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ABSTRACT. The GNSS standard positioning solution determines the coordinates of the 
GNSS receiver and the receiver clock offset from measurements of at least four pseudoranges. 
For GNSS positioning, a direct solution was derived for five and ten observed satellites 
without linearisation of the observation equations and application of the least squares method. 
The article presents the basic principles of methods for solving the positioning problem, the 
formulas and their derivation. The numerical examples with simulated pseudorange data 
confirm the correct performance of the proposed algorithm. The presented algorithms should 
be further tested with real measurements in other domains of positioning and navigation as 
well.  

Keywords— Global Positioning System, Satellite Navigation Systems, Radio Navigation, 
Navigation, Aircraft Navigation, Marine Navigation, Least Squares Approximation, Linear 
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1. INTRODUCTION 
1.1. Standard GNSS Single Positioning Algorithms 
The method of point positioning with code ranges (Hoffman-Wellenhof, 2008) consists of 
determining the coordinates of the GNSS receiver antenna based on the known coordinates of 
at least four satellites and the measured pseudoranges corrected for ionospheric and 
tropospheric refraction using algorithms proposed by e.g. Klobuchar (1986) and Hopfield 
(1969). In this method, the subject of determination are the Cartesian coordinates of a GNSS 
antenna and the receiver clock error. After the introduction of these necessary corrections to 
the observed pseudoranges, the antenna position of point ����� ��� ��	 in the ECEF 
coordinate system and the receiver clock bias 
� can be determined by using the linearisation 
technique and least squares method (Strang and Borre, 1997). In a standard positioning 
algorithm, the iteration technique is used in which the known position of the GNSS receiver is 
approximated (Tsui, 2000). When values of the approximate position are not accurate enough, 
the Time To First Fix (TTFF) (Paonni et al., 2010) is expected to be longer, i.e. the time to 
start the navigation process is delayed. Many authors have discussed the different concepts of 
solving the positioning algorithm. The Bancroft algorithm (1991) consists of a ��� matrix 
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inversion and the solution of scalar equations to the second degree. The algorithm has been 
widely discussed and analyzed by Abel and Chafee (1991) and Chafee and Abel (1991) 
Another solution given by Grafarend and Chan (1996) is based on the quadratic form of 
observation equations for algebraic reduction of numbers of observation equations. Kleusberg 
(1994) also discussed subsequent options for determining a unique solution among many 
others as well as geometrical conditions of various cases. In the article, it has been shown that 
a position can be determined for at least five measured pseudoranges without the need of the 
linearisation technique and the least squares method based on introduced definitions of 
reference point indicators with regard to a point to be determined.  

1.2. Definition of Fixed Point Indicator in Two Dimensional Space  

Fixed point indicator 
 in surveying was defined by Hausbrandt (1970). From this definition, 
it follows that, quoting the author "for the indicator of the fixed point with regard to the 
determined point in two dimensional space, we can write the equation": 

 �� � ��� � ��� � ���      (1) 
 

where: ��� �� ���plane coordinates of the fixed point ����� ��	, �� � distance from the determined point to the fixed point ����� ��	. 
For three fixed points ����� ��	� ����� ��� 	� ����� ��	 and distances ��� ��� �� the solution of 
linear plane resection is expressed by Hausbrandt's equation: 

 ��� ��� � �� ����� ����� ����� �������� ������� 

(2) 
where: ����� ��	 ��the coordinates of point � to be determined, ��� � � � ��, ! � ���  ��� � � � ����� � � � ��
 
For each fixed point, its point indicator (1) is computed in regard to the determined 
point��"��� ��#: 
 �$ � �$� � �$� � �$�        (3) 
 
where % � �����. 

