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LIE DERIVATIONS ON TRIVIAL EXTENSION ALGEBRAS

AMIR HOSEIN MOKHTARI, FAHIMEH MOAFIAN,
HaAaMID REZA EBRAHIMI VISHKI

Abstract. In this paper we provide some conditions under which a Lie deriva-
tion on a trivial extension algebra is proper, that is, it can be expressed as a
sum of a derivation and a center valued map vanishing at commutators. We
then apply our results for triangular algebras. Some illuminating examples are
also included.

1. Introduction

Let 2 be a unital algebra (over a commutative unital ring R) and X be an
2A-bimodule. A linear mapping D from 2( into X is said to be a derivation if

D(ab) = D(a)b+ aD(b), a,be .
A linear mapping £: A — X is called a Lie derivation if
Lla,b] = [L(a),b] + [a,L(b)], a,beA,
where [+, -] stands for the Lie bracket. Trivially every derivation is a Lie deriva-

tion. If D: A — A is a derivation and ¢: A — Z(A)(:= the center of A) is a
linear map, then D + £ is a Lie derivation if and only if ¢([a,b]) = 0, for all
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a,b € . Lie derivations of this form are called proper Lie derivations. A prob-
lem that we are dealing with is studying those conditions on an algebra such
that every Lie derivation on it is proper. We say that an algebra 2 has Lie
derivation property if every Lie derivation on %A is proper.

Martindale [I0] was the first one who showed that every Lie derivation
on certain primitive ring is proper. Cheung [3] initiated the study of various
mappings on triangular algebras; in particular, he investigated the properness
of Lie derivations on triangular algebras (see also [4, 9], [12]). Cheung’s re-
sults [4] have recently extended by Du and Wang [5] for a generalized matrix
algebras. Wang [14] studied Lie n-derivations on a unital algebra with a non-
trivial idempotent. Lie triple derivations on a unital algebra with a nontrivial
idempotent have recently investigated by Benkovi¢ [2].

In this paper we study Lie derivations on a trivial extension algebra. Let
X be an 2-bimodule, then the direct product 2 x X together with the pairwise
addition, scalar product and the algebra multiplication defined by

(a,z)(b,y) = (ab,ay + xb), a,be A, xz,y€ X,

is a unital algebra which is called a trivial extension of 2 by X and will
be denoted by 2 x X. For example, every triangular algebra Tri(A4, X, B) is a
trivial extension algebra. Indeed, it can be identified with the trivial extension
algebra (A @® B) x X; (see Sec. 3).

Trivial extension algebras are known as a rich source of (counter-)examples
in various situations in functional analysis. Some aspects of (Banach) algebras
of this type have been investigated in [I] and [I5]. Derivations into various
duals of a trivial extension (Banach) algebra studied in [15]. Jordan (higher)
derivations on a trivial extension algebra are discussed in [I1] (see also [6], [8]
and [7]).

The main aim of this paper is providing some conditions under which a
trivial extension algebra has the Lie derivation property. We are mainly deal-
ing with those 2 x X for which 2l enjoys a nontrivial idempotent p satisfying

(*) prq =,

for all x € X, where ¢ = 1 — p. A triangular algebra is the main example of a
trivial extension algebra satisfying ().

In Section 2] we characterize the properness of a Lie derivation on 2 x X
(Theorem , from which we derive Theorem providing some sufficient
conditions ensuring the Lie derivation property for 2 x X. In Section 3, we
apply our results for a triangular algebra, recovering some results of [4].



Lie derivations on trivial extension algebras 143

2. Proper Lie derivations on A x X

We commence with the following elementary lemma describing the struc-
tures of derivations and Lie derivations on a trivial extension algebra 2 x X.

