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Abstract

In the present paper, we establish some compositions formulas for Marichev-Saigo-Maeda (MSM) fractional calculus
operators with k-Struve function S’f,vc as of the kernel. The results are presented in terms of generalized k-Wright function
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1 Introduction and Preliminaries

The Wright function play an important role in the partial differential equation of fractional order which is
familiar and extensively treated in papers by a number of authors including Gorenflo et al. [6].
For ¢;, 7; € R\{0} and @;,b; € C,i = (1,p); j = (1,q) the generalized form of Wright function is defined by

Corresponding author.
Email address: dlsuthar@gmail.com

§ sciendo N
ISSN 2444-8656 doi:10.2478/AMNS.2020.2.00064
B3 Open Access. © 2020 Seema Kabra et al., published by Sciendo.

This work is licensed under the Creative Commons Attribution alone 4.0 License.


https://www.sciendo.com
mailto:dlsuthar@gmail.com
http://dx.doi.org/10.2478/AMNS.2020.2.00064
https://www.sciendo.com
http://crossmark.crossref.org/dialog/?doi=10.2478/AMNS.2020.2.00064

594 Seema Kabra et al. Applied Mathematics and Nonlinear Sciences 5(2020) 593-602

Wright ( [13—17]) as following:

. o P T ; A
p¥y(2) =p ¥, [(a"g’)l”"z] _y O fatng) 22 o (1.1

Gy ti)gl"] S TT9 Db +ntj) nt’

where I (z) is the well-known Euler gamma function [4].The condition for existence of (1.1) with its depiction
in terms of Mellin-Barnes integral and the H-function were obtained by Kilbas et al. [10].

The generalized form of the above Wright function (1.1) was given by Gehlot and Pra- japati [5], named as
generalized K-Wright function which is defined as

' Gi & T Te(ai +ngi) 2"
W (z) = lpk[(“”gl)‘vp ]: =1 BH T ceC, 1.2
P ‘1(2) P ~q (bj,Tj)Lq‘Z y;)H?:1Fk(bj+”fj)”! . ( )

where k € Rt and (a; +ng;), (bj+ btj) € C\KZ~ for all n € Ny. The generalized k-gamma function [3] is
defined as

Fk(z):/omet:tZldt; (R(z) > 0; ke RY) (1.3)

and
Fk(z):,}%’w’ keR", ze C\kZ~ (1.4)

Also
Lu(x) =k -'T (7). (15)

where (z),x is the k-Pochammer symbol introduced by Diaz and Pariguan [3] defined for complex z € C and
keRas

B 1 if n=0,
(@i = {z(z+k)(z+2k)-.-(z+ (n—=1k)if ne N'} o

On taking k = 1, then the generalized K-Wright function (1.2) diminishes to the generalized Wright function
(1.1).

1.1 Saigo fractional calculus operators

Saigo [18] defined the fractional integral and differential operators with the Gauss hyergeometric function
as kernel, which are remarkable generalizations of the Riemann-Liouville (R-L) and Erdélyi-Kober fractional
calculus operators (see; [11]).

For ¢, 7, y € C and x € RT with 2R(¢) > 0, the left-hand and the right-hand sided generalized fractional
integral operators connected with Gauss hypergeometric function are defined as below:

e
GNW =" [ 60" R+ e -nen - Dt (17)
and
T 1 = —x)!
0 =g [ R e TRy Y (18)
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respectively. Here, 2F1 (g, T;¥;z) is the Gauss hypergeometric function [11] defined for z € C,|z| < 1 and g, T €
C,ye C\Z, by

2Fi(6,T:752) = i} (g();gz)n fjnv

where (z), = (2)n,1. The corresponding fractional differential operators are

l
(DG ) = <;i> 10 (1.9)
and
l
O 0 = (51 ) 5 ) (110

where [ = [PR(g)] + 1 and [PR(¢)] is the integer part of PR(¢). Substituting T = —g and 7 = 0 in equation (1.7) —
(1.10), we get the corresponding R-L and Erdélyi-Kober fractional operators, respectively.

