for determination of GNSS receiver coordinates and receiver
clock error for ten satellites.

In the presented example, a set of simulated data is given as follows:

3.3.1. In the Cartesian coordinate system at the moment of observation, the coordinates of ten
satellites are given:

1(x1, y1,21), 2(x2, Y2, 22), 3(X3, V3, Z3), 4(X4, Y4, 24), 5(X5, Vs, Z5), 6(X6, Ve, Z6), 7(X7, Y7, Z7), 8(xg, Vg, Zg),
9 (X9, Yo, Z9), 10(x10, Y10, Z10)-
x; = 28573843.196, y; = 186705.396, z; = 458504.029
x, = —13737297.587, y, = 23793697.380, z, = 440829.364
x3 = 135280.549, y; = 9472446.041, z; = 23550389.315
x4 = —17629491.025, y, = 10178391.389, z, = 20326540.307
X5 = 21444538.037, ys = 9999752.312, z; = 16543394.085
Xe = —8952698.519, y, = 24597337.024, z, = 12187985.352
x7 = 13576242.929 , y, = 20905580.826, z; = 11605617.387
xg = 2107612.980, yg = 24090126.595, zg = 19555410.293
X9 = —10553478.506, yy = 4921167.847, zy = 26114803.717
X10 = —290863.203, y;, = 5550000.536,z,, = 26104633.518.

3.3.2. Measured at the same epoch, pseudoranges py, P2, P3, P4, Ps» Pe» L7, P Po» P10 Corrected
due to ionospheric and tropospheric errors and satellite clock errors are as follows:

p; = 25449152.282m; p, = 28710125.200 m ; p; = 22512803.080 m
ps = 27609639.021m; ps = 22920682.547 m ; p; = 27338791.883 m ,
p, = 22881688.771m , pg = 26984600.739 m
po = 25643828.772m , pyy = 21830588.390 m.

The unknowns xq,¥q, 2o and the receiver clock error can be computed according to the

formula (16).Using the measured pseudoranges, the user position is determined and results are
shown below:

the assumed user position is as follows:

X =3600893.146 m
Y =1414800.819m
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Z = 5053752.000 m
the computed user position and receiver clock error correction using the new algorithm are:

xo = 3600893.146 m
Yo = 1414800.819 m
Zg = 5053752.000 m

dd = 2725706.432709098 [m]

5d
b, = — = 0.00009091978 [s]

4. DISCUSSION AND CONCLUSIONS

The author developed the novel algorithms for GNSS position determination using the
proposed mathematical definitions of reference point indicators and reference two-point
indicators. The algorithms for five and ten satellites, presented by the author, do not require
linearisation of the observation equations and the least squares method. It was assumed that
pseudoranges measured by the GNSS receiver to each satellite are corrected due to
ionospheric and tropospheric errors and satellite clock errors. It is necessary to eliminate these
errors to compute the correct value of the systematic bias §d which burden observations in the
system of equations, in which the location of the point is determined. This is a disadvantage
of the proposed method. The introduction of the unknown 8d in the system of equations
makes it possible to compute the correct coordinates of the point to be determined without
regard to the value of the systematic error of the GNSS receiver clock. The presented
algorithms should be further tested on the basis of real measurements and in other domains of
positioning and navigation. The generalised algorithms for n —number of measured distances
(n > 4) using reference two-point indicator have been developed by the author.
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