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Abstract

Topological indices play a very important role in the mathematical chemistry. The topological indices are numerical
parameters of a graph. The degree sequence is obtained by considering the set of vertex degree of a graph. Graph operators
are the ones which are used to obtain another broader graphs. This paper attempts to find degree sequence of vertex—F

join operation of graphs for some standard graphs.

Keywords: Degree sequence, graph operators, standard graphs.
AMS 2010 codes: ?7?

1 introduction

The chemical graph theory is one of the emerging fields of discrete mathematics. In chemical graph theory,
molecular topology and mathematical chemistry are source of objectives. A Topological index (connectivity

index) is calculated based on the molecular graph of a chemical compound.

Topological indices are numerical parameters of a graph which characterize its topology and are usually
graph invariant. Topological indices are used in the development of quantitative structure-activity relationships
(QSARs) in which the biological activity or other properties of molecules are correlated with their chemical

structures [2], [5].
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There are many topological indices which are defined based on vertex degree of a graph such as examples
harmonic index, first and second Zagreb indices, first and second multiplicative Zagreb indices, ABC index,
Banhatti index, GA index, SDD index, inverse sum index, etc.. Therefore the knowledge of the degree sequence
of the graph will give information about chemical properties of the graph. Many researchers have explored
degrees of topological indices in their research articles [3].

Let G be a simple connected graph with vertex set V(G) and edge set E(G). A network is simply connected
graph having no multiple edges and loops. In a chemical graph, the number of vertices of G adjacent to a given
vertex u is the degree of this vertex and will be denoted by d,,. The concept of degree in graph theory is closely
related (but not identical) to the concept of valence in chemistry. For further details on the basics of graph theory
article [1] can be of great help.

Many researchers have explored topological indices due to their chemical importance. These indices are
actually score functions that capture a variety of physico-chemical properties of chemical compounds such
as boiling point, heat formation, heat vaporization, chromatographic retention times, surface tension, vapor
pressure etc..

2 Graph Operators and Degree Sequence

This section emphasizes on the definitions of subdivision of graph, semi-total point graph, semi-total edge
graph, total graph and degree sequence. All these are distances based d(u, v) represents the length of the shortest
paths between any two vertices connected with each other.

Let G and G, be two graphs having nj, ny vertices and m1, my edges respectively.

A join G,V G, of two graphs G; and G, with disjoint vertex sets V(Gj) and V(G) is the graph on the
vertex set V(G) UV (G,) and the edge set
E(G1)UE(Gy)U{xy | x€V(G1),y € V(G2)}. Hence, the sum of two graphs is obtained by connecting each
vertex of one graph to each vertex of the other graph, while keeping all edges of both graphs [9].

For a connected graph G, define four related graphs S(G), R(G), Q(G) and T(G) as follows:

* S(G), [10], is the graph obtained by inserting an additional vertex into each edge of G, i.e., replacing each
edge of G by a path of length 2. The graph S(G) is also known as the subdivision graph of G.

* R(G), [12], is the graph obtained by adding a new vertex corresponding to each edge of G, and then joining
each new vertex to the end vertices of the corresponding edge.

* O(G), [12], is the graph obtained by inserting a new vertex into each edge of G, then joining with edges
those pairs of new vertices on adjacent edges of G.

* T(G), [4], has the edges and vertices of G as its vertices. Adjacency in T(G) is defined as adjacency or
incidency for the corresponding elements of G. The graph 7'(G) is called the total graph of G.

Let F = {S,R,Q,T}. Let I(G) denote the set of vertices of F(G) which are inserted into each edge of H, so that
V(F(G)) =V(G)UI(G). Here we define vertex F —join and edge F —join of graph operations based on the join
of two connected graphs G| and G, as follows:

Vertex F-join of Graphs: [11] Let G and G be two simple graph the vertex F-join graph of G| and G is

denoted by G VG, and the graph is obtained from F(G;) and G, by joining each vertex of G to all vertex of
G,. The vertex and edge set of G1VpG, is V(F(G1))UV(G2) and E(G)UE(G2)Uxy:x € V(G1),y € V(Ga)].
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Fig. 1 Graphs with the same DS

Vertex S join of graph: Let G| and G, be two simple graph the vertex S-join graph of G| and G, is denoted
by G1VsG; and the graph is obtained from S(G;) and G, by joining each vertex of V(G}) to all vertex of G».