1.2 Marichev-Saigo-Maeda fractional operators

Marichev [13] was introduced and studied fractional calculus operators which are the generalization of the
Saigo operators, later generalized by Saigo and Maeda [19]. For ¢, ¢’, 7, 7/, y € C and x € R" with RR(y) > 0,
the left-hand and right-hand sided MSM fractional integral and derivative operators associated with third Appell
function F3 are defined as

g xS [“(x—n)r! t X
(5 ™" f) (%) = F(Y)/o ( tg,) B¢\ tny - 1=2)f(0di (L.11)
and
g,g',T,T',Y i Xﬁgl oo (t _x),yil / 1— 'E 1 _ E 1 12
(If f)(X) - F('}’) /x 1S F3(g>g T, T, Y, tv x)f(t)dt ( . )
D€>GI$T=T,$7 x) = i " Iig,’ig’if/+m’7r’7}/+mf X (113)
0+ dx 0+
and
! 1 d e m,—y+m
O = (<41 ) T (114

respectively, where m = [JR(y)] + 1 and the third Appell function [17], is defined by

oo

(S)m()n(T)m(T)n x™y"

Fi(c,¢ 1.7, 7:x,y) = , max{|x|, <1. (1.15)
1.3 Generalized k-Struve function
The generalized k-Struve function was defined by Nisar et al. [14] as
oo (—c)" £\ 2nt i+l
S¢ (1) = (7) (1.16)
velt) ,;)Fk(nk+v+%)r(n+§)n! 2

(keRY;ceR;v > —1)
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taking k— 1 and ¢ = 1; (1.15) reduces to yield the well-known Struve function of order v is defined by [1] as

Hv([) _ i (—1)" (5)2n+v+1 (117)

S T(n+v+3)L(n+3)n! \2

For more details about Struve functions, their generalizations and properties, the esteemed reader is invited to
consider references [2,7,8, 14, 15,20-22].

The following MSM integral operators are required here [19, p. 394] to obtain the MSM fractional integra-
tion of generalized k-Struve function.
Lemma 1. Let 6,¢’,7,7',7,p € C such that R(g) >0
. R(p) > 0max{0,R(¢'— 1), R(g+¢'+7—7)}, then

FP)(—¢'+7+p) (¢ —6"—T+7+P) _ ciiyip-
6T T 1Pl s—¢'+r+p-1
e ) = e (e~ D¢ vy p) 419
(i). If R(p) > max{R(7),R(—g—¢'+7),R(—¢— 7'+ 7}, then
(IS5 7P () = Lt 4+p)T(e+¢" —v+P)I(c+ T =¥ +P) —cciyp
- F(p)l(c—t+p)l(g+¢'+7 —v+p)

Further, to obtain the MSM fractional differentiation of the generalized k-Struve function, following results will
be used from [9] as below:

Lemma 2. Let 6,¢’,7,7',7,p € C, such that R(g) >0

@). FR(p) > max{0,R(—¢+1),R(—¢ —¢' =7 +7)}

(ngG'ﬂvT'v?’tp—l)(x): F(P)T(—t+5+p)(c+¢'+7—7+p) KSH =Tl
" C(—t+p)I(c+¢' —y+p)T(c+7 —y+p)
(i). If R(p) > max{R(—7'),R(¢'"+7—7),R(c+¢' — )+ [R(y)] + 1}, then
STy DT +p)0(—¢—¢"+7+pP)I(=¢"—T+7V+P) croy-
DS TP (x) = ste 1P 1.21
R ) e I 2

(1.19)

(1.20)

2 Fractional Calculus Approach

In this section, the following six theorems for k-Struve function concerning to MSM fractional integral and
differential operators are established here as main results.

Theorem 1. Let ¢, ¢’, 7, tau’,y,p € Cand k € R be such that R(y) > 0,R (%) >max{0,R(¢'—7'),R(c+
g'+1t—7)}. Alsoletc € R;v > —1, then for > 0

1 , Ay
sty A1k | krtaxs STy
(350 (k0 0=
(A+V+k,2k), (—kg'+kT' + A + Vv +k,2k),
(kT + A+ V4 &, 24), (—kg — k¢’ +ky+ A + Vv +k,2K),
(—kg —kg' —kt+ky+A +V+k2k) ’_szk
(kg — kT kY A4V ER2K), (v 3 k), (3

X3 1{;15( |:
2.1)

Proof. On using (1.16) and taking the left-hand sided MSM fractional integral operator inside the summation,
the left-hand side of (2.1) becomes

