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THE GCD SEQUENCES OF THE ALTERED LUCAS
SEQUENCES

Fikr1 KOKEN

Abstract. In this study, we give two sequences {LI}nZl and {L; }p>1 de-
rived by altering the Lucas numbers with {41, 43}, terms of which are called
as altered Lucas numbers. We give relations connected with the Fibonacci F;,
and Lucas L, numbers, and construct recurrence relations and Binet’s like for-
mulas of the L;} and L; numbers. It is seen that the altered Lucas numbers
have two distinct factors from the Fibonacci and Lucas sequences. Thus, we
work out the greatest common divisor (GC'D) of r-consecutive altered Lucas
numbers. We obtain r-consecutive GC'D sequences according to the altered Lu-
cas numbers, and show that their GC'D sequences are unbounded or periodic
in terms of values r.

1. Introduction

Let F,, and L,, denote nth Fibonacci and Lucas numbers, respectively. The
numbers F,, and L,, are entries of sequences {F}, },>0 and {L,, }»>0, are given
by the linear recurrence relations,

(11> Fn+2 :Fn+1+Fn> Ln+2 :Ln+1+Lna n >0

with the initial values Fy =0, Fy =1, Lo =2, L1 =1 (see [0]).
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A quick look at the greatest common divisor (GC'D) properties of the
numbers F,, and L, shows that the GCD of two Fibonacci numbers is al-
ways a Fibonacci number, (F,,, F,,) = F(mn)- Thus, the successive Fibonacci
and Lucas numbers are relatively prime, (F,, Fj,+1) = (F,, F42) = 1 and
(L, Lpy1) = (Ln, Lny2) = 1. In addition to these properties, there exist a
number of divisibility and GC' D properties for these numbers such as

Ln|F, & 2mn, m>2,

Ly|L, < n=2k—1)m, m>2,

(Fy L) = 2, n=0 (mod3),
1, otherwise,

(L, Ln) = Lq if 2 and 2 is odd.
d d

Several authors investigate the above numbers finding many values of a,
b € Z for the Fibonacci {F), + a},>0 and Lucas {L,, £ b},>¢ sequences. For
example, in [2], two sequences are defined with {Gp,}n>0 = {F, + (—1)" }n>0
and {H,}n>0 = {F, — (—1)"}»>0, which are called as the altered Fibonacci
numbers. It is shown that the sequences {G,, }»>0 and {H,},>0 are multipli-
cation of Fibonacci and Lucas subsequences according to their indices n ([1],
[2], [6]). And also, in [2], the authors investigate some GC'D cases for succes-
sive terms of the {G), }n>0 and {Hy},>0. It is noted that (Ganti, Gantrt1)
and (Hantk, Hintrkt1), (K = 0,2) are not relatively prime. In addition to
the sequences {Gp}n>0 and {Hp},>0, in [I], K. Chen defines a sequence
{F,, + a}n>0, a € Z, called as a shifted Fibonacci sequence. And also, the au-
thor establishes a sequence {f,,(a)}n>0 = {gcd(F,, + @, Fjot1 + a) }n>0, which
is called as a GC'D sequence of the shifted Fibonacci sequence. He shows that
some successive terms of the altered and shifted sequences have a different
behavior such as

(Gan, Gant1) = Lant1 = (Gant1,Ganys) s, (Gant2, Ganys) = Fopta,
(Han, Hint1) = Fony1 = (Hant1, Hangs) s (Hang2, Hanys) = Lonyo,
fan—1(1) = Fop—1, fan41(1) = Lan,

Jan-1(=1) = Lon—1, fany1(—1) = Fay,.

In [I], the author shows that { f,,(a)},>0 is bounded from above if a # +1.
In addition to the properties of { f,,(a)}n>0 given in [1], we can give Spilker’s
result about f,(a) as follows (see [8]): let n and a be integers. If m := a* — 1
is not 0 and f,, (a) divides a® + (—1)", then f,(a) is simply periodic such that
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a period p is defined by F), = 0 (modm), Fj+1 = 0 (modm). Also, the author
produces explicit formulas for the number f,,(a) and generalizes it to a wider
class of recursive second order sequences.

In [7], the authors establish a sequence {f,, (£3)},>0, and show that their
results correspond with bounds and periods given in [I] and [§].

In [4], the authors study cases of (Fy,, + b, F}, + a), for a, b € Z by varying
positive integers m and n. For example, they show that there exists a constant
¢ such that ged (F,, +a, F,, +a) > e holds for infinitely many pairs of
positive integers m > n.

