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Abstract

In this paper, we study on normal complex contact metric manifold admitting a semi symmetric metric connection. We
obtain curvature properties of anormal complex contact metric manifold admitting a semi symmetric metric connection.
We also prove that this type of manifold is not conformal flat, concircular flat, and conharmonic flat. Finally, we examine
complex Heisenberg group with the semi symmetric metric connection.
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1 Introduction

The Riemannian geometry of complex contact manifolds has been studied since 1970s. In the early 1980s
some important developments were presented by Ishihara-Konishi. They obtained the normality conditions and
curvature properties [9, 10]. Due to some important features that are different from real contact geometry, in
2000s some researchers have taken their attention to this notion. Blair, Korkmaz and Foreman gave results for
the Riemannian geometry of complex contact manifolds [2,4,5,8,12] . Also two of presented authors examined
curvature and symmetry notions [15, 16].

In Riemannian geometry the notion of connection gives information about transporting data along a curve
or family of curves in a parallel and consistent manner. Affine connections and Levi-Civita connections are
commonly used for to understand the geometry of manifolds. Levi-Civita connection is symmetric, i.e, has
zero torsion, and also it is metric, i.e, the covariant derivation of metric vanish. In recent years some different
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connections were defined and worked on manifolds. One of them is semi symmetric metric connection. This
type of connection were defined by Hayden and this was developed by Yano [13].

Blair and Molina [4], proved that a normal complex contact metric manifold could not be conformal flat.
Also Turgut Vanli and Unal, prove that, concircular, quasi-conformal, and conharmonic curvature tensors do
not vanish on any normal complex contact metric manifold [16].

In this paper, we study on normal complex contact metric manifold with a semi symmetric metric
connection. Firstly, we give some basic properties. Our starting point was the non-vanishing of spe-
cial curvature tensors (conformal, concircular, quasi-conformal etc.) on normal complex contact man-
ifolds with canonic connection. We research the flatness conditions of these special tensors on nor-
mal complex contact metric manifold with a semi symmetric metric connection. We proved that a nor-
mal complex contact metric manifold admitting the semi symmetric metric connection is not conformal flat,
concircular flat and conharmonic flat. Finally we apply our results to complex-Heisenberg group as a well-
known example of normal complex contact metric manifolds.

2 Preliminaries

In 1959 Kobyasahi [11] gave the definition of a complex contact manifold. A complex contact manifold is
a (2m+ 1)—complex dimensional complex manifold with a holomorphic 1—form @ such that w A (dw)™ # 0.
o is not globally defined. For an open covering by coordinate neighborhoods &7 ={&,0”, ...} of M, there is a
non-vanishing A : N &’ — C\ {0} such that @ = A ® . We have a subbbundle .# = ker® which is called the
horizontal subbundle.

Complex almost contact structure on a complex contact manifold were given by Ishihara-Konishi [10].
For a Hermitian metric g and complex structure J, we have 1-forms « and v = u o J, with dual vector fields U
and V = —JU, and (1, 1) tensor fields G and H = GJ such that

H*=G*=-1+u@U+v®V
GJ=-JG, GU=0, g(X,GY)=—g(GX,Y),
g(U.X)=u(X), gUU)=1.
Also there are functions a and b on &' N 0" # 0 such that
W =au—>bv, VvV =bu+av,
aA+br=1,
G =aG—-bH, H' =bG+aH.

With these properties M is said to be a complex almost contact metric manifold.
On the other hand the verical subbundle of TM is spanned by U,V i.e ¥ = sp{U,V}. Thus we have
TM =57 @Y. Also 2—forms du,dv are defined as follow;

du(Z,T) = g(Z,GT) + (0 AV)(Z,T),
dv(Z,T) = g(Z,HT) — (6 Au)(Z,T)
where 6(Z) = g(VzU,V) [10]. o is called IK-connection [7]. Also if complex contact 1-form is globally defined
then o vanishes.

There are two normality notions for a complex almost contact metric manifold in literature. The fundamental
difference between of these normality notions is to be a Kihler manifold. IK-tensors are given as below;

S(Z,T) = [G,G)(Z,T)+28(Z,GT)U —2¢(Z,HT)V
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+2(W(T)HZ —v(Z)HT )+ o(GT)HZ
—0(GZ)HT +0(Z)GHT —o(T)GHZ,
J(Z,T)=[H,H|(Z,T)—2g(Z,GT)U +2g(Z,HT )V
+2(u(T)GZ —u(Z)GT)+ o (HZ)GT
—0(HT)GZ+0(Z)GHZ—o(T)GHZ
where [G,G] and [H,H| denote the Nijenhuis tensors of G and H, respectively [9, 10]. If these two tensors
vanishes identically then M is called IK-normal and an IK-Normal complex contact metric manifold is Kéhler.

But this definition does not contain normality of complex Heisenberg group. So Korkmaz [12] presented a weak
definition for normality and the complex Heisenberg group is normal in this sense.

Definition 1. [/2] A complex contact metric manifold M is called normal if it satisfied the following conditions:

S|wrwe=Swry=T |wrw=T | wry=0.