LEMMA 2.1. Let A be a unital algebra and X be an A-bimodule. Then every
linear map L: A x X — A x X has the presentation

(2.1)  L(a,z) = (Lo(a) + T(z),Lx(a) + S(x)), aeU,xeX,

for some linear mappings Log: A - A, Lx: A ->X,T: X >AandS: X - X.
Moreover,
» L is a Lie derivation if and only if
(a) Ly and Lx are Lie derivations;
(b) T([a,z]) = [a, T(z)] and [T'(x),y] = [T(y),z];
(©) S([a,2]) = [£a(a), 2] + [a, S(@)],
forallae A, z,y e X.
= L is a derivation if and only if
(i) Lo and Lx are derivations;
(ii) T(az) = aT(x), T(xa) = T(xz)a and 2T (y) + T'(x)y = 0;
(iii) S(ax) = aS(x) + Ly(a)x and S(za) = S(x)a + xLy(a),
forallaeA, x,y e X.

It can be simply verified that the center Z(2 x X) of 2 x X is
Z(Ax X)={(a,z);ae Z(A),[b,x] =0 = [a,y] for all be A,y € X}
— ra(Z(2 % X)) x 72 (Z(2 x X)),

where mo: A x X — A and 7x: A x X — X are the natural projections given
by 7y (a,z) = a and 7x(a,z) = x, respectively.

It should be noticed that, if 20 x X satisfies (%), then the equality [p,z] = 0
implies z = 0, for any x € X. This leads to 7x(Z(2 x X)) = {0}, and so
(2.2) Z@Ax X) ={(a,0);a € Z(A),[a,z] = 0 for all z € X}

=mu(Z(2A x X)) x {0}.

Further, the property () also implies the following simplifications on the
module operations which will be frequently used in the sequel

(2.3) gqx =0 = xp, pr =2x = xq, papx = ax, rqaq = ra, a€ A, x € X.
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The following characterization theorem which is a generalization of [4]
Theorem 6] studies the properness of a Lie derivation on 2 x X. Before pro-
ceeding, we recall that an 2-bimodule X is called 2-torsion free if 2z = 0
implies x = 0, for any x € X.

THEOREM 2.2. Suppose that the trivial extension algebra A x X satisfies
(x) and that both A and X are 2-torsion free. Then a Lie derivation L on
A x X of the form

L(a,z) = (Loy(a) + T(z),Lx(a) + S(x)), aecUAxeX,

is proper if and only if there exists a linear map ly: A — Z(2) satisfying the
following conditions:

(i) Lo — Ly is a derivation on 2.
(ii) [la(pap),x] =0 = [la(qaq),z] for alla € A,z € X.

PRroOF. By Lemma[2.1|every Lie derivation on 2[ x X can be expressed in
the from

L(a,x) = (Ly(a) +T(x), Lx(a) + S(x)),
where Lo : A — A, Ly: A — X are Lie derivationsand T: X - 2, S: X - X
are linear mappings satisfying
T([a,z]) = [a,T(z)], [T(z),y]=[T(y), =],
and  S([a,z]) = [Lala),x] + [a, S(z)],

forall a e A, x,y € X.
To prove “if” part, we set

D(a,z) = ((La — a)(a) + T(x), Lx(a) + S(z))
and {(a,z) = (ly(a),0), acUAzeX.

Then clearly £ = D+/. That /¢ is linear and /(A x X) € Z(A x X) follows triv-
ially from fg(2) < Z(2) and (2.2)). It remains to show that D is a derivation
on A x X. To do this we use Lemma 1] It should be mentioned that in the
rest of proof we frequently making use the equalities in . First we have,

S(ax) = S([pap, z])

= [La(pap), x] + [pap, S(z)]
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= [(La — La)(pap), x] + [La(pap), z] + aS(z)
= [((Lar — La)(p)ap + p(Lay — L) (a)p + pa(Lay — La)(p)), x]
+ [la(pap), z] + aS(x)

(2.4) = (Lo — ly)(a)x + [l (pap), x] + aS(z),

for all a € 2,z € X. Now the condition [ly(pap),z] = 0 implies that S(za) =
(La—Ly)(a)z+aS(x). With a similar procedure as above, from [{g(gaq), z] =
0 we get S(za) = z(Lo — ly)(a) + S(z)a for all a € A, x € X.