3 ( C)n ¢\ Tty LAY yon
; nk+v+3k)r(n+%)n!22n+%+1 <10+ A }) (x),
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Making use of (1.18), we obtain
o —ysS L2+ Y+2n+1)
=T ( nk+v+ 3")F( + 22 (U A L Yy on 1)
D(—¢—¢ —Tt+y+ 2+ Y4+ )I(~¢'+ 7+ 2+ Y +2n+1)
D(=¢' = T+y+ 3+ i+2n+ D(—g—¢' + 7+ {{+2n+1)

Now, using equation (1.5) on above term, then we get

9

xS & Te(A+V +k+2nk) T (—k' + kT + A + v+ k +2nk)

2kt STkt + A+ V4 k+2nk)Ti(—kg —kg' +ky+ A 4V + k+ 2nk)
Ti(—kg —k¢' —kT+ky+ A +V+k+2nk) <—cx2k>”

Ti(—kg' —kT+ky+A+V+k—+2nk)Ti(nk+ v + 30 (E +nk)n! \ 22

Using the definition of (1.2) in the above term, we arrive at the result (2.1).
Next theorem gives the right-hand MSM fractional integration of S’@) ()

Theorem 2. Let ¢,c’,,7,7,p € C and k € R* be such that R(y) > 0,9 (%) > max{9(1),R(—¢ — ¢’ +
Y),R(—¢—1+7)}. Alsoletc € R; v > —1, then forz > 0

(If’g/’r’rl’y (l‘%_lslfz,c(f)» (x) = 27+l
(A —v,=2k), (k¢ —kt—A—v,—2k),
(kg +kt' —ky—24 —v,—2k) —eck
(kg_i_kg/_i_kfl_k'y—ﬂ,—v,—Zk), (V‘i‘izkvk)a(%’k) ‘:|

KYtix—s—striti

(2.2)

Proof. On using (1.16) and taking the right-hand sided MSM fractional integral operator inside the summation,
the left hand side of (2.2) becomes

- ( C)n Q-,G/,TJ/.,}’ &+X+2n
; w(nk+v+ 3k)1"(n+%)n!22n+%+1 (L {rete }) (x)

On using (1.19), we get

_ i (_C)nx—§_§/+y+%+%+2n V T(—7— % — Y _2p)
=0 Lr(nk+ v+ %)F(nJr %)n!22”+% +1 r(_% Y _2p)
D(g+7 —y—%— {200 +¢ ~7— %~} ~2n)
F(g+g’+1”—y—%—%—2n)l“(g—f—%—%—Zn)

S el AL Gt S8 ) CRU A o o)
= rk<nk+v+3k>n'22"+ (40— —F —2n0(s —t— ¢ —F —2n)

(g+r—y—%—%—2n)
C(g+g' +7—y—2 Y _2n)
XSS = o\ Ti(—kT — A — v —2nk)
T oabgerd B o< ) ! To(— 4 — v — 2nk) T (kg — kT — A — v — 2nk)
. Tu(kg +kg' —ky— A — v —2nk)Ti(kg +kt' —ky— A — v — 2nk)
*Tlkg kg +kT'—ky—A—v— 2nk) Ty (nk + v + )T (3 + nk)

and the result follows on making use of (1.5) and definition of generalized k-Wright function.

§ sciendo


https://www.sciendo.com

598 Seema Kabra et al. Applied Mathematics and Nonlinear Sciences 5(2020) 593-602

Theorem 3. Let ¢,¢’,7,7',7,p € C and k € R be such that R(y) > 0,9‘{(%) > max{R(1),R(—¢ —¢'+
Y),R(—s—1 +7)}. Alsoletc € R; v > —1, then forr > 0

S S v_ 24
(1 () o =
¢ [(—kT+2A —v,=2k), (k¢ +k¢' —ky+A —nu—k,—2k),
3\P[(—k—v—k,—2k), (k¢ —kT+ A — v —k,—2k),
(kg + kT —ky+A —v —k,—2k) —cx’k
(kg + kg’ +kt' —ky+A —v —k,—2k), (v+3,k), (3 k } -

(2.3)