As similar to ¢ —sectional curvature in real contact geometry, in complex contact geometry the definition of
G 7€ —sectional curvature were given.

Definition 2. [/2] Let M be a normal complex contact metric manifold. Z be an unit horizontal vector field
on M and a* +b*> = 1. A G # —section is a plane which is spanned by Z and T = aGZ +bHZ and the sectional
curvature of this plane is called 9 7€ —sectional curvature .

G —sectional curvature is denoted by &%, ;, and we assume that it does not depend on the choice of a
and b. So we will use ¢ (Z) notation. Also Korkmaz [12] proved that

K(Z,JZ) =9 (Z)+3.

Some basic curvature properties of a normal complex contact metric manifold can be seen in [7,12, 15,
16]. On a normal complex contact metric manifold, for Z and T horizontal vector fields we have

R(U,V,V,U)=R(V,U,U,V)=—2dc(U,V)
R(ZU U =2, R(ZVV=Z
R(Z,T)U =2(g(Z,JT )+do(Z,T))V
R(Z,T)V = —2(g(Z,JT) +do(Z,T))U
R( Z,U)V =06 (U)GZ+ (VyH)Z—JZ
R(Z,V)U = —6(V YHZ+ (VyG)Z+JZ
R(Z,U)T = —g(Z,T)U —g(JZ,T)V +do(T,Z)V
R(Z,V)T = —g(Z,T)V 4+ ¢(JZ,T) U —do(T,Z)U
RU,V) Z=1JZ.

Details about complex contact geometry can be find in [3], page 233 . On the other hand for Z and
T horizontal vector fields Ricci tensor of a (2m + 1) —complex dimensional normal complex contact metric
manifold has the following properties

Ric( GZ,GT) = Ric(HZ,HT) = Ric (Z,T)
Ric( U,U) =Ric( V,V)=4m—2do( U,V) and Ric( U,V)=0
Ric(Z, U)=Ric(Z, V) =0
[15].
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3 Normal Complex Contact Metric Manifolds Admitting a Semi Symmetric Metric Connection

In this section the definition of a semi symmetric metric connection are given for normal complex contact
metric manifolds. Some basic equalities are computed via this connection.
Let M be normal complex contact metric manifold and define V : y (M) x x (M) — x (M) as follow

vZT:VZT_|'I"(T)Z_g(Z>T)U—1_‘)(T)Z_g(Z7T)V (l)

where V is Levi-Cevita connection on M, U,V are the structure vector fields and u,v are dual 1—forms. It can
be easily showed that V is an linear connection. Also we could write the torsion tensor field of V as follow;

TZ,T)=u(T)Z+v(T)Z—u(Z)T —v(Z)T.

As we see V is not torsion free and it is also a semi symmetric metric connection. In addition we have Lie

bracket operator [Z,T| = [Z,T]. B
For brevity we use a abbreviation "NCCMM" for normal complex contact metric manifold , and (M,V) for
anormal complex contact metric manifold M admitting a semi symmetric metric connection V.

Lemma 1. On (M,V) we have

(VrU) =T —GT +o(T)V —u(T)[U +V] )

(VpV)=T+HT —o(T)U —v(T)[U +V] 3)
for an arbitrary vector field T.

Proof. Let T be an arbitrary vector field on (M ,V). From (1) we have

ViU = VU +u(U)T —g(T,U)U +v(U)T —g(T,U)V
=—-GT+o(T)V+T—u(T)U —u(T)V
=-GT+T+o(T)V—u(T)[U+V].

Similarly we get

ViV = ViV +u(V)T — g(T,V)U +v(V)T — g(T,V)V
—HT —o(T)U +T —v(T)U —v(T)V
—=HT+T —o(T)U—v(T)[U +V].

O
Corollary 1. On (M, V) we have
VyU = (1+0(U))V, WV =—(1+0(V))U
VyV =(1-0c(U))U, VyU = (14+0(V))V.
Corollary 2. On (M,V) we have
6(2) =0(Z)+v(Z) —u(Z) )

for arbitrary vector field Z on M.
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4 Curvature Properties of Normal Complex Contact Metric Manifolds Admitting a Semi Symmetric Met-
ric Connection

The Riemannian and Ricci curvature properties of (M, V) is given in this section.

Theorem 1. On (M, V) we have

R(T,W)Z =R(T,W)Z )
+[uZ)u(W) +u(Z)v(W) +
+8(GW,Z) +¢(HW,Z) + o(W)[u(2) —v(Z)]IT
+ [~u(Z)u(T) —u(Z)v(T) —
—8(GT,Z) —g(HT,Z) + o(T)[v(Z) —u(Z)]]
+[ (W, 2)[u(T) +v(T)] = &(T, Z)[u(W) +v(
oc(W)e(T,2)|lU
[ W, 2)[u(T) +v(T)] = ¢(T, Z)[u(W) +v(W)] - o(T)g(W,Z)
o(W)g(T,2)[V
+g(W,Z)(GT+HT)—g(T,Z)(GW+HW)

where T,W,Z are arbitrary vector fields on M and R,R are the Riemannian curvature tensor of V and V
respectively.