Vertex R join of graph: Let G| and G, be two simple graph the vertex S-join graph of G| and G, is denoted
by GVgG; and the graph is obtained from R(G/) and G, by joining each vertex of V(G ) to all vertex of G».

Vertex Q join of graph: Let G| and G, be two simple graph the vertex S-join graph of G| and G; is denoted
by GV G, and the graph is obtained from Q(G;) and G, by joining each vertex of V(G) to all vertex of G,.

Vertex T join of graph: Let G| and G, be two simple graph the vertex S-join graph of G| and G is denoted
by G1V7G; and the graph is obtained from 7(G;) and G by joining each vertex of V(G)) to all vertex of G».

The degree sequence (DS) of a graph is the sequence of the degrees of the vertices, with these numbers
putting in ascending order, with repetitions as needed.

Bollobas introduced the degree sequence in [1] . Tyshkevich et. al. established a relation between degree
sequence of a graph and some structural properties of a graph [14], [15].

Equivalently, given an undirected graph, a degree sequence is a monotonic non-increasing sequence of the
vertex degrees (valencies) of its graph vertices. The number of degree sequences for a graph of a given order is
closely related to graphical partitions.

The notion of degree of a graph is used to study various physical and chemical properties of a graph. It will
help us enhance the interest in the research fields for both scientists and chemists.

If d;, 1 <i < n are the degrees of the vertices u; of a graph G then the degree sequence(DS) of G is
represented as the sequence {d;,d,,---d,}. Also, in many papers, the degree sequence (DS) is taken to be a
non-decreasing sequence, whenever possible.

Conversely, a non-negative sequence {d;,ds,--d,} is known as realizable if it is the DS of any graph. It
is clear from the definition of DS that different graphs may have the same DS. For example in figure 1 the DS
remains the same for both of the graph.

For convenience, if the degree d; of the vertex u; appears o times in the DS of a graph G, then we consider

{af,d3?,---d*} instead of {dy,d,---d,} where k < n. Here the members o; are known as the frequen-
cies of the degrees when k = n. That is, when all degrees are different, the degree sequence is called perfect [16].
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Fig. 3 Titania nanotube 7;0,[m,n] with degree assigned to the vertices
Let Py, Ky, Cn, Spy K ) and r — regular be path, complete, cycle, star, complete bipartite, r — regular
respectively and they are commonly used graph examples in literature survey which can be seen figure 2.

The numbers of vertices, edges and degree sequence of these well known graph classes are given in below
table 1.

Table 1
G Vertices Edges Degree Sequence
P, n (n—1) {17,221}
K, n nn—1)/2 {(n—1)"}
G, n n {2"}
Sn n (n—1) {11, (n—1)"}
K m+n mn {m",n"}
r—regular n (n—1) {r'}

In [12] the authors gave a new version of the Erdos-gallal theorem on realizability of a given degree
sequence. In 2008, a new criterion on the same problem was given by Triphati and Tyagi [13]. The same year,
H. Kim et. al. gave a necessary and sufficient condition for the same problem [7]. Ivanyi et. al. [6], gave an
enumeration of degree sequences of simple graphs. Miller [8] also gave a criterion for the realizability of degree

sequence[DS].
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Many graph operators can be used to find chemical properties of a graph. In these, subdivision, semi-total
point, semi-total edge and total graph operations plays a vital role in the study of physical-chemical properties
of a graph. This paper aims to apply the above graph operations for some standard graphs like path, complete,
cycle, star, complete bipartite and r—regular graphs.