In [5], the author studies two shifted sequences U, + k of the Lucas se-
quences of the first kind, where U, = {un}n>0, ¢ € Z, up, = ap_1 + Up_2
for n > 2, ug = 0, u; = 1, and shows that there exist infinitely many integers
k such that two sequences are prime free. This result extends previous works
for the shifted Fibonacci sequences, when a = 1 and k = 1.

In [2], the authors mention that the sequences {L, + (—1)"},>0 and
{L,, — (—1)"},>0 are not considered as altered Lucas sequences. Fortunately,
in [1], the author also derives GCD sequences (Lyptk—1 + 1, Laptx + 1), k =
0,1,2,3, and mentions that if n = [(modm), m = 3,6 and [ € {0,1,2,3,4,5},
then the sequences ged (Lantk—1 + 1, Lyntx + 1), kK =0,1,2,3 are constant.

In this study, our goal is to define two altered Lucas sequences, {L,, +
k1}n>0 and {L, F ka}n>0, for specific integers k; and ks. Since it is seen
that theirs terms have two distinct factors such as the Fibonacci and Lucas
numbers, we work out GC'D sequences for r-consecutive terms of the altered
Lucas sequences. And also, we determine relations between GCD sequences
and the Fibonacci or Lucas sequences. In the last part, we establish some
r-consecutive GCD shifted sequences from two altered Lucas sequences, and
give some properties of them.

2. The altered Lucas sequences

In this section, we define two altered Lucas sequences {L;}},>1 and
{Ly tn>1 by

(2.1) Lt

n

L,—1, if nisodd,
L, + 3, otherwise,

(2.2) - — L,+1, ifnisodd,
' | L, -3, otherwise.

3
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Based on the definitions given in (2.1)) and (2.2), we can give the first 12 terms
of the {L;}'},>1 and {L;, },,>1 in the following table:

n 123 4 5 6 7 8 9 10 11 12
(2.3) LY 0 6 3 10 10 21 28 50 75 126 198 325 .
L, 2 0 5 4 12 15 30 44 77 120 200 319

We see that some interesting observations can be made for L) and L;, given
in (2.3) according to both divisibility properties and recurrence relation. For
example, the numbers LE, (i.e., L3, and Lg,) have odd parity, and the num-
bers L;fn 41 and Lgfn 4o have even parity. In addition, recurrence relations of
{L; }n>1 and {L;, },>1 are shown by using LTiLJrl + L = L, 12 £ 2, namely,
the Lucas type recurrence relations are given as

LE ,£3, ifnisodd,

Li

LE+ Ly, =
" il mi2 T 1, otherwise,

I* LE  +1, ifnisodd,
Lff_l T3, otherwise.

+
n+1 Ln

Let us take a look at differences L3, 41— Li, , and L, 42— Li,. Tt is seen
they are the Lucas numbers: L;Enﬂ — Lf, | = Lo, L;En+2 — LE, = Lopis.

The following equations, which are the relations for the difference and sum
of indices of the Lucas numbers given in [6],

(2.4) L +7 [ LnmLy, ifniseven,
. m+n T\ BF,Fy,, otherwise,
(2.5) L L [ SEnFy,, ifniseven,

| mn T T LinL,,  otherwise,

will enable us to determine a number of properties for the altered Lucas
sequences.

THEOREM 2.1. Let L} and L,, be the nth altered Lucas numbers given in
(2.1) and (2.2)), respectively. The following equations are valid:
L, =5Fup1For_1, Ly = Lopi1 Lok,
L1 =5Foks1For, Ly = Logpy1 Lo,
LIHQ = Logy2 Lo, Ly o = 5Fop12Fok,

Liis = LogsaLopg, Ly 3 = 5F2p12Fok41.
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PROOF. By substituting 2k + 1 and 2k — 1 for m and n given in (2.4),
2k 4+ 1 and 2k for m and n given in ([2.5)), respectively, we rewrite equalities
into the forms

Lioks1)+(2k—1) +3 = 5Fo,11Fo, 1,
Loky1yyor — 1 = 5Fop 41 Fog.

Also, the desired results can be given with similar applications taking suitable
values for m and n. O

In the rest of this study, similar proofs of all results are generally omitted
for the sake of brevity.

Now, we show that the altered Lucas numbers L} and L, satisfy interre-
lationships with the Fibonacci and Lucas numbers.