Proof. 1t is known that for arbitrary vector fields X,Y,Z on M, the Riemannian curvature R is given by
R(T\W.Z) =V VwZ—VywVrZ—VirwZ. (6)
From (1) we obtain ViVwZ, VwVrZ and V[W’W]Z as below:

ViVwZ =VrVwZ+u(VwZ)T — g(T,VwZ)U +v(VwZ)T — g(T,VwZ)V
+g(VU,Z)W +g(U, V1 Z)W +u(Z)V7W +u(Z)u(W)T
—uw(Z)g(T, W)U +u(Z)v(W)T —u(Z)g(T,W)V —g(VrW,Z)U
—g(W,VrZ)U —g(W,Z)V7U — g(W,Z)T + g(W,Z)u(T)U + g(W,Z)u(T )V
+g(VeV,Z2)W + g(V,V1Z)W +v(Z)ViW +v(Z)u(W)T
—v(Z2)g(T, W)U +v(Z)v(W)T —v(Z)g(T,W)V —g(VTW,Z)V
—g(W,VrZ)V — g(W,Z)V7V +g(W,Z)v(T)U — g(W,Z)T + g(W,Z)v(T)V

VwVrZ =V VrZ+u(VZ)W — g(W,VZ)U +v(V1Z)W — g(W,V1Z)V
+g(VwU,Z)T +g(U,VwZ)T +u(Z)Vw T +u(Z)u(T)W
—u(Z)gW,T)U +u(Z)v(T)W —u(Z)g(W,T)V —g(VwT,Z)U
—8(T,VwZ)U — g(T,Z)VwU — g(T,Z)W + (T, Z)u(W)U + g(T,Z)u(W)V
+8(VwV,Z)T + g(V,.VwZ)T +v(Z)VwT +v(Z)u(T)W —v(Z)g(W,T)U
+V(Z)(T)W —v(Z)g(W,T)V — g(VwT,Z)V
—g(T,VwZ)V —g(T,Z)VwV +g(T,Z)v(W)U — g(T, Z)W + g(T,Z)v(W)V,

VirwiZ = VirwZ+u(Z)[T,W] - g([T,W],Z2)U +v(Z)[T,W] - g([T,W],Z)V
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= V[T’W]Z‘i‘ M(Z) (VTW — VwT) —g(VTW — VwT,Z)U
+V(Z)(VTW — VwT> — g(VTW — VwT,Z)V
= V[T7W]Z+ M(Z)VTW — M(Z)VwT — g(VTW,Z)U —|—g(VWT,Z)U
+v(2)ViW —v(Z)VwT — g(VeW,Z)V +g(VwT,Z)V.
By consider all these equalities we get 6. O

Also we have

F(T,W,Z,Y) :R(T,W,Z,Y) @)
+ [w(Z2)u(W) +u(Z)v(W) +v(Z)u(W) +v(Z)v(W) —2¢g(W,Z)
+8(GW,Z) +g(HW,Z) + o (W)[u(Z) —v(Z)]|s(T.Y)

) (7,
+[~u(Z)u(T) —u(Z)v(T) +v(Z)u(T) —v(Z)V(T) +2¢(T, Z)
—8(GT,Z) —g(HT,Z) + o(T)[v(Z) —u(Z)]]g(W,Y)
(W

+[( D)) +v(T)] = ¢(T,Z)[u(W) +v(W)] + o (T)g(W,Z)
o(W)g(T,Z)Ju(Y)

+gW,2)[u(T) +v(T)] = &(T, ) [u(W) +v(W)] - o(T)g(W,Z)
+o(W)g(T,2)v(Y)

Y
+8(W,Z)[g(GT,Y)+g(HT,Y)| - g(T,Z)[g(GW,Y) + g(HW,Y )]

As we know that Riemannian curvature tensor R has some symmetric properties. The Riemannian curvature
tensor R of (M, V) has the following symmetry properties.

R(T,W,Z,Y) = —R(W,T,Z,Y)
R(T,W,Z,Y) = —R(T,W,Y,Z)

R(T,W,Z,Y)—R(Z,Y,T,W) = —2g(T,Y)g(GZ+HZ,W)+2g(W,Y)g(GZ+HZ,T)
+2¢(T,Z)g(GY + HY,W) —2g(W,Z)g(GY + HY,T)
( W,

+(T) =w(T))[o(2)g(W.Y) - o(Y)g(W,2)]
+ (W) —v(W))[o(Y)8(T,2) - o(Z)8(T,Y)]
+(u(2) —v(2))[oW)g(T,2) — o(T)g(W,Y)]
+(u(¥) —v(¥)[o(T)g(W,2) —a(W)e(T,2)].

Also similar to Bianchi identity for R we have

R(T,W)Z+R(W,Z)T +R(Z, T)W = [2g(GW,Z) + 2g(HW,Z)
+o(W)(u(Z)—v(2))+0(Z2)(v(W) —u(Z))]T
+[—2¢(GT,Z) —2g(HT,Z)
+0(T)(v(Z2) —u(Z)) + o(Z)(u(T) —v(T)) W
+ [2¢(GT,W) +2g(HT,W)
+0(T) (W) —v(W))+o(W)((T) —u(T))]Z.