1.3. Definition of Reference Point Indicator Proposed by the Author 
Hausbrandt defined the fixed point indicator (Hausbrandt, 1970) with regard to the 
determined point in 1970. For GNSS, a receiver position is computed in reference to the 
satellite positions (Misra and Enge, 2006), which are not fixed in the meaning of Hausbrant's 
definition of a fixed point indicator. Instead, they move in orbits and the GNSS constellation 
changes continuously. Thus "fixed point indicator" needs to be broadened with a new term. 
The author proposes reference point indicator �$ and define it as a squared coordinates sum of 
this point reduced by the squared distance from a point to be determined: 

 �& � �&� � �&� � �&� � �&�      (4) 
 

where: �&� �&� �& ��coordinates of the reference point/satellite '��&� �&� �&	, 



23
 �& � distance of the reference point '��&� �&� �&	 from the determined point �"��� ��� ��#. 
 
For satellite %, its reference point indicator is computed with regard to the determined 
point��"��� ��� ��#.  
For GNSS (Oszczak, 2013) the equation can be expressed as follows: 
 �$ � �$� � �$� � �$� � ($�      (5) 
 
where: �$� �$� �$ � coordinates of the satellite %, 
 ($ ��pseudorange measured by the GNSS receiver to the satellite %. 
 
2. NEW ALGORITHM FOR DETERMINATION OF GNSS RECEIVER 
COORDINATES AND RECEIVER CLOCK ERROR FOR FIVE SATELLITES 
2.1.Basic Equations. 
The author proposes a new GNSS positioning algorithm for five observed satellites. In the 
presented method five satellites are needed for the computation of GNSS receiver coordinates 
and the receiver clock error. The algorithm does not require the implementation of either the 
linearisation technique or the least squares method. 

It is assumed that in the Cartesian coordinate system, the coordinates of five satellites are 
given: ����� ��� ��	� ����� ��� ��	� ����� ��� ��	� ���)� �)� �)	� *��+� �+� �+	� on the basis of 
which the GNSS receiver coordinates at point �"��� ��� ��#�and the GNSS receiver clock 
error ,- will be computed. Pseudoranges (�� (�� (�� ()� (+�./0�measured with the GNSS 
receiver to each satellite and corrected due to ionosphere and troposphere errors and satellite 
clock errors. The unknowns ��� ��� �� and the receiver clock error 
� can be computed 
(Oszczak, 2013) using the formula:  
 1 �� �� �2 3 4��      (6) 
where:  
 

1 � 5������6�7
8
�2 � 5�����������)���+7

8
��4 � 5���� ���� ���� �(������ ���� ���� �(�����) ���) ���) �()����+ ���+ ���+ �(+�7

 1 ��matrix of unknown ��� ��� �� and 6�. 
where: 6� � is a receiver clock bias expressed in metres, burdening all the pseudoranges in 
the system of equations, in which the location of  point �"��� ��� ��#�is determined:  
 6� � 9
�      (7) 
 
� � the receiver clock error expressed in seconds, 9 ��the speed of light, ��� ��� �� ��the GNSS receiver coordinates. 
 
The introduction of the additional fourth unknown �: in the system allows the coordinates of 
the determined point to be computed correctly.  
The elements of the matrix A are as follows: 
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 ���$ � �$ � �����$ � �$ � �����$ � �$ � ���($� � (� � ($
where % � ������*. 
  
In the algorithm (chapter II.) proposed in this paper, each satellite's point indicator is 
computed with regard to the determined point�;"<=� >=� ?=#: 
 �$ � �$� � �$� � �$� � ($�       (8) 

The elements of the matrix B are as follows: 
 ��� � � � �� 
where ! � ������*.  

2.2. Proof 
In the proposed algorithm, the corrected values of pseudoranges between the device sending a 
radio signal (satellite), and the device receiving the sent signal (GNSS receiver) are taken into 
account (Oszczak, 2012). There are five satellites in this solution and for each a separate 
reference point indicator is computed with regard to the GNSS receiver. It was assumed, as in 
the single point GPS algorithm (Parkinson and Spilker, 1996), in order to determine the 
unknowns ��� ��� ��� 6�, the errors caused by alter alia ionospheric and tropospheric 
refraction and the satellite clock errors were eliminated from the measured pseudoranges. 
  