THEOREM 2.2. If L and L,, are the nth altered Lucas numbers, then

2.1, ifnis odd,

L3, + L3,
2n At { 5F2+1, otherwise,

L,L,i3+6, ifnisodd,

Ly .+ L3
2n+1 2n+2 5F,F,13+6, otherwise,

B 7 n+17 if n s even,
L2n + L2'n,+1 .
+1, otherwise,
LyLyis+2, ifnisodd,

Lopir+Lopio=
2n+1 2n+2 { 5F,Fni3+2, otherwise.

PROOF. By using the definitions given in (2.1)) and (2.2)), and all results
of Theorem we obtain
Lypi1(Lp+ Lp—1), ifnisodd,

Ly, + L3,
2n 2n+1 = { 5F+1 (Fn+ Fn_1), otherwise,

Ln (Ln+2 + Ln_;’_l) + 6 if n is Odd7

Ly + L0 =
2n+1 2n+2 { 5F, ( a2 + Fn+1) 4+ 6, otherwise. O
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As an alternative method to the definitions given in , and all
results of Theorem we investigate a Binet’s like formula, which is com-
monly used in the proof of the properties of the integer sequences. Then, the
altered Lucas numbers can be expressed in terms of & and 8 = —a ™!, where

1+5
2

o= is the golden ratio.

THEOREM 2.3. The Binet’s like formulas of the numbers L and L, are
given, respectively, by

L = (alin) -yl glail) (al# =1 - cpple) le-1T),
Vgli=),

where |x] and [z] denote the floor and ceiling integer functions.

WIS

Iy = (al#+id 1 (L8] gle) (ol 301 1 (ol

PROOF. By using the Binet’s formulas of the Fibonacci and Lucas num-
bers, we achieve the desired results. O

3. Properties of the GCD sequences of the altered Lucas sequences

In this section, we consider two greatest common divisor (GC' D) sequences,
{L} . }n>1 and {L,; . }n>1, which are called as r-consecutive GC'D sequences,

(31) L:,r = ng (L:’z_v Li—l—’r‘) ’
(32) Lr_L,r = ng (L;) L:H—r) :

It is known that the Lucas sequence has some GCD properties such as
(L, Ly) # Linn for n,m € Z*, and if 2 and % are odd, (L, Ln) = Lqg
and (F,,L,) =1 or 2.

Firstly, our aim is to investigate the 1-consecutive GCD sequences,
(L 130 = {ged (L, Ly 1)}n>1 and {1y 1 }a>1 = {ged(Ly,, Ly 1) ba>1, and
also to study some properties of them.

The first 14 terms of the sequence {L; | },>0 are given with

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Lfy 5Fy 6 Ly 1 5Fs 1 Ly 2 5Fs 3 Lg 1 5F 2 Lg'
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The sequence {L:,1}n21 is neither constant nor decreasing, or increasing.
But, there are some subsequences of the sequence {L;l}nzl, which are ei-
ther periodic or increasing. It is seen that the sequence {L;kJ}kZO includes
{Lk41} for k =1,3,5,... and {5Fy41} for k =0,2,4,6,.... Also, the sequence
{L;k+171}k20 is {6,1,1,2,3,1,2,1,3,2,1,1} for £k =0,1,2,3,...,11, which is
periodic according to k = 0 — 11(mod 12).

Now, according to observations made for the numbers L’

~ 1, the numbers

L, , are given with

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
L7, L 2 5F, 1 Ly 3 5F, 2 Ly 1 5F; 1 L; 6 5Fs

n,l

It is seen that L,y ; = 5Fyy1 for k = 1,3,5,..., and Ly, | = Lgyq for k =
0,2,4,6,.. .. Also, the sequence {Ly,, ,} = {2,1,3,2,1,1,6,1,1,2,3,1}, k =
0 — 11 (mod 12) is periodic.

LEMMA 3.1. For any integers m and n,

(33) (Ln - Lm - Fm—la Ln+1 + Lm—l + Fm—2)

- (Ln—2 - Lm+2 - Fm+1a Ln—l + Lm+1 + Fm) .