As we know for a normal complex contact metric manifold [15], we have

R(GT,GW,GZ,GY) = R(HT,HW,HZ,HY) = R(T,W,Y,Z).
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For T,W,Z,Y vector fields on M we get

R(GT,GW,GZ,GY) —R(HT,HW,HZ,HY) = 2[g(GW,Z) + g(HW, Z)|g(T,Y)
—2[g(GT,Z) +¢(HT,Z)|g(W.Y)
+28(W,2)[g(GT.Y) + (T, HY )]
+2¢(T, Z)[¢(W,GY)
+8(HW,Y)],
RUT,JW,JZ,JY) —R(T,W,Z,Y) = —2[g(GW,Z) + g(HW,Z)]g(T,Y)
+2[¢(GT,Z) +g(HT,Z)|g(W.Y)
—28(W,2)[3(GT,Y) +g(HT,Y)]
+28(T,2)[g(GW,Y) + g(HW,Y)],

R(T,GT,HT,T) =R(T,GT,HT,T), (8)
R(T,HT,GT,T) =R(T,HT,GT,T), )
R(T,GT,HT,T) =R(T,HT,GT,T). (10)

These results let us to obtain curvature properties of (M,V).

Corollary 3. For T,Y,U,V,W on (M,V) we have
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+ [—uW)u(T) —u(W)v(T)+g(T,W) — g(GT,W) —g(HT,W)
]
WZ) +v(Z)W(T) — g(T,Z) + o(T)W(Z) — 6(V)g(T,Z)]U

R(V,U)U =R(
R(U,V)V=R(V,V)V+[o(U)—oc(V)]U.
An other geometric important object in the complex contact geometry is do. In [15] an equality for do. By

following Proposition we present a new version of do on a normal complex contact metric manifold M was
obtained.

Proposition 1. We have on (M,V)
1
do(Z,T)=do(Z,T)+g(GZ,T)+g(HZ,T)+ 5 (uANC)(Z,T)+(vAG)(Z,T)]

forallZ,T e T(TM).
Proof. Forany Z,T € T'(TM) we have
2d6(2,T)=2(5(T))-T(6(2))—o([2,T])
=Zg(VeU,V)=Tg(VzU,V)—g(VizU,V)

=g(VzVrU,V)+g(VrU,VzV)
—g(VrVU,V)—g(VzU,VrV)
- g(ﬁ[Z,T}Ua V).

Also from (2) and (5) we get

2d6(Z,T) = R(Z,T,U,V) +o(T)[u(Z) +v(Z)] — 0(Z)[u(T) +v(T)]
+8(T — GT +6(T)WV — w(TYU —u(T)V,Z+ HZ — 6(Z)U —v(Z)U — w(Z)V)
)

Q—i—

—¢(Z—-GZ+0(2)V—u(Z)U —u(Z)V,T+HT —o(T)U —v(T)U —v(T)V)
=R(Z,T,U,V)+0(T)u(Z) +v(Z)] - o(Z)[u(T) +v(T)]
+g(T,2)+¢g(T,HZ) — o(Z)u(T) —v(Z)u(T) —v(Z)v
(GT HZ)—i—G(T)v(Z) o(T)W(Z)—u(T)u(Z)+u
+u(T)v(Z) —u(T)v(Z) +u(T)v(Z)
—g(z, ) g(Z,HT)+o(T)u(Z) +v(T)u(Z) +v(T)v(Z) + g(GZ,T)
—g(GZ,HT) — o (Z)V(T) + o (Z)V(T) +u(T)u(Z) —u(Z)o(T)
—u(Z)v(T) +u(Z)(T) —u(Z)v(T)
=R(Z,T,U,V)+0(T)[uZ)+v(Z)] - o(Z)[u(T) +v(T)]
+2¢(HZ,T)+2¢(GZ,T)—g(GHZ,T)+ g(HGZ,T)
=R(Z,T,U,V)+0o(T)uZ)+v(Z)] —o(Z)[u(T)+v(T))
—2¢(HZ,T)—2¢(GZ,T)—g(—JZ—u(Z)U +v(Z)V,T)
+8(JZ+u(Z)U —v(Z)V,T)
=R(Z,T,U,V)+o(T)[uZ)+v(Z)]—o(Z)[u(T)+v(T)]

T)—g(GT.Z)

(
(T)o(2)
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+2¢(HZ,T) +28(GZ,T) + g(JZ,T) + u(Z)u(T) — v(Z)v(T)
+8(JZ,T)+u(Z)u(T) —v(Z)v(T)
=R(Z,T,U,V)+0(T)[uZ) +v(Z)] - o(Z)[u(T) +v(T)]
+2¢(HZ,T)+2¢(GZ,T)+28(JZ,T) +2(u(Z)u(T) — (Z) (T))
=R(Z,T,U,V)+0(T)[u(Z)+v(2)] - o(Z)[u(T) +
+2¢(HZ,T)+2¢(GZ,T)+2¢(JZ,T)+2unv(Z,T).