3 Results

Theorem 3.1. The degree sequence of all possible GV sG> of the path, complete, cycle, star, complete bipartite
and r—regular graphs are given in the Table.2

Proof. We prove here only two types of Degree Sequences
1. CVsP,
2. K.VsK,

Let DS(Cy) = {2*} and DS(P,) = {1%,277%}.

There are one set of vertex in cycle and two set of vertices in path. So, after applying subdivision for cycle, we
get another set of vertex (one vertex insert in cycle) and joining path.

Therefore, the total number of vertices will be 1 4+ 2 + 1 = 4 vertices.

The first set of vertex is the vertices in cycle which are connected to every vertex in path, each of which adds
(24y) to the DS of C,VsP,.

The second set of vertex are vertices obtained by adding one vertex in every edge in cycle with degree 2, to the
DS of C,VsP,.
The third set of vertices are the two end vertices of degree one in P, which are connected to every vertex in C,
and x vertices in Cy.
The fourth set of vertices are the middle (y —2) vertices having two degree in P, ; each of them is connected to
every vertex in Cy and x vertices in Cy.

Hence, the required degree sequence of

DS(CyVsPy) = {(2+y)", 2%, (1+x)%, (2+x)2}.
Now, Let DS(Ky) = {(x—1)*} and DS(K,) = {(y—1)"}.
The complete graph has only one set of vertices having degree x — 1. So, after applying subdivision for Kj,
241 = 3 vertices is obtained.
The first two set of vertices are the vertices in K. which are connected to every vertex in K, each of which adds
(x+y—1) to the DS of K, VK, are (x+y—1)*and (x+y—1)".
The third set of vertex is obtained by inserting vertex to each edge in K, with two degree, since there are
x(x—1)/2 vertices.
Therefore DS of K, VsK, is 2x(x=1)/2,
Hence, the required degree sequence of

DS(K,VsK,) = {()H—y— 12,280 D/2 (g y— 1)X}.
O

Theorem 3.2. The degree sequence of all possible G|V rG, of the path, complete, cycle, star, complete bipartite
and r—regular graphs are given in the Table.3

Theorem 3.3. The degree sequence of all possible G\ ¢G> of the path, complete, cycle, star, complete bipartite
and r-regular graphs are given in the Table.4
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Table 2 Degree sequence of subdivision for path, complete graph, cycle, star, complete bipartite and r—regular graphs

