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ABSTRACT. During the process of satellite navigation, and also in the many tasks  
of classical positioning, we need to calculate the corrections to the initial (or approximate) 
location of the point using precise measurement of distances to the permanent points  
of reference (reference points). In this paper the authors have provided a way  
of developing Hausbrandt's equations, on the basis of which the exact coordinates of the point 
in two-dimensional space can be determined by using the computed correction to the 
coordinates of the auxiliary point. The authors developed generalised equations for three-
dimensional space introducing additional fixed point and have presented proof of derived 
formulas. 
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1. INTRODUCTION 
Polish geodesists have significant achievements in development of methods and algorithms 
for solving multiple angular, angular-linear and linear intersections. The professor Stefan 
Hausbrandt gave the solution to determine corrections to the approximate coordinates  
of a point, using cracovian notation (Banachiewicz, 1959), on the basis of knowledge or the 
measurement of two distances connecting the determined point with the fixed points.  
If the coordinates of the point are known ����� ��� that are an approximation of the 
coordinates of the desired point 	��
� �
�, the solution can be obtained using Hausbrandt's 
formula (Hausbrandt,1970), which can be expressed in matrix notation: 
 ��� ��
 ���� � ����� �������� ������� ������������������������������������������������

 � � ������ � ����� � �	� � ���� � ���� ����� � ����� � �	� ����������
�
 

where: �	 – the measured distance between the fixed point ����� ����and the point 	 �
� �
! to be 
determined, 
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�	 – the measured distance between the fixed point ����� ��� and the point 	 �
� �
! to be 
determined, ��������� – the increments (finite) to be added to the coordinates of an auxiliary point ����� ��� to obtain coordinates of a point 	��
� �
�" 
 
Knowing the distances �	 i �	, we calculate the first approximation of the point 	 �
� �
!�which is being determined by us, assuming ��������� � #, and using the 
formula (Hausbrandt, 1970), written in matrix form: 

 ��� ��
 � �� ������ � ����� � �	� ����� � ����� � �	�
 ����� �������� ������� $ �������
 
According to Hausbrandt's advice, after receiving values �� and ��, the sum of their squares ��������� is calculated. Then, with the method of iteration, by using the steps for more 
accurate calculation ��������� and by substituting the value of that expression to the 
formula (1) we can solve the task having even very inaccurate approximations of the 
point������ ���. 
 
2. THE ALGORITHM FOR DETERMINING THE COORDINATES OF A POINT %�&%� '%� (%� IN THREE-DIMENSIONAL SPACE BY USING THE AUXILIARY 
POINT
The authors of the paper developed generalised equations for the three-dimensional space 
based on the extra reference point and have presented proof of derived formulas. 
If the coordinates of the point ����� ��� )�� that are approximation of the coordinates  
of the sought point 	��
� �
� )
�, the values of corrections can be obtained using the iteration 
formula (3): 
 ���*+� ��*+� �)*+�
 ���� �,-��;�������������������������������������������.� 
where:  

� � /����� � ����� � �)��� � �	� � ���*� � ��*� � �)*������� � ����� � �)��� � �	� � ���*� � ��*� � �)*�����0� � ���0� � �)�0� � 1	� � ���*� � ��*� � �)*��2
� � $ ������������������������������3� 

 

- � 4���� ���� �)������ ���� �)�����0 ���0 �)�05
� �� $ ������������������������������������������������6� 

 
where: �	 – the distance between the reference point ����� ��� )�� and the sought point 	 �
� �
� )
!� �	 – the distance between the reference point ����� ��� )�� and the sought point 	 �
� �
� )
!� 1	�– the distance between the reference point 1��0� �0� )0� and the sought point 	 �
� �
� )
!�  ��*+�����*+�� � �)*+��! –the increments to be added to the coordinates of an auxiliary 
point ����� ��� )�� to obtain the exact coordinates of the sought point 	��
� �
� )
�"   ��*����*� � �)*�! – are the previous values of the increments. 
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Using the iteration method, the first approximation of equation (3) is calculated assuming ��� � #� ��� � #� �)� � #. This equation converges rapidly because e.g. in GNSS single 
point positioning (Hofmann-Wellenhof, 2008) the approximate position is very close to the 
actual position. After obtaining the values ��*+�� ��*+�� �)*+�, we calculate the sum of their 
squares ��*+�� � ��*+�� � ��)*+��" 
 
Generally, the number of iterations depends on the values of distances to the reference points 
and on the goodness of approximate coordinates of point ���7� �7� )7�: 
 8
 � 8� � ��*+�$ �9
 � 9� � ��*+�$ �:
 � :� � �)*+�$ �����������������������;� 
 