Here
2do(Z,T)=R(Z,T,U,V)+2g¢(JZ,T)+2unv(Z,T)
thus we obtain
do(Z,T)=do(Z,T)+g(GZ,T)+g(HZ,T)

+%[(u/\6)(Z,T)+(V/\G)(ZvT)]-

O
From this Proposition we get following corollary.
Corollary 4. On (M,V) we have
46 (T,U) = do(T,U) — %G(T) and d5(U,V) = do(U,V) + %[G(V) el
forT €
Theorem 2. The sectional curvature of (M, V) is
kK(T,W)=k(T,W)—2 (11)

where T,W are unit, mutually orthogonal and horizontal vector fields on M, and k is the sectional curvature of
(M, V).

Proof. Let W, T be unit, mutually orthogonal and horizontal vector fields on M. By setting Z=W.Y =T in
(7) we get
k(T,W)=R(T,W,W,T)
=R(T,W,W.T)
+ [_2g(W7W) +g(GWa W) +g(HW7 W)]g(Ta T)
+[28(T,W) — g(GT,W) — g(HT,W)]|g(W,T)
+8(W,W)(8(GT,T) +¢(HT,T))
Also since g(GW,W) = g(HT,T) =0 and k(T,W) = R(T,W,W,T) we have
K(T,W) =k(T,W)—2. O
Corollary 5. For unit vector fields T on (M,V) we have

K(T,JT)=k(T,JT)—2 (13)
k(T,GT) =k(T,GT) —2 (14)
kK(T,HT) = k(T,HT) -2 (15)
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Theorem 3. The 4.7/ —sectional curvature of (M, V) is given by
GIH ap(T) =9 0p(T)—2

where T is unit horizontal vector field on M.

Proof. From the definition of ¢ .7# —sectional curvature, for unit horizontal vector field 7 on M we have

G () = K(T,aGT + bHT)
R(T,aGT +bHT,aGT +bHT,T)
g(T,T)g(aGT +bHT,aGT +bHT) — g(T,aGT + bHT )*

Then the Riemannian curvature tensor is given by
R(T,aGT +bHT,aGT +bHT,T) = aR(T,aGT + bHT,GT,T)
+bR(T,aGT +bHT,HT,T)
= a’R(T,GT,GT,T) +abR(T,HT,GT,T)
+baR(T,GT,HT,T) +b*R(T,HT,HT,T).
From (14),(15), (8) and (9) we get

R(T,aGT +bHT,aGT +bHT,T) = a’R(T,GT,GT,T) — 2a* + abR(T,HT,GT,T)
+baR(T,GT,HT,T) +b*R(T,HT,HT,T) — 2b*

= R(T,aGT +bHT,aGT +bHT, T) — 2(a* + b*).

Since R(T,aGT +bHT,aGT +bHT,T) = 4.5/ (T) and a® +b* = 1 we obtain (16).
Proposition 2. For unit and horizontal vector field T on (M,V) we get

k(T,JT) = %[W(T +GT)+9 (T —GT)] +3.

Proof. By using (16) and (13) in (17) we obtain

R(T,JT)+2 = %[W(H GT)+2+@ (T — GT) +2) +3.
So we get (17).
Corollary 6. If 9. —sectional curvature of (M, V) is constant then we have
K(T,JT) =% (T)+3.
Theorem 4. The Ricci curvature of (M,V) is given by

Ric(T,W) = Ric(T, W)
+4m[u(W)u(T ) +u(W)v(T ) +v(W)u(T ) +v(W)v(T)
+g(GT,W)+g(HT,W)+0(T)[u(W)—v
+(—8m+ao(U)—0o(V))g(T,W)

forallTW e T'(TM).
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Proof. Let T and W be two arbitrary vector fields on (M, V) and (E1,E3,E3, ..., E4,U,V) be orthonormal basis

of TM. Then from (5) we get

R(E;,T,W,E;) = R(E;,T,W,E;)

+ [uW)u(T) +u(W)v(T) +v(W)u(T) + (W)v(T)

+8(GT, W) +¢(HT, W)+ o(T)[u(W) —v(W)]]g
+ [—u(W)u(Ei) —u(W)v(E;) — ( )M(EL) v(W
+2¢(Ei,W) — g(GE;, W) — ¢(HE
—o(E)v(W) —u(W)]]g(T, Ei) + [(
—8(Ei, W)[u(T) +v(T)] + o(Ei)8(T,
—o(T)g(E;,W)g(U, Ei) + [g(T, W)
—8(Ei, W)[u(T) +v(T)] - o(Ei)g
+0(T)g(E;,W)|g(V, Ei) + (T, W)(g(GE;, Ei)
+8(HE;, E;)) — g(E;,W)(8(GT, Ei) + g(HT, E;)).