Proof. On using (1.16) and taking the right-hand sided MSM fractional integral operator inside the summation,
the left hand side of (2.3) becomes

i 3k( ¢ s (IEQ ”’7{t k+2n+1})
im0 Tk(nk+ v+ 3)C(n+3)n1227 et

On using (1.19), we obtain
B (_C>nt7g,g’+y+{f%+2n+l L(—1+ /lk;v —n— 1)
C Ti(nk+ v 4 )T (n+ 3)n122 i r(w —2n—1)

D(g+¢ —y+2Y —2n—DI(g+7 —y+2Y —2n—1)
Ye—Tt+2Y —2n—D(g+¢ +7 —y+ 2 —2n—1)

Making use of (1.5), we get

XSS AL = (k) Ti(—kT+A — v —k—2nk)
kreaoitl = 4l Ti(A—v—k—2nk)Ti(kg —kT+A — v —k —2nk)

Fk(kg+kg —ky+A—v—k—2nk)Ty(kg+kt' —ky+A — Vv —k—2nk)

Ty (kg + kg +kt —ky+A —v —k —2nk) Ty (nk+ v + 3Ty (nk + )

This on expressing in terms of k-Wright function p‘P’; using (1.2) leads to the right-hand side of (2.3). This
completes the proof of theorem.

The next theorem obtains the left-hand sided MSM fractional differentiation of k-Struve function.
Theorem 4. Let 6,6, 7,7/, 7,p € C and k € R* be such that R(%) > max{0,R(—¢+1),R(~g—¢'— 7 +7)}.
Alsoletc € R; v > —1, then fort >0

/ ’l’ 17
(D557 (1A 1s500) ) 0 =y

" (A+V+k,2k), (—kT+kg+A+V+k,2k),
><3\P

SN (—kT+A+V+k2Kk), (k¢ +kg' —ky+ A+ v +k,2k),

(kg + k¢’ +kt—ky+ A +V+k,2k) )—cxzk
(kg +kt' —ky+A+Vv+k2k), (v+3k),3% 01 4 |

kY xS —rHE+Y

2.4)

Proof.  On using (1.16) and taking the left-hand sided MSM fractional derivative inside the summation, the
left-hand side of (2.4) becomes

i (=¢)" (Dgg RX4 y<“+ +2n>>
S Ti(nk + v + )0 (n 4 3)n12 #2010 L70F
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Using (1.20) in above term, we obtain

- )T+ Yy on+ )O(—t+g+2+¥42n41)
; nk+v+3")F(n+%)n!2%+2"“r(—r+%+%+2n+1)
(g+g/+1/*Y+%+%+2n+l) xg+g’fy+%+%+2n
T(g+¢ —Y+2+ Y4 2n+ DG+ T —y+ 2+ Y 420 +1)
E it = (—cx?) T(%+¥%+2n+1)
2 t! ,;)n!4nrk(nk+v+%)r(n+g)r(—r+%+%+2n+1)
(TEThe+ i+ 4+t DI+ + T —y+ f++2n+1)
TG+ — Y+ 2+ Y4 2n+ )G +T —y+ 2+ Y 420 +1)
kYt S TR = (—ckx?)"
2%+1 = nl4
I (A 4+ v +k+2nk)T(—kT+ kG + A + vV +k+2nk)
Ti(nk+ v+ 3)Ce(nk + 3T (—kT+ A + v +k + 2nk)
(kg +kg' +kt' —ky+ A+ Vv +k+2nk)
Ti(kg+kg' —ky+ A+ Vv +k+2nk)[y (kg + kT —ky+ A+ Vv +k+2nk)

In above term, we use equation (1.5), and the result follows by using (1.2), then we arrive at (2.4).

The next theorem gives the right-hand sided MSM fractional derivative of k-Struve function.
Theorem 5. Let ,¢’,7,7,7,p € C and k € R" be such that R(%) > max{R(—7'),R(¢' +7-7),R(s +¢ —
Y)+[R(y)]+1}. Alsoletc € R; v > —1, then forz > 0

1 / Ay
G,g/jgc”y A1 ok _ k_V+§xg+g —r+4+%
(D, (zk Sw(t))) (x) = -
Wk (kt' = A —Vv,=2k), (—k¢ —k¢' +ky—A — v, —2k),
3 (A —v,=2k),  (—k¢'+kt' =4 —v,—2k),
(ke 4kt +ky—2 —v, k) _szk] (2.5)
(—kg —kg' —kT+ky—A —v,—2Kk), (v+ 2 k), (3, k : .