PROOF. By applying property (x,y) = (z,y — ) for the left hand side of

, we have
(Ln — Lin — Fne1, Lyg1 + Lin—1 + Frpi)
=(Ly, =Ly —Fp—1,Lpy1 — Ly +Lyp—1+ Ly + Fryp—2 + Frim1)
=(Ly,—Ln1—Lp— L1 —Fruo1 — Foy L1 + L1 + Fi)
= (Lp-2—Lm+o — Fy1, L1+ Lyny1 + i)
by using F,4+1 — F,, = F,—1 and L,41 — L, = L,,_1 given in . O
LEMMA 3.2. For any integers m and n,
(34)  (Ln—1,Lyt1 +3)
= (Ln—2m — Lam+1 — Fom; Ln—2m+1 + Lom + Fom-1) ,
(3.5) (Ln+1,Lpy1 — 3)

= (Ln—2m + Lom+1 + Fom, Ln—om+1 — Lom — Fop—1) .
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PrOOF. Note that F_; = F} = 1 and Fy = 0. Thus, by applying property
(z,y) = (z,y — x) for the left hand side of (3.4]), we get

(Ln =1, Lyy1 +3) = (Ly — F1Ly — FoLy, Ly + FoLy + F_1 L)
= (Lp — F1Ly — FoLa, Ly 1 + FoLy + F1 Ly)

= (Ln,Q —F3—3F, L, 1+ Fy + 3F1) .
By using L,, = F,,—1 + F,+1, we obtain

(Ln,Q - F3 - 3F2, Lnfl + F2 + 3F1) == (Ln,Q - F4 - 2F2, Ln71 + F3 + 2F1)

(3.6) = (Lp—o—L3—Fp, L1+ Ly + F1).

The equation in (3.6) is a special case for m = 1 of equation given in (3.3)).
Thus, by applying property (z,y) = (z,y — x), m—1 times to (3.6]), we achieve
the desired result. O

THEOREM 3.3. Let L;rk , and Ly, | be the 1-consecutive GC'D numbers
given in and with r = 1, respectively. Then

. { Liy1, for odd k, B { 5F)41, for odd k,

sz,1 2k,1 —

5Fi+1, for even k, Liy1, for even k.

PROOF. Since L;‘k’l = (L;'k,L;kH), by applying k + 1 for m, and k£ — 1
and k for n in equations given (2.4)) and ({2.5]), respectively, we can rewrite the
values L;k and L;rk, 41 @s

Lk+1Lk_1, if k is Odd,

Lk+1y+to-1) + Ler1)-o-1) = { 5F,_1F)y1, otherwise

5FiFr41, if k is even,

L = Lik+1)-k =
(k+1)+k — L(k+1)—k {Lk+1Lka otherwise.

Since (Ly, Ly—1) = 1 and (Fy, Fp—1) =1, (L3, L3, 1) is Lgy1 or 5F11. The
other equation is shown with a similar way. O
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THEOREM 3.4. If L;kfl,l and Ly, | are the (2k — 1)th entries of the

. . + —
1-consecutive GCD sequences, respectively, then LQk—l,l and LQk—l,l are pe-
riodic such as

1, k=0,2,3,6,8,11 (mod12),
I B 2, k=4,7,10(mod 12),
k=117 3 k=5,9(mod12),
6, k=1(mod12),
1, £=0,2,5,6,8,9(mod12),
B 2, k=1,4,10 (mod12),
La1i=3 3 123 (mod 12) ,
6, k=7(modl12).

PROOF. Since L;’k_l’l = (Log—1—1, Lo +3), firstly, for an even k, we can
write li with n =2k — 1 and m = % as

(Lok—1— 1, Lok +3) = (Lg—1 — L1 — Fi, 2Lk + Fi—1)
— (—Ly — F,2Ly + Fy_1).
By using properties Ly = Fy+1 + Fr—1 and (z,y) = (z,y + zx), we have
L;_kfl,l = (=2Fp41,2F41 +3F,1)
— (—2F1,3F)_1).

Since (Fj41,3) =1 for even k, it is valid (—2Fk41,3Fk—1) = (2, F—1). Thus,
L;kfl’l is 1 or 2.

Secondly, for an odd k, we can write 1) with n =2k — 1 and m = %

as
(Log—1 — 1, Lop +3) = (= Fpr—1, Lgg1 + L1 + Fr_2) .
By using properties 5Fy = Li+1 + Li—1 and (z,y) = (z,y + zx), we have
L3_1q = (—Fr-1,5F, 1+ 6F; )

= (—Fr—1,6F_2).
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It follows (—Fj_1,6F;_2) = (Fk-1,6), so L;kfl’l is one of the entries of
{1,2,3,6} for odd k. In both cases, the following properties are valid

(2,F) =2 if and only if k£ =0(mod3),
(3,F;) =3 if and only if k= 0(mod4),
(6, Fx) =6 if and only if k= 0(mod12).