For brevity let state

A=[uW)u(T)+uW)v(T)+vW)u(T) +v(W)w(T)

—28(T,W)+g(GT,W)+g(HT,W)+o(T)[u(W) —v(W)]]

then we have

4mt2 4m42 4m+2
Y R(E.TW,E)= Y R(E.TWE)+ Y Ag(E;E;)
i=1 i=1 i=1

4m+-2

+ Z [—u(W)u(E;) —u(W)v(E;) —v(W)u(E;)

—v(W)v(E;) +2¢(E;,W) — g(GE;,W)

—g(HE;,W) +o(E)[v(W) —u(W)]|g(T,E:)

4m+2

+ Z Ej)+v(E)] — g(Ei, W) [u(T) +v(T)]

+0( 1)g(T,W)—o(T)g(Ei,W)|g(U,E;)
4m+2

+ Z Ei)+v(E;)] = 8(Ei; W) [u(T) +v(T))]

*6( D8(T,W)+0o(T)g(Ei,W)|g(V,E:)
+4nf2 ¢(GE, E;) +g(HE;, E;))

—g(E W)(¢(GT,E;) + ¢(HT , E;))).
Thus by direct computations the proof is completed.

Also from the above theorem we get following corollaries:

Corollary 7. On a (M,V) we have

Ric(U,U) = —2do (U, V) + (4m+ 1)o(U) — 6(V),

(20)
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Ric(V,V) = —2do(U,V) — (4m+1)o(V) + o (U), Q1)
Ric(U,V) = 4m(1— o (U)). (22)

Corollary 8. Let T,W and Z be horizontal vector fields on (M,V). Then we have

Ric(GT,GW) — Ric(HT,HW
Ric(GT,GW) — Ric(T,W
Ric(HT,HW) — Ric(T,W

Ric(JT,JW) — Ric(T,W

= +8m(g(GT,W)—g(HT,W)),

= —8mg(HT,W),

= —8mg(GT,W),

= =8mpv(W)u(T)+u(W)v(T) —g(GT,W)
—gHT,W)|+4m[c(JT)(v(W)+u(W))
—o(T)[u(W) —v(W)]]

~— — ~— —

Corollary 9. The scalar curvature and Ricci operator of (M, V) is given by

Scal = Scal —32m* + (6(U) — o(V))(8m +2) — 8m,
OT = OT +4m|[(u(T)+v(T))(U+V)+GT +HT
+0(T)[U~V]]+(~8m+c(U)—c(V))T.

5 Flatness conditions on Normal Complex Contact Metric Manifolds Admitting a Semi Symmetric Metric
Connection

A Riemannian manifold is called flat if its Riemannian curvature tensor vanishes. That means manifold is
locally Euclidean. Also the flatness of a Riemannian manifold can be provided by some special transformations
like conformal, concircular etc. If the manifold is flat under these special transformations, is called conformally
flat, concircularly flat etc. On the other hand there are several tensors which are invariant of these special trans-
formations, and can give flatness of the manifold when vanishes. The three of them are conformal, concircular
and quasi-conformal curvature tensor. The flatness of conformal curvature tensor on a NCCMM was studied
by Blair and Molina [4]. Two of present authors studied the flatness of concircular and quasi-concircular cur-
vature tensors. A NCCMM is not conformal, concircular and quasi-conformal flat. In this section we study
on the flatness of these tensors on (M,V). Conformal curvature tensor 4 , concircular curvature tensor 2,

quasi-conformal curvature tensor C and conharmonic curvature tensor K of a (2m+ 1)-complex dimensional
normal complex contact metric manifold M is defined by

_ Scal

G (T,W)Z=R(T,W)Z+ m(g(W, Z)T —g(T,Z)W)

+ o (8(T.Z)QW —8(W,2)0T + Rie(T, Z)W ~ Ric(W,Z)T),

B B Seal
Z(T,W)Z=R(T,W)Z~ (4m+2)(4m+1)

[g(Wa Z)T - g(Tv Z>W]7

C(T,W)Z = pR(T,W)Z + q|Ric(W,Z)T — Ric(T,Z)W + g(W,Z)OT
Scal [ p
(4m+2) " dm+1

—g(T,Z)QW] - +2q] [g(W,Z)T—g(T,Z)W],
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K(T,W)Z=R(T,W)Z

~ [Ric(W,Z)T — Ric(T,Z)W + g(W,Z)QT — g(T,Z)QW].

Theorem 5.

(M, V) is not conformal, concircular, quasi-conformal and conharmonic flat.

Proof. Assume that (M, V) is quasi-conformal flat. Then for VT, W,Z,Y € I'(TM) we have

ﬂﬂﬂWﬂJF?%@HWZMUJ%?Hﬂ@ﬂWH (23)

+ g(W,Z)Tk(T, Y) - g(T,Z)ITiC(W, Y)]

andsetting 7 =Y =U veW =Z =U we get
¢®R( UVIV,U)=—L[Ric( v,V)g(U ,U)~Ric(U,V)g(V,U)
p

n Scal [ 1 +2ﬁ
(4m+2)4m+1 p

:—%[RTC( V,V)+Ric(U,U)]

][g( V7 V)g(U, U) - g(U, V)g(V, U)]

Scal [ 1 +2q
(4m+2)4m+1  p

].
From (20), (21) and (22) we obtain

q(dm+2)+p Scal p 1 2q
LT TP (5(U) - o(V)) — +4
4q+2p (o(U) V) (4m+2) (4q+2p)[ dm+1 p

do(U,V) = .