G G, G1VsGy
P, P, {0+ 2+ 227 (1 +2)%, 2 +x) 7}
P, K, {4+ 2+ 227 (= 1+x)}
P, Cy {(1+y)%, 24y 22, 2+x)}
P, Sy {(+y)%C+y) 227 T () T —1+x)}
P K2 {0 +y+2%C+y+2)" 22" T, (v +x)7 = +x)°}
P, r — regular {(1 +y)2,(2+y)x_2,2"_1,(r+x)y}
K, R {G= 14y 2002 (1402, 242002
K, K, {(x_1+y)(2x)72x(x71)/2}
K. G {@=14,2002 242y}
K, Sy {a=140 2002 (14ap ! - 14x)}
K, K.2) {=14y+27 2002, (ot g, (e 2
K, r— regular {(x— 1 +y)x,2x(x’1)/2,(r+x)y}
C P, {2 +y)%,25, (1+x)?, 24207}
G K}' {(2_,'_y)x72x7(y_ 1+x)y}
c, , [+, 2. 0 )
C, S, {Q+y)525, (0 +x - 14x)}
Cy K.2) {2+y)%2% (v +x)7, (2 +x)*}
C, r — regular {2+y)%,2%, (r+x)}
Si P, [+ —1+y),2" T2+ 7}
S, K, {(1+y))‘*1 (x—1+y) 25T (y—1+x)y}
Sy Gy {(+y) T (x—1+y),25 T, 2+x)}
Sk Sy {(+y)" (x—1+y>>2x L) -1 4x) )
Gi G, G1VsGy
S Kyz) [ {(4+y+2" L= 1+y+2),2" " (2 +2), (v +2)°}
Sy r—regular {(1+y)x’1,(xf1+y),2x’1,(r+x)y}
K, P, {(x+2, 0 +2)% 2%, (I +x+y)* 2 +x+y)* %}
K, K. {(x+2), (v +2)%2%, (1 +x+y)*(z— 1 +x+y)°}
Ky, C, {(x+2),+2)%2%,2+x+y)*}
Ky S, {(x+z)v,(y+z) 2%, (14+ x4+ (z—1+x+y) }
Ky K4 {(x+z41), (y+24+1)%,2%, (x+y+z) (x+y+1)°}
Ky r—regular {(x+2), 0 +2)", 2%, (r+x+y)*}
r—regular P, {(r—l—y) 21 2,(1—|—x)2,(2—|—x)"’2}
r—regular K, {(r—!—y)x,Z’x 2,(y—1—|—x)y}
r— regular (o {(r+y)*,272, (2+x)}
r — regular Sy {(r+y)x,2” 2,(y—1+X),(1+X)y71}
r —regular K.z {(r—i—y—i—z)x,Z”‘ 2,(y+x)z,(z+x)~"}
ry —regular | ry—regular {(rl + )%, 21152 (1, +x)y}
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Table 3 Degree Sequence of vertex-R join graph for path, complete graph, cycle, star, complete bipartite and r—regular

graphs
Gy Gy DS(GVrG»)
P, P, {(2—|—y)2,(4+y)x_272x‘1,(1+x)2,(2+x)y‘2}
P, K, {24y @4y 2 L by~ 1))
P, G {24y @ 4y) =2 240}
P, Sy 124y @4y 2 (1) (x+y—1)}
P, Ky.2) {24y % Gy 22, 505 (')
P, r— regular {(2—|-y) J(4+y)y 2,2x U (r+x) }
K, P, {@v=24y, 20702 (14292, 2 +xp 2}
K, K, {(2x72+y) 2D (x4 y—1)7 }
K, c, {(2x—2+y) 2:0=1/2 (2 4 x) }
K, S, {<2x—2+y>x72x<x*>/2,<1+x>> Lo—1+0)}
K, Kp2) {@r=24y+2 202 (ry) (20 |
K, r—regular {(Zx —2+4y)r,280=D/2, (r—|—x)y}
Ce P, {@+)725,(1+2)% 2+x) 2}
Cx Kv {(4+y)x’2x7(y71+x)}
. C, (G120}
Cy Sy {(4+y)",25,(1+xP T, y—14x)}
G Ky,z) {d+y+2)".2" (0 +x), (z+x)}
Cy r—regular {d+y)",2%, (r+x)}
G G, DS(GVrGy)
S, P, {2+y) T, (2x=24y),2" T, (1+x)% 24+x) 7}
Sx Ky {(2+y)x71’(2x72+y)72x71,(y71+x)y}
Sy Cy {(2+y)H,(2x—2+y),2x4,(2+x)'}
Sy S, [Q+y)" 1 2x—2+y),2 T (1+x) T, (y—1+x)}
Sy K(y,2) {C+y+2" 1, 2x—2+y+2),2" 1, (z+x), v +x)°}
Sy r— regular {(Z—i—y)x T (2x—2+4y),2" 1,(r+x)}
Ky P, {(2x+2)", 2y +2)%,2%, (1 +x+y)%, 2 +x+y)* 7}
Ky K, {(2x+2), (2y+2)%,2%, (z— 1 +x+y)*}
Ky C, {(2x42)", 2y +2)*,2%y, 2 +x+y)°}
Key S, {Cx+2), 2y +2)%,2%, (I +x+y)" L, z—1+x+y)}
Ky Ko {(2x+z+1), (2y+z+1)* 2, Gy T2 Gy 1))
K.y r — regular {(2x+2), 2y +2)*, 2%, (r+x+y)°}
r — regular P, {@2r+y)*,2™ 2,(1+X)2,(2+x)y72}
r— regular K, {@r+y)*, 272 (y—1+xP}
r—regular G, {(2r+y)*,2™ 2 ,(2+x)}
r —regular Sy {@r+y)",277% (y—1+x),(1+x)}
r—regular Ky,2) {@r+y+2)%,2"2, (y+x)%, (z+x)}