Proof.  On using (1.16) and taking the left-hand sided MSM fractional derivative inside the summation, the
left-hand side of (2.5) becomes

n

(_ ) <Dg7g,sfﬂr,~,y (t%Jr%Jan))
+ %)n!2%+2n+1 -

N ; Ty (nk+ v+ %)T(n
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Using (1.21) in above term, we obtain
nz::() Fk nk+v -+ 3k)r(n-|— %)n12k+2n+11—*(_7 v —211)

Do g+y—f—f-2ml(-¢'—t+y—F -3 -2
F(—g—g’—r+y—%—%—2n)1‘(—g’+r’—%—%—2n)

N A R

xSH T+ @ (—cx?)" I(t—%—%—2n)
270 S nldaT(nk+v+ ) T(—% Y —2n)
(—6—¢'+r—f—f-m(-¢'—t+y-%-F-2n)
D(—¢'+7 %Y om[(~g—¢'—T+y— %Y _2n)
B T+ te —rri+¥ i (—ckx?)"
21+l = nl4

[kt — A —v —2nk)Uy(—kg — k¢’ +ky— A — v —2nk)
[e(—A —v —=2nk)T4(—kg' + kv — A — v —2nk)
[y(—kg' —kt+ky—A — v —2nk)
Ti(—kg —kg' —kT+ky— A — v —2n0k)(Ty (v + 2% + nk) Ty (3 + nk)

X

Thus, in accordance with (1.2), we get the required result (2.5).

Theorem 6. Let 6,¢',7,7',7,p € C and k € R* be such that R(%) > max{R(—7'),R(¢'+7—7),R(g +¢ -
Y)+[R(y)]+1}. Alsoletc € R; v > —1, then fort > 0

kY3 S+ TR+

/ / A
(DQ_@ Ty (; k Slfw(t))) (x) Py

ik [T A =V =k, —2K), (—k¢ —k¢/ +ky—2 =V —k,~2k),
3 (“A—v—k,—2k),  (—k¢'+k¥ +A—v—k —2k),

(—kg' —kT+ky+A—Vv—k, —2k) ’—cxzk}

(—kg —k¢' —kT+ky+A —v—k,—2k), (v+3% k), (¥ 26

Proof.  On using (1.16) and taking the right-hand sided MSM fractional derivative inside the summation, the
left-hand side of (2.6) becomes

E ( C) ( C Q;I-T ‘L".}’ ( v_»2 +2n 1))
3]( 3 D oY Ik k

Using (1.21), we have

(—c)" (¢ +22Y —2n—1)

Or (nk+v+%)r(n+ Hn1it2ntl r(ﬂ—zn— 1)

—5- €+Y+ A - — Tyt k —2 1) cigyry—barmn
—¢' T+ A T —2n—1)I(—¢—¢'— T+y42 T —2n—1)

s

n

X

’\/—\

r
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Making use of (1.5), we obtain

A
Pl e A e B (_thl)n

26T S pankr2
y (kT + A — v —k—2nk)
[(A — v —k—2nk)['y(—kg'+kt' +A — v —k —2nk)
" Th(—kg —ks'+ky+A —v—k—2nk)Ty(—k¢' —kt+ky+A —Vv—k—2nk)
Ti(—kg —kg' —kT+ky+ A — v —k—2nk)Ti(nk+ v + 3Ty (nk + )

This on expressing in terms of k-Wright function p‘P’; using (1.2) leads to the right-hand side of (2.6). This
completes the proof.

3 Concluding Remark

MSM fractional calculus operators have more advantage due to the generalize of Riemann-Liouville, Wey],
Erdélyi-Kober, and Saigo’s fractional calculus operators; there- fore, many authors are called as general operator.
Now we are going to conclude of this paper by emphasizing that our leading results (Theorems 1 — 6) can be
derived as the specific cases involving familiar fractional calculus operators as above said. On other hand , the &
Struve function defined in (1.16) possesses the lead that a number of special functions occur to be the particular
cases. Some of special cases respect to the integrals relating with kStruve function have been discovered in the
earlier research works by various authors with not the same arguments.
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