On the other hand for W =Z =U, unit and mutually orthogonal 7,Y vector fields we have

g(R(T,U)U,T):—%[W( U,U)g(T,T) —Ric(T, U)g( U,T)+g(U,U)Ric(T,T)
—g(T,U)Tk(U,T)]
Scal 1 2q

+ (4m+2) [4m+1 +;Hg(U,U)g(T,T)—g(T,U)g(U’T)]

Scal 1 2q

=~ [Ric(U,U) + Rie(T, T)] +

p ( 4m+2)[ 4m+1+?]'
Thus from (20) and (21) we obtain
_ Scalp 1 2q (4m+1)g+p
Ric(T,T) = 4+ —|4+2do(U,V)— ——oc(U)+c(V). 24

Also for unit T vector field, from (23) ¢ 7 (T) is given by

G (T)=g[R(T,GT)GT,T) = —%[E(GT, GT)g(T,T) — Ric(T,GT)g(GT,T)
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+¢(GT,GT)Rie(T,T) — g(T,GT)Ric(GT,T)]

Seal 1 24)0(GT,GT)g(T,T) - §(T,GT)g(GT. T)]

(4m+2)"4m+1 p
q o Ric Scal L
= —;[RIC(GT, GT)+Ric(T,T)] + (4m+2) [4m+1 + ?]
2q—— Scal ! 29
= —~Ric(T,T P
R+ S e )
From (24) we get
a4 B +2)g+2
2% Scal . 1 29
——0o(V)——] —1
p 4m+1"4m+1 p

Similarly the holomorphic sectional curvature is

k(T,JT) = g(R(T,JT)JT,T) = —=[Ric(JT,JT)g(T,T) — Ric(T,JT)g(JT,T)

1
p
+g(JT,JT)Ric(T,T) — g(T,JT)Ric(JT,T)]

Scal 1 2¢q

NeWT,JT)g(T,T)—g(T,JT)g(JT,T
+(4m+2)[4m+2+p][g( JT)(T,T) —g(T,JT)g(IT,T)]
9 m = Scal 1 2q
= — 2[Ric(JT,JT) +Ric(T, T =4
S RCUTIT) +RIe(T. 1) + = [ms +7
2q—— Scal 1 2q
= —ZRic(T,T =,
p D+ G S a1 T
Thus from (24) we get
- 4 8m+2)qg+2 2 Scal 1 2
k(T,JT):_ﬁdG(UyHMG(U)_ﬁG(V)_ ca [ +7q]'
p 4 4 dm+1"4m+1 p

Therefore we obtain 4.7 (T) = k(T,JT) . There is a contradiction from 18 and so our assumption is not true.
By following same steps one can shown the non-existence of conformal and concircular flatness. O

6 Iwasawa Manifold Admitting a Semi Symmetric Metric Connection

An Iwasawa manifold is an important example of a compact complex manifold which does not admit any
Kéhler metric [6]. Fernandez and Gray [6] proved that an Iwasawa manifold has indefinite Kéhler structure has
symplectic forms each of which is Hermitian with respect to a complex structure .

The Iwasawa manifold is the compact quotient space I' \ Hc formed from the right cosets of the discrete
subgroup I given by the matrices whose entries 71,22, z3 are Gaussian integers where Hc is given by

1cizer3

He = 01 c3 | :cia,c13,c03€C ~ 3.
00 1
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Like real Heisenberg group is an example of contact manifolds (see [3]), complex Heisenberg group has
complex almost contact structure. This structure was given by Baikoussis et al. [ 1] and normality of the structure
was obtained by Korkmaz [12]. Also this manifold is the initial point of the work of Korkmaz and it distinguishes
Korkmaz’s normality from IK-normality.

Blair and Turgut Vanli [14] worked on corrected energy of Iwasawa manifolds and also Turgut Vanli and
Unal [15] obtained some curvature results. In this section we examine Iwasawa Manifold with a semi symmetric
metric connection.

Let {e1,e},e2,¢5,U,V} be an orthonormal frame of Iwasawa manifold which is given by

0 0 0
Y AT 25
¥ _ 0 0 N 0
el =2 — —yp=—+x2—
! Iy Y2 9xs 2 9ys
0 0
=27 =2
€2 axz 962 ayz’
U:2i ,V:—zi.
ox3 dy3
Then for
001 0 007 0 0 0 100]
000 —-100 0O 0 1 000
—100 0 00 0 -1 0 000
“=1010 000[™H=1_10 0 000
0 0X2 2 00 0 0 —szQOO
| 0 Oy, —x2 00 | | 0 0 x »O00
we have
Gey = —ey, Gel=e;, Gey=e;, Ge,=—¢]
He) = —¢5, He] = —ep, Hey =€}, Hey = e
Jey = —e}, Je] =e1, Jex=—e5, Jes=es.