After eliminating these errors we get the pseudorange values  according to the formula: 
 ��������������������������������������($ � 9��$ � 6� � 9�@      (9) 
 % � ��������*. 
where:  ��$ � GNSS reception time of the signal from the % � �A satellite in the GNSS receiver, �@ � time of sending a signal from satellite, 6� ��receiver clock error multiplied by the speed of light 9, 
 6� is defined as a constant systematic bias of the measurement burdening all the 
pseudoranges in the system of equations, from which the location of the GNSS receiver 
antenna � point ����� ��� ��	 is determined (Oszczak, 2012). 
 
The pseudoranges burdened by a systematic error �: can be expressed as follows: 
 ($ � �$ � 6�      (10) 
where:  �$ � geometric distance of the point to be determined ����� ��� ��	 to the % � �A satellite, 
expressed by the formula: �$� � "�� � �$#� � "�� � �$#� � "�� � �$#�     (11)�
 
Thus, according to the formula (8): 
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 �$ � �$� � �$� � �$� � ��$ � 6�	�     (12) 
 
After substituting the geometric distances �$ to the equation (12) system of equations is 
obtained as follows: 

(13) �� � ���� � ��� � ��� � ����� � ����� � ����� � ���6� � 6�� �� � ���� � ��� � ��� � ����� � ����� � ����� � ���6� � 6�� �� � ���� � ��� � ��� � ����� � ����� � ����� � ���6� � 6�� �) � ���� � ��� � ��� � ����) � ����) � ����) � ��)6� � 6�� �+ � ���� � ��� � ��� � ����+ � ����+ � ����+ � ��+6� � 6�� 
 
In the system of equations (13) the reference point indicator can be substracted from the 
others: 
 ������������ � �� � ��                                                         (14) ���� � �� � �� ���) � �) � �� ���+ � �+ � �� 
so/and: 

(15) ���� � ��������	 � ��������	 � ��������	 � �6������	���� � ��������	 � ��������	 � ��������	 � �6������	���) � �������)	 � �������)	 � �������)	 � �6����)�	���+ � �������+	 � �������+	 � �������+	 � �6����+�	
 
In this way, the second powers of the variables are eliminated, obtaining the solution (6) of 
this system, expressed in matrix form: 1 ���� �2 3 4��
where:  

1 � 5������6�7
8
�2 � 5�����������)���+7

8
��4 � 5���� ���� ���� �(������ ���� ���� �(�����) ���) ���) �()����+ ���+ ���+ �(+�7

where: �($� � (� � ($ � �� � �$
 
i.e. the formula (6), the validity of which we had to prove. However, satellites ��������* can 
be neither coplanar nor located on a common circle. 

2.3. Numerical Example 
In the presented example,  a set of simulated data is given as follows: 
1. In the Cartesian coordinate system at the moment of observation, the coordinates of five 
satellites are given: 

 ����� ��� ��	� ����� ��� ��	� ����� ��� ��	� ���)� �)� �)� 	� *��+� �+� �+	 
as follows: 
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 �� � �B*C�D��EFGF , �� � �CD�*BEC�F�,��� � �C*BBDE�F� �� � �G*��FC�E�C��, �� � �D�GBDFEDF*�, �� � �GB��*�*EG*� �� � ��B��FGFE��D , �� � F���CD�E��C , �� � ��CG*�C�E��� �) � ��EB��*G�*E�F* , �) � ��B�����ECCB�, �) � �GB��BD�EGC� �+ � ������*CDEDFC , �+ � �FB�C�F�E�*B , ��+ � �*FFB��FE���. 