From the equality

T(x) =T([p,z]) = [p,T(x)] = pT(x) = T(x)p, =z€X,
we arrive at yT'(z) = 0 = T(z)y and so yT'(z) + T'(y)x = 0 for all y,z € X. It
also follows that pT'(z)p = 0, ¢T(z)q = 0 and ¢T(z)p = 0 for all x € X; note

that 2 is 2-torsion free.
The equality

0 = T([gap, ]) = [qap,T(x)] = qapT(x) — T'(x)qap, a€U x € X,

gives qapT'(x) = T(x)qgap for all a € A,z € X. The latter relation together
with the equality

T(ax) = T|pa,z] = paT(x) — T(x)pa, acA xeX,
lead us to T'(ax) = pT(ax)q = paT(x)q = aT(z) for all a € A,z € X. By a
similar argument we get T'(xa) = T'(z)a for all a € A,z € X.

Next, we set ¢(a) = Lx(paq), then ¢ is a derivation. Indeed, for each
a,be i,

¢(ab) = Lx(pabq) = Lx([pa, pbq]) + Lx([pag, bq])
= Lx(pa)pbq — pbqLx(pa) + palx(pdbq) — Lx(pbq)pa
+ Lx(paq)bg — bqLx(paq) + pagLx(bg) — Lx(bg)pag
= ap(b) + d(a)b.
As X is 2-torsion free, the identity
Lx(qap) = Lx([gap,p]) = [Lx(qap), p] + [qap, Lx(p)] = —Lx(qap),

implies that Lx(gap) = 0 for all a € 2.
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As Lx([pap, gagq]) = 0, for all a € A, we get,
(2.5) Lx(pap)qaq = —papLx(qaq).

Substituting a with qaq + p (resp. pap + q) in , leads to pLx(qaq)q =
—Lx(p)a (resp. pLx(pap)q = aLx(p)), for all a € A. We use the latter relations
to prove that Lx is the sum of an inner derivation (implemented by Lx(p))
and ¢, and so it is a derivation. Indeed, for each a € 2,

Lx(a) = Lx(pap) + Lx(qaq) + Lx(paq)
= pLx(pap)q + pLx(qaq)q + ¢(a)

=aLlx(p) — Lx(p)a + ¢(a).

Now Lemma [2.1] confirms that D is a derivation on 2l x X, and so L is proper,
as claimed.

For the converse, suppose that £ is proper, that is, L = D + ¢, where
D is a derivation and £ is a center valued linear map on 24 x X. Then, from
([2-2), we get £(A x X) = mo(Z(A x X)) x {0}, and this implies that ¢ has the
presentation £(a,z) = (¢y(a),0) with [£4(a),z] = 0, for all a € A,z € X, for
some linear map fg: A — Z(2(). On the other hand, £ — /¢ = D is a derivation
on 2 x X and so, by Lemma Lo — g is a derivation on 2, as required. [

Applying Theorem [2:2] we come to the next main result providing some
sufficient conditions ensuring the Lie derivation property for 2 x X. Note that
we use the projection maps mpgp: A x X — 2 and mygq: A x X — A defined
by mpap(a, z) = pap and meu4(a, ) = gagq, respectively. Before proceeding, we
also introduce an auxiliary subalgebra Wy associated to 2. For an algebra
A, we denote by Wsy the smallest subalgebra of 2 contains all commutators
and idempotents. We are especially dealing with those algebras satisfying
Wy = 2. Some known examples of algebras satisfying Wy = 2 are: the full
matrix algebra 2 = M,,(A),n > 2, where A is a unital algebra, and also every
simple unital algebra 2 with a nontrivial idempotent.

THEOREM 2.3. Suppose that the trivial extension algebra A x X satisfies
(%) and that both A and X are 2-torsion free. Then A x X has Lie derivation
property if the following two conditions are satisfied:

(I) & has Lie derivation property.
(IT) One of the following three conditions hold:
(1) Whap = pRp and Wyay = qq.
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(ii) Z(pAp) = mpap(Z(Ax X)) and pq is faithful as a right ¢Aq-module.
(i) Z(qUq) = mgaq(Z(A x X)) and pq is faithful as a left pAp-module.

PROOF. Let £ be a Lie derivation on 2 x X with the presentation as
given in Lemma Since Ly is a Lie derivation and (by (I)) 2 has Lie
derivation property, there exists a linear map fy : 2 — Z(2) such that Lo — g
is a derivation on 2 (and so ¢y vanishes on commutators of 2). It is enough
to show that, under either conditions of (II), y satisfies Theorem [2.2[(ii); that
is, [la(pap), ] = 0 = [ly(qaq), x] for all a € A, x € X.

