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Abstract

This paper is on the solutions of a fuzzy problem with triangular fuzzy number initial values by fuzzy Laplace transform.
In this paper, the properties of fuzzy Laplace transform, generalized differentiability and fuzzy arithmetic are used. The
example is solved in relation to the studied problem. Conclusions are given.
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1 Introduction

Many researchers study fuzzy logic [1,2]. Zadeh [3] and Dubois and Prade [4] introduced fuzzy number and
fuzzy arithmetic. Also, Kandel and Byatt [5] introduced the term “fuzzy differential equation”. Firstly, Chang
and Zadeh introduced the concept of fuzzy derivative [6]. Dubois and Prade [7] followed up their approach.
Other methods were studied in several papers [8—12].

Fuzzy differential equations are important topic many fields. For example, population models [13] , civil
engineering [14], population dynamics model [15], growth model [16].

To solve fuzzy differential equation is useful by fuzzy Laplace transform. Firstly, Allahviranloo and Ahmadi
introduced fuzzy Laplace transform [17]. To solve problems in many areas of fuzzy differential equation, fuzzy
Laplace transform was used in many papers [18-22].

In this paper, the solutions of a fuzzy problem with triangular fuzzy number initial values are investigated
by fuzzy Laplace transform. Generalized differentiability, fuzzy arithmetic are used. Purpose of this study is to
investigate solutions using fuzzy Laplace transform for the studied problem.

It is given in section 2 preliminaries, in section 3 findings and main results, in section 4 conclusions.
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2 Preliminaries

Definition 1. [23] A fuzzy number is a mapping u: R — [0, 1] satisfying the properties {x € R | u(x) > 0} is
compact, u is normal, u is convex fuzzy set, u is upper semi-continuous on R.

Let Ry show the set of all fuzzy numbers.

Definition 2. [24] Let be u € Rr. [u]* = [ugy,tq) = {x €R |u(x) > a},0 < a < 1is a-level set of u. If & =0,
[u]® = cl {suppu} = cl{x e R | u(x) > 0}.

Remark 1. [24] The parametric form [uy,uq| of a fuzzy number satisfying the following requirements is a
valid a-level set.

ug, is left-continuous monotonic increasing (nondecreasing) bounded on (0, 1],

U is left-continuous monotonic decreasing (nonincreasing) bounded on (0, 1],

Uy, and ug are right-continuous for o = 0,

Uy U, 0 < < 1.

Definition 3. (23] The a- level set of A, [A]* = [Ag,Aq] = [a+ (%) o~ (%5%) @] (A) =41, A, ~ 4 =
Aq — A1) is a symmetric triangular fuzzy number with support [a,a).

Definition 4. /8, 24, 25] Let be u,v € Rp. If u= v+ w such that there exists w € Rg, w is the Hukuhara
difference of u and v, w = u .

Definition 5. [24-26] Let be f : [a,b] — Ry and xo € [a,b]. If there exists f (xo) € R such that for all h > 0
sufficiently small, 3f (xo+h) S f (x0), f (x0) © f (xo — h) and the limits hold
f(xo+h) O f(x0) fo)ofo—h) _ »

Jim h = \im h = (x),

fis Hukuhara differentiable at x.

Definition 6. [24] Let be f : [a,b] — Rr and xo € [a,b]. If there exists f (xo) € Rg such that for all h > 0
sufficiently small, 3f (xo+h) S f (x0), f (x0) © f (xo — h) and the limits hold

. h . _h /
}lg%f(onr }),@f(XO) :}lg%f(xo)@i(xo ) — £ (x0),

fis (1)-differentiable at xy. If there exists f/ (x0) € Rp such that for all h > 0 sufficiently small, 3f (xo) ©
fxo+h), f(xo—h)S f(xo) and the limits hold

limf(xo) O f(xo+h) — lim
h—0 —h h—0 —h

fis (2)-differentiable.