 
2. Measured at the same epoch, pseudoranges (�� (�� (�� ()� (+ corrected due to ionospheric 

and tropospheric errors and satellite clock errors are as follows: 
 (� � �**C�CBDEGF��H (� � ���DFFF�EC���H (� � ��*�CG�*E�CB�H () � �F�G*�BCE**F�H (+ � �D��FBGCECFG�H 
 
The unknowns ��� ��� �� and the receiver clock error 
� can be computed in following 

manner. In the first step, a reference point indicator (8) is computed for each satellite with 
regard to the point ����� ��� ��	 which is to be determined using MATLAB: 

 �� � �*F�D*��*�D�C�C�*B�E*G�IJEHE �� � ����GC*��CB���D��F�E�G�IJEHE �� � ����*�D��CF���B���*EFG�IJEHE �) � CCF�BC*�����F*B�F�E�*�IJEHE �+ � F�C��F��*�*�FB����EC*�IJEHE 
 
Using the measured pseudoranges the user position is determined and the results are shown 

as follows: 
 � the assumed user position is as follows: 
 K � ��D����EC�F�H L � ��CDF�FEGGG�H M � *�B*�C�EG�G�H 
 � and the computed user position and receiver clock error correction using the new 

algorithm are: 
 �� � ��D����EC�F�H �� � ��CDF�FEGGG�H �� � *�B*�C�EG�G�H 6� � *F�FBEF�B�F��F�**��H�� 
� � GEGGG�FCB��I� 
 

The method can be extended to the system of N �observational equations. 
The generalised algorithms for N �number of observed satellites (N O �) using N �indicator 
definitions have been developed and discussed by the author (Oszczak, 2013).  
 



27
 

3. ALGORITHM FOR DETERMINATION OF GNSS RECEIVER COORDINATES 
AND RECEIVER CLOCK ERROR FOR TEN OBSERVED SATELLITES 
3.1.Basic Equations 
The coordinates of ten satellites in the Cartesian coordinate system are assumed to be: 

 
 ����� ��� ��	� ����� ��� ��	� ����� ��� ��	� ���)� �)� �)	� *��+� �+� �+	� D��P� �P� �P	� C��Q� �Q� �Q	� B��R� �R� �R	� F��S� �S� �S	� �G���T� ��T� ��T	, 
on the basis of which the GNSS receiver coordinates at point ;"<=� >=� ?=#�and the GNSS 
receiver clock error ,- will be computed. Pseudoranges ��� ��� ��� �)� �+� �P� �Q� �R� �S� ��T�are 
also given �measured with the GNSS receiver to each satellite and corrected due to 
ionospheric and tropospheric errors and satellite clock errors. The unknowns <=� >=� ?= and 
the receiver clock error ,- can be computed from the formula: 
 

1 �� �� �2 3 4��     (16) 

where: 

1 � 5������6�7
8
�2 � 5 �U�) � �U���U+P � �U���UQR � �U���US��T � �U��7

8
��

4 � 5 ���� � ���) ���� � ���) ���� � ���) �(�� � �()����+ � ���P ���+ � ���P ���+ � ���P �(+� � �(P����Q � ���R ���Q � ���R ���Q � ���R �(Q� � �(R����S � �����T ���S � �����T ���S � �����T �(S� � �(�T��7
The unknowns ��� ��� �� and the receiver clock error 
� can be computed in the following 
manner. For each two satellites it is possible to compute one reference two-point indicator 
(Oszczak, 2013). So in the first step, for ten satellites, five reference indicators for each pair 
of satellites are computed in regard to a point to be determined ����� ��� ��	: 
U�� � <�� � >�� � ?�� � ��� � <�� � >�� � ?�� � ���                               (17) 


U�) � <�� � >�� � ?�� � ��� � <)� � >)� � ?)� � �)� 


U+P � <+� � >+� � ?+� � �+� � <P� � >P� � ?P� � �P� 


UQR � <Q� � >Q� � ?Q� � �Q� � <R� � >R� � ?R� � �R� 


US��T � <S� � >S� � ?S� � �S� � <�T� � >�T� � ?�T� � ��T�  

The elements of the matrix V are as follows: ���$ � �$ � ��    ���W � �W � ��                          (18) ���$ � �$ � ��    ���W � �W � �� 
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 ���$ � �$ � ��    ���W � �W � �� �($� � (� � ($    �(W� � (� � (W 
where:   % � ��*�C�F    X � ��D�B��G. 