To prove the conclusion, we consider the subset 2" = {pap : [ly(pap), x] =
0, for all z € X} of pAp. We are going to show that 2 is a subalgebra of pRlp
including all idempotents and commutators of p2Ap. First, we shall prove that
2’ is a subalgebra. That 2’ is an R-submodule of 2 follows from the linearity
of lg. The following identity confirms that 21’ is closed under multiplication

(2.6) [Lo (papbp), x| = [fa(pap), bx] + [la(pbp),az], a,beA,x e X.
To prove , note that from the identity we have
(2.7) S(azx) = (Lo — lo)(a)x + [ly(pap), z] + aS(x), aecU,xeX.
Applying for ab we have,
(2.8) S(abx) = (Lo — ly)(ab)x + [ly(pabp), z] + abS(x).
On the other hand, since a[ly (pbp), z] = [ly(pbp), az], we have,

S(abz) = (Lo — ly)(a)bx + [Lo(pap), bx] + aS(bx)

= (Lo — o) (a)bx + [lo(pap), bx] + a(Ly — lo)(b)x
+ [la(pbp), ax] + abS(x).

Using the fact that Ly — fg is a derivation, then a comparison of the latter
equation and ([2.8) leads to

[l (pabp), z] = [€a(pap), bx] + [La(pbp), ax]

for all a,b € A, x € X, which trivially implies (2.6]).
Next, we claim that 21’ contains all idempotents of pRAp. First note that, if
one puts a = b in (2.6)), then

(2.9) [l ((pap)?), z] = [la(pap),2az], ae€A,xe X.
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This follows that

[t ((pap)?), x] = [La((pap)®(pap)), z]

(2.10) = [lu(pap), 3a*z], aeA,xeX.

Suppose that pap € pRp is an idempotent, that is, (pap)? = pap. By (2.9) and

([2.10), we arrive at
[€a (pap), 2] = [la(3(pap)® — 2(pap)®), z]
= 3[¢x(pap), 2ax] — 2[ly(pap), 3a*x]
= [la(pap), (6(pap) — 6(pap)®)z] = 0;

and this says that the idempotent pap lies in .

Further, that 21" contains all commutatorts follows trivially from the fact
that ¢g vanishes on commutators. We thus have proved that 2 is a subal-
gebra of pp contains all idempotents and commutators. Now the assump-
tion Wye, = p2p in (i) gives A’ = pp, that is, [ly(pap),z] = 0 for ev-
ery a € A,z € X. A similar argument shows that, if Wya, = ¢2g, then
[la(qaq),z] = 0 for every a € A, x € X.

Now suppose that Z(p2lp) = mpap(Z (A x X)) and p2lg is faithful as a
right ¢g-module. In this case, to prove [ly(pap),z] = 0 = [lx(qaq),z] for
all a € A,z € X, we actually shall show that [Z(2(),X] = 0. To this end, as
the algebra 2 enjoys the Peirce decomposition 2 = pp + pAq + ¢Ap + ¢2Agq,
a direct verification reveals that

Z(A) = {a €A; pap € Z(pAp), qaq € Z(qAq),
papm = mqaq, npap = qaqn for all m € pRq,n € ¢Ap}.
Combining the latter equality to that in (2.2)) we arrive at
Z(RAx X) = {(a,0); a€ A, pap e Z(pAp), qaq € Z(q2q), papm = mqaq,
npap = qaqn, [a,z] = 0 for all m € pRlg,n € ¢2Ap, z € X}.

Let a € Z(2). Since pap € Z(p2Ap) and Z(pAp) = mpap(Z(A x X)), there exists
an element (a’,0) € Z(2A x X) such that pap = mpe,(a’,0) = pa’p. It follows
that mgaq = papm = pa’pm = mqa’q for each m € pRlq. Since pRlq is a faithful
right g2g-module, we get gag = ga’q, and so a = pap+qaq = pa’p+qa’'q = a’.
In particular, (a,0) € Z(2 x X) and so [a,z] = 0 for all z € X, as claimed.
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Similarly, if Z(qq) = mguqe(Z (A x X)) and pRq is faithful as a left pRAp-
module, then the equality [Z(2(), X] = 0 holds, which completes the proof. [

As the following example demonstrates, the Lie derivation property of 2
in Theorem is essential.