f(xO_h)@f(XO) :f’ (x0)7

Theorem 1. [27]Let f : [a,b] — Rr be fuzzy function and denote [f (x)]* = [, ) fo (X)|, for each o €
[0,1].
(i) If the function f is (1)-differentiable, the lower function f o and the upper function f, are differentiable,
, o , _/
F 0] =@ Ta)],

(ii) If the function f is (2)-differentiable, the lower function f o and the upper function f, are differentiable,

W] =[Fat £, @]

/

K
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Theorem 2. [27]Let f : [a,b] — Ry be fuzzy function and denote [f (x)]* = [ [, &) S (x)} , for each o €
[0, 1], the function f is (1)-differentiable or (2)-differentiable.
/ ! U a
(i) If the functions f and f are (1)-differentiable, the functions f, and fq are differentiable, [ f (x)} =
fo @) Fo @)
(ii) If the function f is (1)-differentiable and the function f is (2)-differentiable, the functions fa and ?/a are

r n

a 7// ”
differentiable, _f (x)] = [fa (x) Ly (x)] )
(iii) If the function f is (2)-differentiable and the function f is (1)-differentiable, the functions fa and fa are
r n o _" 11
differentiable, | f (x)] = [fa (x) S (x)] )
/ — ! o
(iv) If the functions f and f are (2)-differentiable, the functions [, and f are differentiable, { f (x)} =

£ Fa ()]

Definition 7. [/8, 19] Let f : [a,b] — Rp be fuzzy function. The fuzzy Laplace transform of f is

T T

F(s):L(f(t)):/eS’f(t)dt: lim [ e f(t)dt, lim [ e f(t)dt]|,
0

T—oo = T—boo
0 0

L(£,0) = / e f (ydi=1lim [ 'f (1)t

T—boo =
0

T

0
L(fy ()= /es’fa (t)dt = lim [ e ' f, (¢)dt.
0

T—roo
0

Theorem 3. []8, 19]Suppose that f is continuous fuzzy-valued function on [0,0) and exponential order o and
that fl is piecewise continuous fuzzy-valued function on [0,).
If the function f is (1) differentiable,

if the function f is (2) differentiable,
L(f®0) = (=1 O) & (=sL(f 1))

Theorem 4. [/8, 19]Suppose that f and f are continuous fuzzy-valued functions on [0,0) and exponential
order o and that fN is piecewise continuous fuzzy-valued function on [0,e0) .
If the functions f and f are (1) differentiable,

L(f ) =LLUFO)esf )& f (0),
if the function fis (1) differentiable and the function f is (2) differentiable,

(1) = £ ()& (=) L{£ (1)) 5/ (0),

"

L(f
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if the function fis (2) differentiable and the function f is (1) differentiable,
L(f 1) ==sf )& (=)L) e f (0),
if the functions f and f are (2) differentiable,
L(f' () =SL( @) S5 (0)~ £ (0).
Theorem 5. [/7,19]Let be f (t), g (t) continuous fuzzy-valued functions and c| and ¢, constants, then

L(cif (1) +c2g (1)) = (e1L(f (1)) + (c2L (g (1)) -

3 Findings and Main Results
We study the problem
u"(t) +u(t) =[A]%,t >0 (3.1)
u(0) = [B*, u (0) = [C]" (3.2)

by the fuzzy Laplace transform, where A, B and C are symmetric triangular fuzzy numbers with supports [a,a],

[b,b] and [c,c|, respectively. Also, the a—level sets of A, B, C are
[A]Ot — [A(xaga] = |la+ ﬂ OC,E— a—a al,
2 2
[B]OC — [BOUEOC] = |:b+ (b_b> a’g_ (b_b) (X:| ,
2 2
[C1* = [Co:Cal = [c+ (C;C> o,C— (C;C> a] .

In this paper, (i,j) solution means that u is (i) differentiable, U is (j) differentiable.
Case 1) If v and u are (1) differentiable, since

S*L(uq (1)) © suq (0) g (0) + L (u (1)) = L([A]")
and using the fuzzy arithmetic and Hukuhara difference, yields the equations

!