Thus, in case (Fj_1,6) = 6, for k = 1(mod 12), it is clear that (Lj, 1,L;ﬂ)
6. If (Fx—1,6) =3, k # 1, for k = 1(mod4) for odd k, that is k = 41 +
for k = 5,9(mod 12), then (LJ, ,,L3,) = 3. Now, assume (Fj_1,6) = 2,
for k = 1(mod3) for odd k, that is k = 3m + 1, for £ = 7(mod 12), then
(L3, |, L3,.) = 2. Finally, in the cases k = 3, 11(mod 12), we have (Fy_1,6) =
1. Suppose that (2, Fy_1) = 2, k = 1(mod 3) for even k, that is k = 3s + 1,
for k = 4,10(mod 12), it is clear that (L3, ,, L3, ) = 2. Otherwise, in cases
k = 0(mod 3) and k = 2(mod 3), it is (2, Fy—1) = 1, for k = 0,6, (mod 12) and
k = 2,8, (mod 12), respectively. All results complete the proof for all cases of

L;k 1,1 — (L;k 17L+)

Now since LQk 1 1 = (Lgp_41, L3,.), we suppose for even k, n =2k —1 and
m= 2 given in .
(Lk—1 + Liy1 + Fr, —Frp 1) = (2Fy, —Fj—1) .
And also, we assume for odd k, n =2k — 1 and m = k“ given in

(Lk—2 + L2 + Fr1, Lie—1 — L1 — Fy) = 3Ly + Fiq1, — Ly — Fi)
= (3F)—1 +4Fp41, —2F41)

= (3Fp_1,—2F41) .

Depending on whether k£ is odd or even, the calculations of expressions
L;k_Ll = (2Fy,—F;—1) and L;k_Ll = (3Fj_1,—2F)11) can be made with
similar methods. ([

As a brief summary of the mentioned above, the sequence {le_k—2,1}k21 =
{ged(L}, o, Li )}i>1 is {Lak}ek>1, and the sequence {le_k,l}kzl s

{5F2k+1}k21- And also, {L2k7271}k21 = {5F2k}k21 and {LZk,l}kzl =
{Lak+1}rk>1. These results given in the following lemma are consequences of
Theorem [B.3]

—e
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LEMMA 3.5. Let L:,1 and L,, , be the nth numbers of 1-consecutive GC'D
sequences. Then

+ -
L4k71 = 5F2k+17 L4k,1 - L2k+1a

+ _ - _
L4k+271 = L2k+2a L4k+2,1 - 5F2k+2-

In addition, the {Likﬂ,l}kzl ={6,1,3,2,3,1}, k € Zg is periodic; that
is LikJrLl = 6 iff £ = 0(mod6), LIkH,l = 1iff £ = 1(mod6) and so on,
respectively. The sequence {Lik—l,l}kzl =1{1,2,1,1,2,1}, k € Zg is periodic.
The sequence {L2k+1,1}k21 ={2,3,1,6,1,3}, k € Zg is periodic. In addition,
the {LZk—m}kZl = {1,2,1}, k € Z3 is also periodic. These results given in
the following lemma are consequences of Theorem

LEMMA 3.6. Let L:l and L,, , be the nth numbers of 1-consecutive GC'D
sequences, Lil denotes both the numbers L:;l and L, 1. Then

6, k=0(mod6),
I+ 3, k=2,4(mod6),
HFLLT) 9 k=3 (mod6),
1, k=1,5(mod6),
6, k=4 (mod6),
- 3, k=0,2(mod6),
HHLLT) 20k =1(mod6),
1, k=3,5(mod6),
and
I+ _ 2, k=1(mod3),
4h+3,1 1, otherwise.

It is well known that (F,, Fj,42) = 1 and (L, Ly+2) = 1. Similarly, se-
quences {L; ,}x>1 and {L, ,}x>1 are obtained as the periodic constant se-
quences.

THEOREM 3.7. Let L:;Q and L,, , be the nth 2-consecutive GCD numbers.
Then

Lt =1L

N B 2, k=2(mod3),
4k,2 —

4k+3,2 = Laky32 = ,
+9 9 1, otherwise,
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I+ 2, k=0(mod3), 3 4, k=2(mod3),
4ht2,2 = 1, otherwise, k2 1, otherwise,
- 4, k=0 (mod3),
4ht2.2 = 1, otherwise,

1, k=0,2(mod6), 1, k=3,5(mod6),

- 2, k=4(mod6), I+ 2, k=1 (mod6),
4h+1,2 = 3, k=3,5(mod6), L2 ) 3 £ =10,2(mod6),

6, k=1 (mod6), 6, k=4(mod6).