ExamMpLE 2.4. Let 2 be a unital algebra with a nontrivial idempotent
p, which does not have Lie derivation property. Let Lo be a non-proper Lie
derivation on 2 and X be an 2-bimodule such that pxq = z and [Ly(a), z] = 0,
for all a € A, x € X. Then a direct verification shows that L(a,z) = (Ly(a),0),
is actually a non-proper Lie derivation on 2 x X.

To see a concrete example of a pair 2, X satisfying the aforementioned
conditions, let 2 be the triangular matrix algebra as given in [4, Example
8] and let X = R equipped with the module operations: z - (a;;) = zai,
(aij) - = asaz, ((a;;) € A and = € R).

The above example and Theorem [2.3| confirm that, the Lie derivation prop-
erty of 2 plays a key role for the Lie derivation property of 2 x X. In this
respect, Lie derivation property of a unital algebra containing a nontrivial
idempotent has already studied by Benkovi¢ [2, Theorem 5.3] (see also the
case n = 2 of a result given by Wang [I4, Theorem 2.1]). About the Lie
derivation property of a unital algebra with a nontrivial idempotent, we quote
the following result from the first and third authors [13], which extended the
aforementioned results.

ProrosiTION 2.5 ([I3, Corollary 4.3]). Let 2 be a 2-torsion free unital
algebra with a nontrivial idempotent p and g = 1—p. Then 2l has Lie derivation
property if the following three conditions hold:

(I) Z(qq) = Z(A)q and pAq is a faithful left pAp-module; or Wpay, = p2lp and
pRq is a faithful left pAp-module; or pAp has Lie derivation property and
mep = pmp.

(IT) Z(p2Ap) = Z(A)p and qAp is a faithful right ¢Aq-module; or Wyaq = q2q and
qAUp is a faithful right qAq-module; or qAq has Lie derivation property and
Weag = q2g.

(III) One of the following assertions holds:
(i) Either pp or q2lq does not contain nonzero central ideals.
(ii) pRlp and q2q are domain.
(iii) Either pAq or ¢Up is strongly faithful.

It should also be remarked that if plgAp = 0 and ¢ApRAq = 0, then the
condition (IIT) in the above proposition is superfluous and can be dropped

from the hypotheses, (see also |2, Remark 5.4]). One may apply Proposition
to show that, the algebra 2 = B(X), of all bounded operators on a
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Banach space X with dimension greater than 2, as well as, the full matrix
algebra A = M, (A), n = 2, where A is a 2-torsion free unital algebra, have
the Lie derivation property.

Hlustrating Theorem [2.3] and Proposition [2.5] in the following we give
an example of a trivial extension algebra, which is not a triangular algebra,
having Lie derivation property .

EXAMPLE 2.6. We consider the next subalgebra A of M4(R) with a non-
trivial idempotent p as follows;

-

One can directly check that pRAp =~ R and ¢2(g = R3 (where the algebras R and
R3 are equipped with their natural pointwise multiplications). In particular,
pRp, q2Aq have Lie derivation property, Wpap, = pRUp, Wyag = ¢2lg and pRp
does not contain nonzero central ideals. Thus, by virtue of Proposition A
has Lie derivation property.

Further, X = R is an 2-bimodule furnished with the module operations as

o0 g O
oo oo
oo oo
o~ OO
oo oo

la, b, ¢, d,ueR}, p=

QRLOOO

0
b
0
0

S oo

(aij) T = a33T, X - (aij) = Tag2, (aij) € Ql,:ﬂ e R.

Then clearly the trivial extension algebra 2 x R satisfies the condition (x);
that is, prq = x for all x € R. So Theorem guarantees that 2 x R has Lie
derivation property. It is worthwhile mentioning that 2 x R is not a triangular
algebra. This can be directly verified that, there is no nontrivial idempotent
P e A x R such that P( x R)Q # 0 and QA x R)P = 0, where @ =1— P
(see [3]).