SZL (ﬂ(x (t)> —SUgy (0) —Uqy (O) +L(ﬂa (t)) = L(éa)7

S*L (T (1)) — 57t (0) — Ty (0) + L (11 (1)) = L (Aq) -

Using the initial values, we get

A sB C

L t — 04 = =0
W) = Sy Y 21 TR

A B C

L (i (1)) AR A

TS24+ 241 241
From this, taking the inverse Laplace transform of the above equations, the lower solution and the upper

solution are obtained as
Uy (1) =Ay (1 —cos(t))+Bycos(t) +Cysin(t),
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lig (t) =Agq (1 —cos(t)) +Bgcos(t) +Cqysin(z).
Case 2) If u is (1) differentiable and u is (2) differentiable, since
—11g, (0) © (—57) L (g (1)) = sttt (0) + L (uq (1)) = L ([A]%),
and using the fuzzy arithmetic and Hukuhara difference, the equations

—Tig (0) — (—5”L (g, (1)) — 5T (0) + L (g (1)) = L(Ay), (3.3)
— 1t (0) — (—52L (g, (1)) — 11 (0) + L (71 (1)) = L (Aq) (3.4)

are obtained. If L (i (7)) in the equation (3.4) is replaced by the equation (3.3) and making the necessary
operations, we have

A Co  s(Ba—Aq) sC, s°B
L 1) = —12 R e 35
(it (1)) s(l—s“)+1—s4+ 1—s* 1—s* 1—s* 35
Taking inverse Laplace transform of the equation (3.5), the lower solution is obtained as
1 1 1 — 1 1 1
Uy (t) = AO{ (1 — Ze’ — Zeit — ECOS (t)) +Ca <—4et -+ Zeit -+ E Sin(t))
+ (Ba —Aq) —le’ — 1e_t—i- —cos(t) | -C —le’—l—le '— —sin(t)
@ e 4" 4 2 “\ 4 4 2
1, 1, 1
_E(Z <—4€ —Ze —2COS(t)>
Similarly, the upper solution is obtained as
_ — 1, 1., 1 ; .
Uy (1) = Ag 1_16 — ¢ —Ecos(t) +C, —2¢ +4e +§s1n(t)
1 1 — 1 1 1
+(By—Ay) <—4et —7¢ "+ 5 cos (t)> —Cq <—4e’ + Ze*t — 5 sin (t))
_ 1 1 1
B | ——el — et - —
a < 1€ ¢ 5 €08 (t))
Case 3) If u is (2) differentiable and u is (1) differentiable, since
s (0)© (=57) L (ua (1)) © g (0) + L (uee (1)) = L ([A]%),
we have the equations
— st (0) — (=5°L (Wi (1)) — T (0) + L (1 (1)) = L(Ag) (3.6)
— 511 (0) — (—5*Lug, (1)) — ttg (0) + L (71 (1)) = L (Aq) (3.7)

If L(zg (¢)) in the equation (3.7) is replaced by the equation (3.6) , we get

Lltg () = 2oy Ca ( $Bu—Aa) $Ca 5B
SOV (1 —sY) 14 1—s* 1—s* 1—s%
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From this, the lower solution is obtained as

1 1 1 1
uy (1) =A, (1 ——e ——e”"——cos (t)> +C, <—e’ +—e"+ = sin(r)