If, on the other hand, when: 
 �� � �
 � �� � the number is small �� � �
 � �� � the number is small �) � )
 � )� � the number is small, 
 
we have an approximate formula, that comes from the assumption that������ � ��� � �)�� � #: ��� �� �)
 ���� �,-��;�������������������������������������������<� 
where:  

� � /����� � ����� � �)��� � �	������ � ����� � �)��� � �	����0� � ���0� � �)�0� � 1	�2
� � $ �����������������������������������������=� 

 

- � 4���� ���� �)������ ���� �)�����0 ���0 �)�05
� $ ���������������������������������������������������#� 

 
3. PROOF 
Formulas (3), (4), (5) can be derived in the following way: 
If ��� ��� �)�are increments which are to be added to the coordinates of the auxiliary point ����� ��� )���in order to calculate the coordinates of the sought point 	 �
� �
� )
! the 
following relations must occur: 
 ����� � ���� � ����� � ���� � ��)�� � �)�� � �	���$                       (11) ����� � ���� � ����� � ���� � ��)�� � �)�� � �	��$ ���0� � ���� � ���0� � ���� � ��)0� � �)�� � 1	��$� 
 
When expanded we have: 
 ����� � ��� � ������� � ����� � ��� � ������� � �)��� � �)� � ��)���) � �	�$ ����� � ��� � ������� � ����� � ��� � ������� � �)��� � �)� � ��)���) � �	�$ ���0� � ��� � ����0�� � ���0� � ��� � ����0�� � �)�0� � �)� � ��)�0�) � 1	�$ 

(12) 
 
In the treatment of the relations as the system of linear equations with the unknown quantities ��� ��� �), we have (3) (4) (5): 
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 ��� �� �)
 �����,-��$ 
where:  

� � /����� � ����� � �)��� � �	� � ���� � ��� � �)������� � ����� � �)��� � �	� � ���� � ��� � �)�����0� � ���0� � �)�0� � 1	� � ���� � ��� � �)��2
� $���� 

 

- � 4���� ���� �)������ ���� �)�����0 ���0 �)�05
� $������������������������������������������������� 

 
If, however, we assume that the approximate point ����� ��� )���is very close to the sought 
point 1��0� �0� )0�, we can apply the formula analogous to the formula (8). 
 
The derivation of the formula (8) can be easily extended for calculation of the GNSS point 
coordinates 	��
� �
� )
� and the receiver clock error >�?. This solution was derived by 
Oszczak B. (Oszczak B.,2011), as follows: 

 

@ �����)>�?A
,
� �� BCC

CD����� � ����� � �)��� � E�� � ���� � ��� � �)� � �>�?�������� � ����� � �)��� � E�� � ���� � ��� � �)� � �>�?������0� � ���0� � �)�0� � E0� � ���� � ��� � �)� � �>�?������F� � ���F� � �)�F� � EF� � ���� � ��� � �)� � �>�?���GHH
HI, @���� ���� �)�� �E����� ���� �)�� �E����0 ���0 �)�0 �E0���F ���F �)�F �EF

A
��

 

(13) 
 
where: E� – the pseudorange measured by the GNSS receiver to the satellite A, JK – the pseudorange measured by the GNSS receiver to the satellite B, JL – the pseudorange measured by the GNSS receiver to the satellite C, JM – the pseudorange measured by the GNSS receiver to the satellite D. 
 
4. CONCLUSIONS 
Generalised Hausbrandt's equations, proposed by the authors in this paper and expressed  
in three-dimensional space can be used in positioning e.g. GNSS (J.B. Tsui, 2000), indoor 
navigation (B.P. Lukas, 2011), and in other systems (P.D. Groves, 2013), or during the 
process of stadiometric navigation, as well as in the many tasks of surveying (Ciecko A. et. 
al., 2006), when we need to calculate the corrections to the initial (or approximate) location  
of the point on the basis of measured distances to the points of reference. In the presented 
method these corrections are the functions of the values of distances. In modern satellite 
navigation (Felski, Urbanski, 1997) and satellite geodesy (Hofmann-Wellenhof, 2008) the 
initial approximate coordinates of points can be determined using code pseudorange 
measurements during the navigation process, e.g. data obtained from NMEA 0183 format, 
while distances can be provided with the help of precise carrier phase measurements. 
Moreover, during the bathymetric survey, we can use EDM (Electronic Distance Meter)  
to measure distances precisely to the reference points. In other applications, the approximate 
position of observer can be known from Inertial Measurement Unit (Susi et. al., 2011) or from 
different sensors in indoor navigation. 
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