r1 — regular

ry — regular

{(21’1 +y)x72r1x 27 (}”2 +x)}‘}
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Table 4 Degree Sequence of vertex-Q join graph for path, complete graph, cycle, star, complete bipartite and r—regular

graphs
G Gy DS(G]VQGz)
X P {0492, @yy 23246 =32, (1422, 2+ 2}
Px K\' {(l+y)27(2+y)x_273274(x_3)7(y_1+x)y}
P G {(1+))%2+y)%3%,43,2+x)}
P Sy {0+ 2+ 23,43, 1+ L x+y—1)}
G Gy DS(Gl\VQGg)
P, K.2) {0+y+2%Q+y+2 23,43, +x)f +x°}
P, r— regular {(l +y)2,(2+y))(7273274xi37(”"‘x)y}
K: By {@=149), Qe =2 D2, (1422, 2429
K, K, = 14y7 @x—2p 6 2, (et y—1p )
Kx C} {(x_1+y)x7(2x_2)x(x71)/27(2_~_x)y}
K s, (= 14y) x =20 D2, (14 xp~! (- 142)}
K, K.2) (= 14y+27, 2620 D2 (e, (x4 29 |
K, r — regular {(x —14+y)*(2x— 2)*'("’1)/2, (r—l—x)y}
C P {C+y) 45, (1L+x)7 2427}
Cx Ky {(2_|_y)x74x,(y_ 1 _|_x))’}
& G {2+y)",452+x)}
C, Sy {C+y) 4, (1 +x)) T, 1+x)}
C, K(y:2) {C+y+2)% 45, (v +x)5 (2 +x)°}
C, r— regular {2+y)%,4%, (r+x)}
SX Py {(l+y)x_17(x_1+y)vxx_17(1+x)2:(2+x)y_2}
S, K, {(1+y)"_1,(x71+y),xx_1 ( —14+x)¥ }
S, C, {4y (x—1+y)x (2—|—x) }
Sy Sy { (1+y) T, x—l—&-y)xxl(l—&— T (y —1—|—x)}
Sy Ky,2) {+y+2" L (x—1T+y+2),2 1, (z+x)°, vy +x)°}
S, r—regular {(1—|—y)x Dx—1+y), 21 (r+x) }
Ky P, {642, 0+2)% () (L x+y)?, 2+x+y) 7}
Kx,y KZ {(x+z)_\'7(y+z)x,(x+y)xy’ (Z71+x+y)z}
K.y C, {x+2), 6 +2)% (x+y)'y 2 +x+y)°}
K.y S. {42, 6 +2)5 G+, (U +x+y) - T+x+y)}
Kyy K., {c+z+1)” (v +z+1)", (x+3), (X+y+Z) (x+y+1)°}
Ky r —regular {x+2)", O0+2)" (x+9)%, (r+x+y)°}
r—regular P, {(r—|—y) ,(2r)* 2,(1+x)2,(2+x)y’2}
r —regular K, {(r—i—y)x,(Zr)” 2,(x—|—y—1)y}
r — regular Cy {(r—|-y)x,(2r)” 2 (24x) }
r — regular Sy {(r+y)x,(2r)” 2,(l+x)y 1 (x+y )}
r—regular K, {(r—i—y—|—z)x,(2r)x’ (x+y (x+72) }
r1 —regular | ry — regular {(rl +y)5, (2r )™ ,(r72+x) }
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Theorem 3.4. The degree sequence of all possible G1\ 1 G, of the path, complete, cycle, star, complete bipartite
and r—regular graphs are given in table 5.