PROOF. From Ljy 5 = (Ljy, Lifyyo) and Ly o5 = (Lijis Laga), We get

(Lak + 3, Lagy2 +3) = (5Fop1Fop—1, LopyaLog)
= (5Fak+1, Log+2) (For—1, Lak) (5Fak+1, Lok) (Fak—1, Lok+y2)

= (Faok—1, Fopts + Fops1) = (Fog—1,4F5y)
and

(Lak+2 — 3, Lag+a — 3) = (5Fopq2For, Log+3Loky1)
= (5Fak+2, Log+3) (Fok, Lok+1) (5Fok42, Lok+1) (Fak, Lok+3)
= (Fok, Fopqa + Fopy2) = (Fog, 4F5541)

By using the properties (2, F)) = 2 if and only if £ = 0 (mod 3) and (4, Fj,) =4
if and only if & = 0(mod6), we obtain szg = 2 iff £ = 2(mod3) and
Lijioo = 4iff K =0(mod3), then the desired results are found. The other
properties are obtained in a similar way by using (3, Fx) = 3 if and only if

k=0 (mod4). O

It is well known that (F),, Fi,13) = 2 and (L, Ly43) = 2 iff n = 0 (mod 3),
otherwise (F,, Fr,43) = (Ln,Ln+3) = 1. And, sequences {L:,g}kzl and
{L,, 3}k>1 are established by Theorem

THEOREM 3.8. Let L+3 and L,, 3 be the nth 3-consecutive GCD numbers.
Then

L+

10Fok+1, k=0(mod3),
4k+1,3 =

5Fok4+1,  otherwise,



234 Fikri Koken
. 2Lok+2, k=1(mod3),
Lik+ss L )
ok+2, otherwise,
_ 2Loj41, k=0(mod3),
Ltz =9 herwi
2%11, otherwise,
~ 10Fsk42, k=1 (mod3),
33 ) 5Fypye,  otherwise.
+ — (LT + 41 = (Ly 4
PROOF. From Ly, 4 = (Lipsrs Lagra) and Lig oy 5 = (Ligyrs Lagya)s

we get

(Lag41 — 1, Lagra + 3) = 5Fopy1 (Fok, Fogys),
(Lag41 + 1, Lag+a — 3) = Logy1 (Lok, Lok+3s) -

Thus, the properties (Fy,, F43) = 2 and (L, Lpt3) = 2 iff n = 0(mod 3)
complete the proof. O

THEOREM 3.9. Let Lj;?, and L,, 3 be the nth 3-consecutive GCD numbers.

Then

1, k=0,3(mod6),

L} :{ L k=0,3(mod6), Ta=1< 2, k=1,4(mod6)
4k,3 2, k=1,2,4,5(mod6), k.3 ’ ’ ’
4, k=2,5(mod6),

(1, k=1(mod6),

1, k=4(mod6), 2, k=5(mod6),

I+ 2 k=0,2(mod6), )3 k =4 (mod6),
HH23 ) 30 k=1 (mod6), 2371 4 k=3 (mod6),
6, k=3,5(mod6), 6, k=2, (mod6),

12, k =0(mod6)

PROOF. Since Ly o5 = (Lij 2 Lijys) and Ly 5 = (Lyy, Liyy5), by ap-

plying appropriate values of equations given in (3.4) and (3.5, we obtain

proofs of all results.

O

Since (F,, F+4) = (Fy,3F,41) and (L, Lyta) = (Ly,3Lp41), it is seen
that (F,, F44) = 3 iff n = 0(mod4) and (L, Ly,44) = 3 iff n = 2 (mod 4),
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otherwise it equals to 1. Now, we give the form of the sequences {LIA}nZl
and {L,, 4}n>1-

THEOREM 3.10. Let L:A and L, , be the nth 4-consecutive GC'D numbers.
Then

+ - _
Ly 4 =5F2k41, Ly 4 = Lok,

LT Logt2,  k=0(mod2),
4k+2,4 3Loki2, otherwise,
- 15F5k42, k=0(mod?2),
HH24 ) 5Fypye,  otherwise.

PROOF. From Ly, .o, = (Lypyo Lyyqyso)s it follows that Ly .., =
(L4k+2—3, L4(k+1)+2—3) and LZkJrQA = 5F2k+2 (ng, 3F2k+1). Since (FQk, 3) =

3 iff £ =0 (mod 2), we achieve desired results. O

LEMMA 3.11. Let LIA and L, , be the nth 4-consecutive GC'D numbers.
Then

5 k=1,2(mod3),

LT =5L7; =
k41,4 Ak+1,4 { 10, k=0(mod3),

5, k=0,2(mod3),

4 - —

- + _ T+ + - (T -
PROOF. Since Ly 1y 4 = (Lyjpry Ligpss) and Loy 4 = (Digy s Lyggi1y43);
O

by applying Theorem 2.1 we get the desired results.