3.2. Proof YZ[�reference two-point indicator (Oszczak, 2013) for satellite % and X is computed with 
regard to the determined point ����� ��� ��	. For GNSS the equation is expressed as follows: 

�U $W � �$� � �$� � �$� � ($� � �W� � �W� � �W� � (W�    (19) 

where: �$� �$� �$ � coordinates of  satellite %, �W� �W� �W � coordinates of satellite X, ($ ��pseudorange measured with the GNSS receiver to the satellite %, (W � pseudorange measured with the GNSS receiver to the satellite X. 
 

It was assumed that measured pseudoranges were corrected due to ionospheric and 
tropospheric errors and satellite clock errors. Pseudoranges burdened by a systematic error �: 
can be written as: ($ � �$ � 6�    (W � �W � 6�    (20) 

where: �$ �geometric distance of point ����� ��� ��	 to be determined to the % � �A satellite, 
expressed by the formula: 

�$� � "�� � �$#� � "�� � �$#� � "�� � �$#� �W �geometric distance of point ;�<=� >=� ?=	 to be determined to the X � �A satellite, 
expressed by the formula: 

�W� � "�� � �W#� � "�� � �W#� � "�� � �W#� 

Thus, according to the formula (18): 
 �U $W � \$ �]W      (21) 
where: \$ � ��$� � �$� � �$� � ��$ � 6�	�� ]W � ^�W� � �W� � �W� � ��W � 6�	�_ 
For ten satellites there are five reference two-point indicators: 
U�� � <�� � >�� � ?�� � ��� � <�� � >�� � ?�� � ��� 


U�) � <�� � >�� � ?�� � ��� � <)� � >)� � ?)� � �)� 
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U+P � <+� � >+� � ?+� � �+� � <P� � >P� � ?P� � �P� 


UQR � <Q� � >Q� � ?Q� � �Q� � <R� � >R� � ?R� � �R� 


US��T � <S� � >S� � ?S� � �S� � <�T� � >�T� � ?�T� � ��T�  

(22) 

In the system of equations (22) reference two-point indicator 
U�� can be subtracted from the 
others. In this way, the second powers of the variables can be eliminated and as a result there 
are four linear equations: 

(23) 

�
U�) � 
U��� � ���� ��� ��� �6�� 3 5���� � ���)���� � ���)���� � ���)���� � ��)�7 

�
U+P � 
U��� � ���� ��� ��� �6�� 3 5���+ � ���P���+ � ���P���+ � ���P��+� � ��P�7 

�
UQR � 
U��� � ���� ��� ��� �6�� 3 5���Q � ���R���Q � ���R���Q � ���R��Q� � ��R�7 

�
US��T � 
U��� � ���� ��� ��� �6�� 3 5���S � �����T���S � �����T���S � �����T��S� � ���T��7 
The solution of this system is (16): 

` � ��� �a 3 V�� 

where: 

1 � 5������6�7
8
�2 � 5 �U�) � �U���U+P � �U���UQR � �U���US��T � �U��7

8
��

4 � 5 ���� � ���) ���� � ���) ���� � ���) �(�� � �()����+ � ���P ���+ � ���P ���+ � ���P �(+� � �(P����Q � ���R ���Q � ���R ���Q � ���R �(Q� � �(R����S � �����T ���S � �����T ���S � �����T �(S� � �(�T��7
where: 
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 �($� � �(W� � ��$� � ��W� 

However, satellites ��������*�D�C�B�F��G can be neither coplanar nor located on a common 
circle. 