Table 5 Degree sequence of vertex-7 join graph for path, complete graph, cycle, star, complete bipartite and r—regular

graphs.

Gy G, DS(G\V1G,)
P, P, {2+y)%, (4+y)2,32,4x=3),(1+x)?2,2+x)2}
P, K, {2+y)? (4+y)2,32,4x-3),(y — 1 +x)°}
PX Cy {(2_'_)))27(4+y)x—273274x—3’(2+x)y}
P, Sy {(2—|—y)2,(4+y)x_2,32,4x_3,(1 +xP L (x+y— 1})
P, K(y,2) {@+y+2)7, (4+y+2) 235473 (y+x)%, (z+x)}
P, r— regular {(2 +3)%, (4 +y)*2,3%,453 (r+x)y}
K, P, {(2x—2+y)*, (2x —2)"D/2 (1 4+x)%, (2 +x) 2}
K, K, {(2x—2+y)x,(2x—2)"(x_l) 2 (x+y— 1))’}
K, Gy {(2x—2+y)*, (2x—2)"D2 (2 +x)}
K, S, {(2x—2+y)*, (2x=2)D2 (1 +xp~1 (y—1+x)}
K, Ky,2) {(Zx—2+y+z)x,(2x—2)x("_l) 2 (x+y)%, (x+2)}
K, r— regular {(2x—2+y)x,(2x—2)x(x*1) 2,(r+x)y}
C, P, {(d+y), 4, (14x), (24x) 2}
CX K)‘ {(4+y)x74x’ (y_ 1 +x)y}
Cx Cy {(4+y)x’4x’(2+x)y}
C, Sy {(4—|—y)x,4x,(l +x)P 1 (y—1 —}—x)}
Cy Ky,2) {4+y+2)"4", (v +x)°, (z+x)'}
Cy r—regular {(4+y)x,4x,(r+x)y}
Sy P, {Q+y) 1 (2x—24y),x! (1+x) (2+xP %}
S, K, {@+y)! (2x 24y),x ! ( —1+x)}
S, Gy {@+y 1 2x—2+y),x 1, 2+x)}
S Sy [C+y) " e —24y),x <1+x)y L—1+x)}
S K,2) [Cry+a v —2+4y+g) ! z+x> (v +x)°}
Sk r—regular {@+y 1 2x—2+y),a L (r+xP}
G Gy DS(Gl\/TGz)
Ky P, {(2x+2), 2y +2)% )y, (LHx+y)%, 2+ x+y)* 7}
Ky K. {(2x+2)", 2y +2)", (x+y)%y, (z— 1 +x+y)°}
Kvy C; {(2x+2), (2y+2)", (x+ )"y, 2+x+y)}
Ky S, {(2x+2), 2y +2)", (x+y)y, (A +x+y)* 1 (z—1+x+y)}
K., K, {2x+z+1),2y+z+1)", (x+Y) y,(x+y+z) (x+y+1)°}
K.y r— regular (2x+2)Y, 2y +2)%, (x+y)y, (r+x+y)*

r— regular P, {(2r+y)x,(2r)x’ 2,(1 +x)2,(2+x)y’2}

r— regular K, {(2r—i—y)x,(2r)x’ 2 (x+y— 1)y}

r — regular Gy {(2r+y) (2r)* 2 (24 x)Y }

r — regular Sy {(2r+y) )2 (14+x)P~" (x+y— )}

r— regular Ky, {(Zr—l—y—l—z) (2r)/2, (x+y (x+2) }

r1 —regular | r, —regular {(2r1 +y)5, (2r)™ ,(r—2+x) }
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4 Conclusions

This article concludes with general formulae for degree sequence of a vertex-F join operation for path,

complete, cycle, star, complete bipartite and r—regular graphs.
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