3. Application to triangular algebras

We recall that a triangular algebra Tri(A, X, B) is an algebra of the form

a T

Tri(A,%,B){< 0 b>|aeA, z € X, beB},

whose algebra operations are just like 2 x 2-matrix operations; where A and
B are unital algebras and X is an (A, B)-bimodule; that is, a left A-module
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and a right B-module. One can easily check that Tri(A, X, B) is isomorphic
to the trivial extension algebra (A @ B) x X, where the algebra A@® B has its
usual pairwise operations and X as an (A@ B)-bimodule is equipped with the
module operations

(a®b)zr =ar and z(a®b)=2b, acAbeB,zeX.

Furthermore, the triangular algebra Tri(A, X, B) =~ (A @ B) x X satisfies the
condition (). Indeed, p = (14,0) is a nontrivial idempotent, ¢ = (0,15) and
a direct verification shows that pzq = x, for all x € X. Further, in this case

for 2 = A® B we have,
pPRAp = A, plg=0, ¢Ap=0 and ¢Ag=B.

It should be mentioned that in this case, for a Lie derivation £ on (A @
B) x X with the presentation

L(a®b,x) = (Lagpp(a®b)+T(x), Lx(a®b)+S(x),) (a®b)e ADB,x € X,

as given in Lemma we conclude that 7' = 0. Indeed, by Lemma [2.1|(b),
T([a®b,z]) = [a®b, T(x)] for all a € A,b e B,z € X. Using the latter relation
for a = 1,b = 0 implies that T'(z) = 0 for all z € X.

A quick look at the proof of Theorem reveals that, in this special case,
as T' = 0 and ¢2p = 0, we do not need the 2-torsion freeness of 2 and X in
Theorems 2.2 and 2.3

A direct verification also reveals that, the direct sum 24 = A @ B has Lie
derivation property if and only if both A and B have Lie derivation property.

Now, by the above observations, as an immediate consequence of Theorem
we directly arrive at the following result of Cheung (see [4, Theorem 11]).

COROLLARY 3.1. Let A and B be unital algebras and let X be an (A, B)-
bimodule. Then the triangular algebra T = Tri(A, X, B) has Lie derivation
property if the following two conditions are satisfied:

(I) A and B have Lie derivation property.
(1) Wa = A and Wy = B.

It should be remarked here that, in [4, Theorem 11|, Cheung combined
his hypotheses with some “faithfulness” conditions and the equalities Z(A) =
7A(Z(T)) and/or Z(B) = wp(Z(T)). Combining the conditions “X is faithful
as a left A-module” and “X is faithful as a right B-module” with those in
the above corollary provides some more sufficient conditions ensuring the Lie
derivation property for the triangular algebra Tri(A, X, B). His results can be
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satisfactorily extended to a trivial extension algebra 2 x X by employing the
hypothesis “X is loyal” instead of “X is faithful”.

We recall that, in the case where a unital algebra 2 has a nontrivial idem-
potent p, an A-bimodule X is said to be left loyal if aX = 0 implies that
pap = 0, right loyal if Xa = 0 implies that gag = 0, and it is called loyal if it
is both left and right loyal.

Note that for a triangular algebra (A@® B) x X, the loyalty of X is nothing
but the faithfulness of X as an (A, B)-module in the sense of Cheung [4].
Combining “the loyalty of X” with the current hypotheses of Theorem
and the equalities Z(pAp) = mpup(Z(A x X)), Z(q2Aq) = mgqe(Z(A x X)),
provide some more sufficient conditions seeking the Lie derivation property
for a trivial extension algebra 2 x X. In the case where X is a loyal 2-module,
the existence of an isomorphism between e, (Z (2 x X)) and mgeq(Z(A x X))
is the key tool. Indeed, using the same argument as in [4, Proposition 3| (see
also |2, Proposition 2.1]), it can be shown that, there exists a unique algebra
isomorphism 7: Tpep (Z(Ax X)) — meaq(Z (A x X)) satistying papx = z7(pap)
forallae A,z e X.
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