3.3. Numerical example for determination of GNSS receiver coordinates and receiver 
clock error for ten satellites. 

In the presented example, a set of simulated data is given as follows: 

3.3.1. In the Cartesian coordinate system at the moment of observation, the coordinates of ten 
satellites are given: ����� ��� ��	� ����� ��� ��	� ����� ��� ��	� ���)� �)� �)	� *��+� �+� �+	� D��P� �P� �P	� C��Q� �Q� �Q	� B��R� �R� �R	� F��S� �S� �S	� �G���T� ��T� ��T	. �� � �B*C�B��E�FD� ��� � �BDCG*E�FD� ��� � �*B*G�EG�F�  �� � ���C�C�FCE*BC� ��� � ��CF�DFCE�BG� ��� � ��GB�FE�D� �� � ��*�BGE*�F � �� � F�C���DEG��� ��� � ��**G�BFE��* �) � ��CD�F�F�EG�*�� ��) � �G�CB�F�E�BF� ��) � ��G��D*�GE�GC �+ � �����*�BEG�C�� �+ � FFFFC*�E���� �+ � �D*���F�EGB* �P � �BF*�DFBE*�F�� �P � ��*FC��CEG��� ��P � ���BCFB*E�*� �Q � ��*CD���EF�F , �Q � �GFG**BGEB�D� ��Q � ��DG*D�CE�BC �R � ��GCD��EFBG�� �R � ��GFG��DE*F*� ��R � �F***��GE�F� �S � ��G**��CBE*GD�� �S � �F���DCEB�C� ��S � �D���BG�EC�C ��T � ��FGBD�E�G��� ��T � ***GGGGE*�D� ��T � �D�G�D��E*�B. 

3.3.2. Measured at the same epoch, pseudoranges (�� (�� (�� ()� (+� (P� (Q� (R� (S� (�T corrected 
due to ionospheric and tropospheric errors and satellite clock errors are as follows: (� � �*��F�*�E�B��H�b (� � �BC�G��*E�GG�H�b (� � ��*��BG�EGBG�H  

 () � �CDGFD�FEG���H�b �(+ � ��F�GDB�E*�C�H�b (P � �C��BCF�EBB��H ,  (Q � ��BB�DBBECC��H , (R � �DFB�DGGEC�F�H (S � �*D��B�BECC��H  , (�T � ��B�G*BBE�FG�H. 

The unknowns ��� ��� �� and the receiver clock error can be computed according to the 
formula (16).Using the measured pseudoranges, the user position is determined and results are 
shown below: 

the assumed user position is as follows: 
 K � �DGGBF�E��D�H L � ����BGGEB�F�H 
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 M � *G*�C*�EGGG�H 

 
the computed user position and receiver clock error correction using the new algorithm are: 

 �� � �DGGBF�E��D�H �� � ����BGGEB�F�H �� � *G*�C*�EGGG�H 
 6� � �C�*CGDE���CGFGFB��H�� 
 
� � 6�9 � GEGGGGFGF�FCB��I� 

4. DISCUSSION AND CONCLUSIONS 

The author developed the novel algorithms for GNSS position determination using the 
proposed mathematical definitions of reference point indicators and reference two-point 
indicators. The algorithms for five and ten satellites, presented by the author, do not require 
linearisation of the observation equations and the least squares method. It was assumed that 
pseudoranges measured by the GNSS receiver to each satellite are corrected due to 
ionospheric and tropospheric errors and satellite clock errors. It is necessary to eliminate these 
errors to compute the correct value of the systematic bias 6� which burden observations in the 
system of equations, in which the location of the point is determined. This is a disadvantage 
of the proposed method. The introduction of the unknown 6� in the system of equations 
makes it possible to compute the correct coordinates of the point to be determined without 
regard to the value of the systematic error of the GNSS receiver clock. The presented 
algorithms should be further tested on the basis of real measurements and in other domains of 
positioning and navigation. The generalised algorithms for N �number of measured distances 
(N O �) using reference two-point indicator have been developed by the author. 
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