Also the Lie derivatives and Lie bracket of basis vectors are given by
[61362] = —-2U, [61,6;] =2V, [67762] =2V, [67,6;] =2U (26)

and, from Kozsul formula we get

Vejej = Ve_/.ej = Vejej* = Ve;«,ej- =0. (27)
Also by using ( 26)and (27) we get
Vo,U==VuV =—e VaU=V,V =¢]
Vo U==VuV=e Ve, V=VaU = —¢
fV6162 == VeT€§ =U Velez = Ve»fez =V.

In addition for e;,e; € 7 we have Ric (e;,e;) = Ric(e},ej) = —4 and Ric(U,U) = Ric(V,V) = 4. By using

1771 Z_
above equations and from the definition of the semi symmetric metric connection V we get following corollary.
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Corollary 10. On the Iwasawa manifold admitting V we get

Vefe;' = Ve*e; - aij(U +V)
Veej=Veej, Veie;‘. =V,e;
Vyei = Vyei, Vyei = Vye;

where ej,e; € .
We obtain curvatures of Iwasawa manifold admitting V as follow:

*

R(ei,et)e; =2et —e—e = “ S/ % % X
Revel)er=2e1 a2 ()1 =Sea+el  R(eheder =—er—ef
7(61,61)61—— 61_62+82 ) Xk Dl % K\ K &%
S P * Rler,er)ef = —e; —e R(ey,e3)ep = 5e; + e
R(er,e)er = —2¢5+e1+¢] R(er,e2)er = —5e1 + & Rler.eNer — o1 — o
R(ey,et)e; =2er+e; —e o202 e SN e)er =8 T
12172 2 e R(ej,ex)e; =€ — e R(ej,e5)es = —Sef+ e
R(ej,e])U = =2V ©2/52 = 1:€2)€2 1
?(e’[,ez)el =ej+¢ E(el,eé)el =5e5+e] Rf(@,eﬁ)el =—2¢f—er—¢
R(e},e2)el =5e, —e) R(e1,e})el =ex—e R(ez,e3)el =2e; —er+ €5
R(ef,ez)er = —5e; + € R(e1,e3)er =e;—e€] R(ey,e3)er =ej +e] +2¢;
R(ef,er)e; = —er—e R(ey,e3)e; = —5e1—ex  R(ez,e})e; =el —2¢5—ef
R(e1,U)V =R(e},V)U = e+ ¢ R(e1,e2)U =R(e1,e2)V =R(ey,e5)U =0
R(e2,U)V =R(e5,V)U = ey + ¢ R(e},e2)U = R(e},e2)V =R(e3,e1)U =0
R(e1,V)U = —R(e},U)V = ¢, —e¢] R(ef,e3)U =R(et,e5)V =R(ey,e3)V =0
R(e2,V)U = —R(e3,U)V =e3— ¢ R(e1,€})V =R(ez,e5)U =2U
R(e;,U)ey = —-U  R(ez,V)e; =V R(e3,U)e; =U R(e3,V)ey =V
R(e,U)et =U R(ex,V)er =V R(e5,U)et =U R(e5,V)er =V
R(es,U)ey =-V  R(ey,V)er =-U R(e3,U)er =V R(e5,V)er =—-U
R(e,U)es=—V  R(ez,V)es =U R(e;,U)es=—V  R(e3,V)e; =-U

As we know on Iwasawa manifold o = 0. Thus from (4) we get 6(T) = v(T) — u(T) and from (19) we get
Ric(T,W) = Ric(T,W) +4u(T)u(W) +v(T)u(W) +u(T)v(W) +v(T)v(W)
Therefore we obtain

Ric(ey,e1) = Ric(ey,e1) +4(u(er)u(er) +vier)u(er) +uler)v(er) +v(er)v(Y)
+8(Ger,er) +g(Her,e1)) —8g(ere1)
=—4+4(g(—e2,e1) +g(—e€3,e1) =8
=—12.

Similarly we have Ric(e},e}) = Ric(ez,e2) = Ric(e3,e3) = —12 ve Ric(U,U) = Ric(V,V) = 0. By direct com-
putation we get Scal = —48 . On the other hand for sectional curvatures of Iwasawa manifold admitting V
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k(es,e3) =k(ey,e]) =k(ey,e;3) =k(e],e2) =k(ez,e5) =0
k(e1,e3) = k(e],e3) = k(ez,e3) = k(e3,e3) =1,
k(ei,e3) = k(ej,e3) = k(e,e3) = k(e3,€3) = 1

k(ei,e2) =3 ve k(ej,e5) = 1.

From 11 we get

k(es,e}) =k(er,e}) =k(er,e3) =k(ef,er) = k(e,ey) = —2
k(e1,U) =k(e},U) =k(er,U) = k(e5,U) = —1,

k(e1,V) =k(e},V) =k(ez,V) =k(e3,V) = —1,

k(er,e2) =1 ve k(ef,e3) = —1
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