Now, in addition to the sequences L;} . and L, ,. defined in and ,
by selecting r-consecutive elements as mixed from the numbers L) and L,
defined in and , we establish two different GCD sequences of the
altered Lucas sequences such as

{L'rtri n>1 = {ng (Lj;a L;-H")}nZl 9
{Lg,?"+}n21 = {ng (L;’ L:LrJrT) }nZI :
It is well known that (F,, L, ) = 2 if and only if 3|n, otherwise (F},, L,,) = 1.

Similarly, the sequence {L:O_}nzl (or {L,, o"}n>1), ie. O-consecutive GC'D
sequence, is a constant periodic sequence.
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LEMMA 3.12. Let L)} o~ = L, o = ged(L}, L,,) be the nth 0-consecutive
GCD numbers. Then

+_{1, k=0 (mod3), L {1, k =2 (mod3),

L4k,0 = 4k+1,0 —

2, otherwise, 2, otherwise,

- :{3, k=1 (mod3), I+~ :{1, k=0 (mod3),
4k+2,0 4k+3,0

6, otherwise, 2, otherwise.

PROOF. Since Ly, o = (L, Ly,) and L7 o = (L, L), by ap-
plying Theorem [2.1] with appropriate values, we can write

le_k o = (5Fopq1Fok—1, Logt1Lok—1)
= (5Fap+1, Logs1) (Fop—1, Log—1) -

By using (Lak+1,2) = 2 if and only if £ = 1(mod 3), and (Fri_1,2) = 2 if and
only if k¥ = 2(mod 3), others cases are 1, we achieve desired result. The other
results are produced with similar ways. O

Firstly, we have not encountered in the literature with (F,, L,+1) and
(Frt1, Ly), but, we can write (F,, F,,+ Fy12)=1and (Fp41, Frno1+Frni1)=1,
respectively. Therefore, we study on 1-consecutive GC'D sequences.

THEOREM 3.13. Let L+ ~ and L;71+ be the nth numbers of 1-consecutive
GCD sequences. Then

J’_ — _ —
L4k+1,1 = 5F, L4k+1 1 = Lok,
J’_ —
Ly i34 = Lok+a, L4k+3 1 = 5Fo 1.

PROOF. From the definitions given in (2.1), (2.2) and Theorem we
have

(Ldi1> Lijso) = (Lakg1 — 1, Lugga — 3) = 5Fop (Fag1, Fango)

(Lips1s Linio) = (Lakgr + 1, Laggo + 3) = Lo (Logs1, Lok2) -

Thus, all results are obtained, since (Fogt1, Fogt2) = 1 = (Logt1, Logy2). O
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LEmMA 3.14. If Lj;f and L;j‘ are the nth 1-consecutive GC'D numbers,
then

LiﬂF_{ 2, k=1(mod3),
ak,1

1, otherwise,

1, k=0,4(mod6), 1, k=1,3(mod6),
- 2, k=2(mod6), _ 4+ ) 2 k=5(mod6),
21 ) 3 k=1,3(mod6), 21 ) 3 £ =0,4(mod6),
6, k=5(mod6), 6, k=2(mod6).

Secondly, (F,, Lpt2) = (Fpn,3F,+1) and (Fyy2, L) = (F—2,3F,—1) give
(Fo,Lpy2) = 3 iff n = 0(mod4) and (Fj42,Ly,) = 3 iff n = 2 (mod4),
otherwise, it equals to 1. Now, we study on numbers L:’{ and L;y;.

THEOREM 3.15. Let L;:Q_ and L;’;r be the nth numbers of 2-consecutive
GCD sequences. Then

+ - _ -+
L4k+1,2 = 5Fp41, L4k+1,2 = Loj+1,
+ - _ -+
L4k+3,2 = Lok+2, L4k+1,2 = 5Fop0.