_ 1 1, 1 — 1
lg (t) = Ag <1 - Zet — ¢ f— 5 cos (t)) +Cq <—4e’ +ge "+ 5 sin (t))
1 1 1 1 1
+ (EOC 7AO() <4et — Ze ! + ECOS (t)> COC <4€t + Ze r— 5 Slﬂ(l‘))
— 1 1 1
—By (—46’ — Ze*t — 5 cos (t)> :
Case 4) If u is (2) differentiable and u is (2) differentiable, since
5L (g (1)) © st (0) — g (0) + L (ua (1)) = L([A]*)
we have the equations
s*L (g, (1)) — st (0) — g (0) + L (ug (1)) = L(Aq)
$*L (T (1)) — sTig; (0) — Ty (0) + L (7 (1)) = L (Aq.) ,
Using the initial values, the lower and upper solutions are obtained as
A sB C
L 1) = —>2 — “
(14, (1)) s+ 1) Pl TR
_ Z(x SEO{ CO(
L t)) = —
(tt (1)) s(s2+1)  s2+1 +s2+1
From this, solutions are obtained as
Uy (1) =Ay (1 —cos(t)) +Bycos (1) +Cqsin (1),
tig (t) =Agq (1 —cos(t)) +Bgcos (1) +Cpsin(1).
Example 1. Consider the problem
W (6) +u(r) = [0]%, ¥(0)=[1]%, y(0)=[2]*
by fuzzy Laplace transform, where [0]% = [-1+a,1 —«a],[1]* =[a,2—a], 2] =[1+a,3 — .
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(1,1) solution is
Uy (1) =(—1+a)(1—cos(t))+ocos(t)+(1+c)sin(z),

U (t) = (1—a)(1—cos(t))+(2—oa)cos(t)+ (3 —a)sin(t),
[ ()] = [ug (1) 70 (1)]

(1,2) solution is
1 1 1 1
uy (1) = (—1+a) <14et4e_tzcos ) <4e +—e '+ = sm())

1 1 1
+ (—4et — 4et+2cos(t)> —(1+a) <—4e +3¢ - 2sm(t))

i (1) = (1- @) (1 R ;cos(t)> L (1ta) <—iet+ie_’+;sin(t)>
4 <—ie’ - %e‘t + %cos (z)) —(G-a) <—ie’ + %e" - % Sin (t))
~@-a) (3¢ - e o)

[ (6)]" = [ug (t) ,7a (1)],

1 1 1
ua(t):(—1+a)<1—4e’—4e‘t—zcos ) +(1+a) <—4e—|— e+ = sm())

1 1 1 1
+ (—4et = 4et+2cos(t)> -B3—-a) (—46 + yid — 251n(t)>

U (1) = (1—a) (1 — %et — %e” — ;cos(t)> +(3-a) (—iet—l— %6714- ;sin(t))
+ <—4e’—4e ’+2c:os(t)> —(1+a) <—ie’+4e ’—2s1n(t)>

Uy (1) =(—1+a)(l —cos(t))+acos(t)+ (3—o)sin(t),

U (t) = (1—a)(1—cos(t))+(2—oa)cos(t)+ (1 +a)sin(t),

413
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[ ()] = lug (1) T (1)] -

If
duy (1) _ . g (1) _
Y >0, P <0, uy (t) <ug(t),

the (i,j) solution (i=1,2) is a valid oc—level set. According to this, since sin (t) > —1, (1,1) solution is a valid
o—level set, since e —e™" >0, (1,2) solution is a valid a.—level set, (2,1) solution is not a valid o.—level set as
e —e ' —2>0, that is (2,1) solution is not a valid ot—level set for t > 0.881374, since sin (t) < 1, (2,2) solution
is a valid a—level set.

Also, since for (1,1) solution,

u, (1) =cos(t)+2sin(r) =u; (1),
uy (1) —ug (1) = (1= o) (1 +sin (7)) =g (1) =11 (1),

for (1,2) solution,
u; (t) =cos(t) —|—231n(t) u (1),

u (1) —ug ( 1+ e

for (2,1) solution,
u (t) =cos(t)+2sin(t) =u (1),

00—t~ (1-0) (1 3¢+ 5o ) =) -m ().
for (2,2) solution,
uy (1) =cos(t)+2sin(r) =u; (t),

uy (1) —ug (1) = (1= a) (1 —sin(¢)) =g (1) = (1),

all of the solutions are symmetric triangular fuzzy numbers.

4 Conclusions

In this paper, solutions of a fuzzy problem with symmetric triangular fuzzy number inital values are investi-
gated by fuzzy Laplace transform. Generalized differantiability, fuzzy arithmetic are used. Example is solved.
It is shown whether the solutions are valid ov—level sets or not. If inital values are symmetric triangular fuzzy
numbers, then the solutions are symmetric triangular fuzzy numbers for any time.
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