PROOF. From the definitions given in (2.1]), (2.2)) and Theorem we

have

(Lik;+1’ LZJngg) = 5F%, 1 (Fok, Fort1 + For) -

Since (Foy, Fopy1) = 1 and (z,y) = (x,y — x), we have the proof of the first
of our equalities. The proofs of the remaining properties are similar. ([l

LEmMMA 3.16. If L;{ and L;’;r are the nth 2-consecutive GC'D numbers,
then

10, k=2(mod3),

Lh5 =503 =
4k,2 4k,2 { 5,  otherwise,
10, k=0 (mod3),

Ly, ,=5L ", =
4k+2,2 4k+2,2 )
5,  otherwise.
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As the third, since (F),, Ly+3) = (Fy,4F, 1) and (Fp4+3, L,) = (2F,, L,),
it is seen that (F,,, L,+3) = 4 iff n = 0(mod 6) and (F,43,Ly) is 4 iff n =
3 (mod 6) or 2 iff n = 0 (mod 6), otherwise, (Fi,+3, Ly,) = (Fy, Ln+3) = 1. So,
we derive numbers L7t3_ and L;S’L.

THEOREM 3.17. Let LZ’:,,_ and L;73+ be the nth numbers of 3-consecutive
GCD sequences. Then

+7

+ - _ _
4k+2,3 =

L4k,3 =

5F5;11, otherwise,

10F2k+1, k=2 (mod 3) s
Logio, otherwise,

{ 2Lok42, k=0(mod3),

. 2Lok4+1, k=2(mod3), L 10Fok+2, k=0(mod3),
Lys = 4k+2,3 =

Logy1, otherwise, 5F5,42, otherwise.

PROOF. Since (Lik, Lyvs) = (Lag + 3, Lagy3 + 1), by using Theorem
we have

(Lag + 3, Lag13+ 1) = (5F%41Fo,—1, 5 Fop+2Fop41)
= 5F5 41 (Fog—1, F3)

= 5Fok1Fok-13)-
Since (L, sz+3) = (L4 — 3, Lap43 — 1), we get

(Lar — 3, Lagq3 — 1) = (Logg1Lok—1, LokyoLogt1)
= Lojy1 (Log—1,2Log)

= Logy1 (Log—1,2).
Because the other proofs are similar, we omit them. ([

LEMMA 3.18. If L} 5~ and L;73+ are the nth 3-consecutive GC D numbers,
then
1, k=2(mod3),
2, k=1(mod3), L

4k+1,3 —
4, k=0 (mod3),

1, k=2(mod3),
2, otherwise,
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1, k=3(mod6),

2, k=5(mod6), 1, k=0(mod6),
[ 3, k=0(mod6), S 2 k= 2,4 (mod6),
83 ) 4 k=1 (mod6), +83 ) 3, k=3 (mod6),

6, k=2(mod6), 6, k=1,5(mod6).

12, k=4(mod6),

Finally, we establish 4-consecutive GCD sequences {L; ; }n>1 and
{Lna Fnz1.

LEMMA 3.19. Let L:{A_ and L;A’L be the nth 4-consecutive GC'D numbers.
Then

[+ F { 2, k=1(mod3),

4k = 1, otherwise,
1, k=1,5(mod6), 1, k=3,5(mod6),
[ 3, k=2,4(mod6), ot 3, k=0,2(mod6),
Akt1,4 4, = 3 (mod6), 4h+3.4 4, k=1(mod6),
12, k=0(mod6), 12, k=4(mod6),
1, k=2,4(mod6), 1, k=0,2(mod6),
_ 2, k=0(mod6), P 2, k=4(mod6),
Akt 3, k=1,5(mod6), K+ 3, k=3,5(mod6),
6, k=3(mod6), 6, k=1 (mod6),

3, k=0,1,3,4,7,9(mod 12),
It - 6, k=5,811(mod12),
4k+2,4 21, k=6,10(mod 12),
42, k=2(mod12),

3, k=1,3,6,7,9,10(mod 12),
6, k=2,511(mod12),

21, k=0,4(mod12),

42, k=8 (mod12).

-+ _
L4k+2,4 =
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4. Conclusion

In this study, two altered Lucas sequences {L;}},,>1 and {L;, },>1 are de-
rived by altering the Lucas numbers with {£1,+3}. Thus, the {L;'},,>; and
{L;,; }n>1 sequences are separated from the shifted and altered sequences in
the literature. But, the L and L, are related to the Fibonacci and Lu-
cas numbers. It is seen that they have two different Fibonacci and Lucas
factors. Therefore, we study several different type r—consecutive GC'D se-
quences, {L;} }n>1 and {L;  }n>1 for the altered Lucas sequences {L; },>1
and {L; }n>1, respectively. According to values r, it is seen that these se-
quences are periodic or unbounded. But for now, we leave other properties
of the altered Lucas and r-consecutive GCD sequences for researches in the
future.
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